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1

Random Variables and Their Distributions

1.1 Spaces of Elementary Outcomes, σ-Algebras,
and Measures

The first object encountered in probability theory is the space of elementary
outcomes. It is simply a non-empty set, usually denoted by Ω, whose elements
ω ∈ Ω are called elementary outcomes. Here are several simple examples.

Example. Take a finite set X = {x1, ..., xr} and the set Ω consisting of se-
quences ω = (ω1, ..., ωn) of length n ≥ 1, where ωi ∈ X for each 1 ≤ i ≤ n. In
applications, ω is a result of n statistical experiments, while ωi is the result of
the i-th experiment. It is clear that |Ω| = rn, where |Ω| denotes the number
of elements in the finite set Ω. If X = {0, 1}, then each ω is a sequence of
length n made of zeros and ones. Such a space Ω can be used to model the
result of n consecutive tosses of a coin. If X = {1, 2, 3, 4, 5, 6}, then Ω can be
viewed as the space of outcomes for n rolls of a die.

Example. A generalization of the previous example can be obtained as fol-
lows. Let X be a finite or countable set, and I be a finite set. Then Ω = XI

is the space of all functions from I to X.
If X = {0, 1} and I ⊂ Z

d is a finite set, then each ω ∈ Ω is a configuration
of zeros and ones on a bounded subset of d-dimensional lattice. Such spaces
appear in statistical physics, percolation theory, etc.

Example. Consider a lottery game where one tries to guess n distinct num-
bers and the order in which they will appear out of a pool of r numbers (with
n ≤ r). In order to model this game, define X = {1, ..., r}. Let Ω consist of
sequences ω = (ω1, ..., ωn) of length n such that ωi ∈ X,ωi �= ωj for i �= j,
and X = {1, ..., r}. It is easy to show that |Ω| = r!/(r − n)!.

Later in this section we shall define the notion of a probability measure, or
simply probability. It is a function which ascribes real numbers between zero
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and one to certain (but not necessarily all!) subsets A ⊆ Ω. If Ω is interpreted
as the space of possible outcomes of an experiment, then the probability of
A may be interpreted as the likelihood that the outcome of the experiment
belongs to A. Before we introduce the notion of probability we need to discuss
the classes of sets on which it will be defined.

Definition 1.1. A collection G of subsets of Ω is called an algebra if it has
the following three properties.

1. Ω ∈ G.
2. C ∈ G implies that Ω\C ∈ G.
3. C1, ..., Cn ∈ G implies that

⋃n
i=1 Ci ∈ G.

Example. Given a set of elementary outcomes Ω, let G contain two elements:
the empty set and the entire set Ω, that is G = {∅, Ω}. Define G as the
collection of all the subsets of Ω. It is clear that both G and G satisfy the
definition of an algebra. Let us show that if Ω is finite, then the algebra G
contains 2|Ω| elements.

Take any C ⊆ Ω and introduce the function χC(ω) on Ω:

χC(ω) =
{

1 if ω ∈ C,
0 otherwise,

which is called the indicator of C. It is clear that any function on Ω taking
values zero and one is an indicator function of some set and determines this
set uniquely. Namely, the set consists of those ω, where the function is equal to
one. The number of distinct functions from Ω to the set {0, 1} is equal to 2|Ω|.

Lemma 1.2. Let Ω be a space of elementary outcomes, and G be an algebra.
Then

1. The empty set is an element of G.
2. If C1, ..., Cn ∈ G, then

⋂n
i=1 Ci ∈ G.

3. If C1, C2 ∈ G, then C1 \ C2 ∈ G.

Proof. Take C = Ω ∈ G and apply the second property of Definition 1.1 to
obtain that ∅ ∈ G. To prove the second statement, we note that

Ω\
n⋂

i=1

Ci =
n⋃

i=1

(Ω\Ci) ∈ G.

Consequently,
⋂n

i=1 Ci ∈ G. For the third statement, we write

C1 \ C2 = Ω \ ((Ω \ C1) ∪ C2) ∈ G.

�
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Lemma 1.3. If an algebra G is finite, then there exist non-empty sets
B1, ..., Bm ∈ G such that

1. Bi ∩ Bj = ∅ if i �= j.
2. Ω =

⋃m
i=1 Bm.

3. For any set C ∈ G there is a set I ⊆ {1, ...,m} such that C =
⋃

i∈I Bi

(with the convention that C = ∅ if I = ∅ ).

Remark 1.4. The collection of sets Bi, i = 1, ...,m, defines a partition of Ω.
Thus, finite algebras are generated by finite partitions.

Remark 1.5. Any finite algebra G has 2m elements for some integer m ∈ N.
Indeed, by Lemma 1.3, there is a one-to-one correspondence between G and
the collection of subsets of the set {1, ...,m}.

Proof of Lemma 1.3. Let us number all the elements of G in an arbitrary way:

G = {C1, ..., Cs}.

For any set C ∈ G, let
C1 = C, C−1 = Ω\C.

Consider a sequence b = (b1, ..., bs) such that each bi is either +1 or −1 and
set

Bb =
s⋂

i=1

Cbi
i .

From the definition of an algebra and Lemma 1.2 it follows that Bb ∈ G.
Furthermore, since

Ci =
⋃

b:bi=1

Bb,

any element Ci of G can be obtained as a union of some of the Bb. If b′ �= b′′,
then Bb′ ∩ Bb′′ = ∅. Indeed, b′ �= b′′ means that bi

′ �= bi
′′ for some i, say

bi
′ = 1, bi

′′ = −1. In the expression for Bb′ we find C1
i = Ci, so Bb′ ⊆ Ci. In

the expression for Bb′′ we find C−1
i = Ω\Ci, so Bb′′ ⊆ Ω\Ci. Therefore, all Bb

are pair-wise disjoint. We can now take as Bi those Bb which are not empty. �

Definition 1.6. A collection F of subsets of Ω is called a σ-algebra if F is an
algebra which is closed under countable unions, that is Ci ∈ F , i ≥ 1, implies
that

⋃∞
i=1 Ci ∈ F . The elements of F are called measurable sets, or events.

As above, the simplest examples of a σ-algebra are the trivial σ-algebra, F =
{∅, Ω}, and the σ-algebra F which consists of all the subsets of Ω.

Definition 1.7. A measurable space is a pair (Ω,F), where Ω is a space of
elementary outcomes and F is a σ-algebra of subsets of Ω.
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Remark 1.8. A space of elementary outcomes is said to be discrete if it has a
finite or countable number of elements. Whenever we consider a measurable
space (Ω,F) with a discrete space Ω, we shall assume that F consists of all
the subsets of Ω.

The following lemma can be proved in the same way as Lemma 1.2.

Lemma 1.9. Let (Ω,F) be a measurable space. If Ci ∈ F , i ≥ 1, then⋂∞
i=1 Ci ∈ F .

It may seem that there is little difference between the concepts of an
algebra and a σ-algebra. However, such an appearance is deceptive. As we
shall see, any interesting theory (such as measure theory or probability theory)
requires the notion of a σ-algebra.

Definition 1.10. Let (Ω,F) be a measurable space. A function ξ : Ω → R is
said to be F-measurable (or simply measurable) if {ω : a ≤ ξ(ω) < b} ∈ F for
each a, b ∈ R.

Below we shall see that linear combinations and products of measurable func-
tions are again measurable functions. If Ω is discrete, then any real-valued
function on Ω is a measurable, since F contains all the subsets of Ω.

In order to understand the concept of measurability better, consider the
case where F is finite. Lemma 1.3 implies that F corresponds to a finite
partition of Ω into subsets B1, ..., Bm, and each C ∈ F is a union of some of
the Bi.

Theorem 1.11. If ξ is F-measurable, then it takes a constant value on each
element of the partition Bi, 1 ≤ i ≤ m.

Proof. Suppose that ξ takes at least two values, a and b, with a < b on the
set Bj for some 1 ≤ j ≤ m. The set {ω : a ≤ ξ(w) < (a + b)/2} must contain
at least one point from Bj , yet it does not contain the entire set Bj . Thus it
can not be represented as a union of some of the Bi, which contradicts the
F-measurability of the set. �

Definition 1.12. Let (Ω,F) be a measurable space. A function µ : F → [0,∞)
is called a finite non-negative measure if

µ(
∞⋃

i=1

Ci) =
∞∑

i=1

µ(Ci)

whenever Ci ∈ F , i ≥ 1, are such that Ci ∩ Cj = ∅ for i �= j.

The property expressed in Definition 1.12 is called the countable additivity
(or the σ-additivity) of the measure.
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Remark 1.13. Most often we shall omit the words finite and non-negative, and
simply refer to µ as a measure. Thus, a measure is a σ-additive function on F
with values in R

+. In contrast, σ-finite and signed measures, to be introduced
in Chapter 3, take values in R

+ ∪ {+∞} and R, respectively.

Definition 1.14. Let g be a binary function on Ω with values 1 (true) and 0
(false). It is said that g is true almost everywhere if there is an event C with
µ(C) = µ(Ω) such that g(ω) = 1 for all ω ∈ C.

Definition 1.15. A measure P on a measurable space (Ω,F) is called a prob-
ability measure or a probability distribution if P(Ω) = 1.

Definition 1.16. A probability space is a triplet (Ω,F ,P), where (Ω,F) is a
measurable space and P is a probability measure. If C ∈ F , then the number
P(C) is called the probability of C.

Definition 1.17. A measurable function defined on a probability space is
called a random variable.

Remark 1.18. When P is a probability measure, the term “almost surely” is
often used instead of “almost everywhere”.

Remark 1.19. Let us replace the σ-additivity condition in Definition 1.12 by
the following: if Ci ∈ F for 1 ≤ i ≤ n, where n is finite, and Ci ∩ Cj = ∅ for
i �= j, then

µ(
n⋃

i=1

Ci) =
n∑

i=1

µ(Ci) .

This condition leads to the notion of a finitely additive function, instead of
a measure. Notice that finite additivity implies superadditivity for infinite
sequences of sets. Namely,

µ(
∞⋃

i=1

Ci) ≥
∞∑

i=1

µ(Ci)

if the sets Ci are disjoint. Indeed, otherwise we could find a sufficiently large
n such that

µ(
∞⋃

i=1

Ci) <

n∑

i=1

µ(Ci) ,

which would violate the finite additivity.

Let Ω be discrete. Then p(ω) = P({ω}) is the probability of the elementary
outcome ω. It follows from the definition of the probability measure that

1. p(ω) ≥ 0.
2.

∑
ω∈Ω p(ω) = 1.
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Lemma 1.20. Every function p(ω) on a discrete space Ω, with the two prop-
erties above, generates a probability measure on the σ-algebra of all subsets of
Ω by the formula

P(C) =
∑

ω∈C

p(ω) .

Proof. It is clear that P(C) ≥ 0 for all C, and P(Ω) = 1. To verify that the
σ-additivity condition of Definition 1.12 is satisfied, we need to show that if
Ci, i ≥ 1, are non-intersecting sets, then P(

⋃∞
i=1 Ci) =

∑∞
i=1 P(Ci).

Since the sum of a series with positive terms does not depend on the order
of summation,

P(
∞⋃

i=1

Ci) =
∑

ω∈
�∞

i=1 Ci

p(ω) =
∞∑

i=1

∑

ω∈Ci

p(ω) =
∞∑

i=1

P(Ci) .

�

Thus, we have demonstrated that in the case of a discrete probability space Ω
there is a one-to-one correspondence between probability distributions on Ω
and functions p with properties 1 and 2 stated before Lemma 1.20.

Remark 1.21. If Ω is not discrete it is usually impossible to express the mea-
sure of a given set in terms of the measures of elementary outcomes. For
example, in the case of the Lebesgue measure on [0, 1] (studied in Chapter 3)
we have P({ω}) = 0 for every ω.

Here are some examples of probability distributions on a discrete set Ω.

1. Uniform distribution. Ω is finite and p(ω) = 1/|Ω|. In this case all ω have
equal probabilities. For any event C we have P(C) = |C|/|Ω|.

2. Geometric distribution. Ω = Z
+ = {n : n ≥ 0, n is an integer},

and p(n) = (1 − q)qn, where 0 < q < 1. This distribution is called the geo-
metric distribution with parameter q.

3. Poisson distribution. The space Ω is the same as in the previous example,
and p(n) = e−λλn/n!, where λ > 0. This distribution is called the Poisson
distribution with parameter λ.

Let ξ be a random variable defined on a discrete probability space with
values in a finite or countable set X, i.e., ξ(ω) ∈ X for all ω ∈ Ω. We can
consider the events Cx = {ω : ξ(ω) = x} for all x. Clearly, the intersection of
Cx and Cy is empty for x �= y, and

⋃
x∈X Cx = Ω. We can now define the

probability distribution on X via pξ(x) = P(Cx).

Definition 1.22. The probability distribution on X defined by pξ(x) = P(Cx)
is called the probability distribution of the random variable ξ (or the probability
distribution induced by the random variable ξ).
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1.2 Expectation and Variance of Random Variables
on a Discrete Probability Space

Let ξ be a random variable on a discrete probability space (Ω,F ,P), where F
is the collection of all subsets of Ω, and P is a probability measure. As before,
we define p(ω) = P({ω}). Let X = ξ(Ω) ⊂ R be the set of values of ξ. Since
Ω is discrete, X is finite or countable.

For a random variable ξ let

ξ+(ω) =
{

ξ(ω) if ξ(ω) ≥ 0,
0 if ξ(ω) < 0,

ξ−(ω) =
{
−ξ(ω) if ξ(ω) < 0,
0 if ξ(ω) ≥ 0.

Definition 1.23. For a random variable ξ consider the following two series∑
ω∈Ω ξ+(ω)p(ω) and

∑
ω∈Ω ξ−(ω)p(ω). If both series converge, then ξ is said

to have a finite mathematical expectation. It is denoted by Eξ and is equal to

Eξ =
∑

ω∈Ω

ξ+(ω)p(ω) −
∑

ω∈Ω

ξ−(ω)p(ω) =
∑

ω∈Ω

ξ(ω)p(ω).

If the first series diverges and the second one converges, then Eξ = +∞. If
the first series converges and the second one diverges, then Eξ = −∞. If both
series diverge, then Eξ is not defined.

Clearly, Eξ is finite if and only if E|ξ| is finite.

Remark 1.24. The terms expectation, expected value, mean, and mean value
are sometimes used instead of mathematical expectation.

Lemma 1.25. (Properties of the Mathematical Expectation)

1. If Eξ1 and Eξ2 are finite, then for any constants a and b the expectation
E(aξ1 + bξ2) is finite and E(aξ1 + bξ2) = aEξ1 + bEξ2.

2. If ξ ≥ 0, then Eξ ≥ 0.
3. If ξ ≡ 1, then Eξ = 1.
4. If A ≤ ξ ≤ B, then A ≤ Eξ ≤ B.
5. Eξ is finite if and only if

∑
x∈X |x|pξ(x) < ∞, where pξ(x) = P({ω :

ξ(ω) = x}). In this case Eξ =
∑

x∈X xpξ(x).
6. If the random variable η is defined by η = g(ξ), then

Eη =
∑

x∈X

g(x)pξ(x),

and Eη is finite if and only if
∑

x∈X |g(x)|pξ(x) < ∞.
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Proof. Since Eξ1 and Eξ2 are finite,
∑

ω∈Ω

|ξ1(ω)|p(ω) < ∞,
∑

ω∈Ω

|ξ2(ω)|p(ω) < ∞,

and ∑

ω∈Ω

|aξ1(ω) + bξ2(ω)|p(ω) ≤
∑

ω∈Ω

(|a||ξ1(ω)| + |b||ξ2(ω)|)p(ω)

= |a|
∑

ω∈Ω

|ξ1(ω)|p(ω) + |b|
∑

ω∈Ω

|ξ2(ω)|p(ω) < ∞.

By using the properties of absolutely converging series, we find that
∑

ω∈Ω

(aξ1(ω) + bξ2(ω))p(ω) = a
∑

ω∈Ω

ξ1(ω)p(ω) + b
∑

ω∈Ω

ξ2(ω)p(ω).

The second and third properties are clear. Properties 1, 2, and 3 mean that
expectation is a linear, non-negative, and normalized functional on the vector
space of random variables.

The fourth property follows from ξ − A ≥ 0, B − ξ ≥ 0, which imply
Eξ − A = E(ξ − A) ≥ 0 and B − Eξ = E(B − ξ) ≥ 0.

We now prove the sixth property, since the fifth one follows from it by
setting g(x) = x. Let

∑
x∈X |g(x)|pξ(x) < ∞. Since the sum of a series with

non-negative terms does not depend on the order of the terms, the summation∑
ω |g(ξ(ω))|p(ω) can be carried out in the following way:

∑

ω∈Ω

|g(ξ(ω))|p(ω) =
∑

x∈X

∑

ω:ξ(ω)=x

|g(ξ(ω))|p(ω)

=
∑

x∈X

|g(x)|
∑

ω:ξ(ω)=x

p(ω) =
∑

x∈X

|g(x)|pξ(x).

Thus the series
∑

ω∈Ω |g(ξ(ω))|p(ω) converges if and only if the series∑
x∈X |g(x)|pξ(x) also does. If any of these series converges, then the series∑
ω∈Ω g(ξ(ω))p(ω) converges absolutely, and its sum does not depend on the

order of summation. Therefore,
∑

ω∈Ω

g(ξ(ω))p(ω) =
∑

x∈X

∑

ω:ξ(ω)=x

g(ξ(ω))p(ω)

=
∑

x∈X

g(x)
∑

ω:ξ(ω)=x

p(ω) =
∑

x∈X

g(x)pξ(x),

and the last series also converges absolutely. �
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Remark 1.26. The fifth property,

Eξ =
∑

x∈X

xpξ(x) if the series side converges absolutely,

can be used as a definition of expectation if ξ takes at most a countable number
of values, but is defined on a probability space which is not necessarily discrete.
We shall define expectation for general random variables in Chapter 3.

Lemma 1.27. (Chebyshev Inequality) If ξ ≥ 0 and Eξ is finite, then for
each t > 0 we have

P(ξ ≥ t) ≤ Eξ

t
.

Proof. Since ξ ≥ 0,

P(ξ ≥ t) =
∑

ω:ξ(ω)≥t

p(ω) ≤
∑

ω:ξ(ω)≥t

ξ(ω)
t

p(ω)

=
1
t

∑

ω:ξ(ω)≥t

ξ(ω)p(ω) ≤ 1
t

∑

ω∈Ω

ξ(ω)p(ω) =
1
t
Eξ .

�

Lemma 1.28. (Cauchy-Schwarz Inequality) If Eξ2
1 and Eξ2

2 are finite,
then E(ξ1ξ2) is also finite and

E|ξ1ξ2| ≤ (Eξ2
1Eξ2

2)1/2.

Proof. Let x(ω) = ξ1(ω)
√

p(ω) and y(ω) = ξ2(ω)
√

p(ω). Then, by the
Cauchy-Schwarz Inequality for sequences,

E|ξ1ξ2| =
∑

ω∈Ω

|x(ω)y(ω)| ≤ (
∑

ω∈Ω

x2(ω)
∑

ω∈Ω

y2(ω))1/2 = (Eξ2
1Eξ2

2)1/2.

�

Definition 1.29. The variance of a random variable ξ is Varξ = E(ξ −Eξ)2.

Sometimes the word dispersion is used instead of variance, leading to the
alternative notation Dξ. The existence of the variance requires the existence
of Eξ. Certainly there can be cases where Eξ is finite, but Varξ is not finite.

Lemma 1.30. (Properties of the Variance)

1. Varξ is finite if and only if Eξ2 is finite. In this case Varξ = Eξ2 − (Eξ)2.
2. If Varξ is finite, then Var(aξ + b) = a2Varξ for any constants a and b.
3. If A ≤ ξ ≤ B, then Varξ ≤ (B−A

2 )2.
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Proof. Assume first that Eξ2 is finite. Then

(ξ − Eξ)2 = ξ2 − 2(Eξ)ξ + (Eξ)2,

and by the first property of the mathematical expectation (see Lemma 1.25),

Varξ = Eξ2 − E(2(Eξ)ξ) + E(Eξ)2 = Eξ2 − 2(Eξ)2 + (Eξ)2 = Eξ2 − (Eξ)2.

If Varξ is finite, we have

ξ2 = (ξ − Eξ)2 + 2(Eξ) · ξ − (Eξ)2,

and by the first property of the expectation,

Eξ2 = E(ξ − Eξ)2 + 2(Eξ)2 − (Eξ)2 = Varξ + (Eξ)2 ,

which proves the first property of the variance. By the first property of the
expectation,

E(aξ + b) = aEξ + b,

and therefore,

Var(aξ+b) = E(aξ+b−E(aξ+b))2 = E(aξ−aEξ)2 = Ea2(ξ−Eξ)2 = a2Varξ,

which proves the second property. Let A ≤ ξ ≤ B. It follows from the second
property of the variance that

Varξ = E(ξ − Eξ)2 = E(ξ − A + B

2
− (Eξ − A + B

2
))2

= E(ξ − A + B

2
)2 − (E(ξ − A + B

2
))2 ≤ E(ξ − A + B

2
)2 ≤ (

B − A

2
)2 ,

which proves the third property. �

Lemma 1.31. (Chebyshev Inequality for the Variance) Let Varξ be
finite. Then for each t > 0,

P(|ξ − Eξ| ≥ t) ≤ Varξ
t2

.

Proof. We apply Lemma 1.27 to the random variable η = (ξ−Eξ)2 ≥ 0. Then

P(|ξ − Eξ| ≥ t) = P(η ≥ t2) ≤ Eη

t2
=

Varξ
t2

.

�

Definition 1.32. The covariance of the random variables ξ1 and ξ2 is the
number Cov(ξ1, ξ2) = E(ξ1 − m1)(ξ2 − m2), where mi = Eξi for i = 1, 2.
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By Lemma 1.28, if Varξ1 and Varξ2 are finite, then Cov(ξ1, ξ2) is also finite.
We note that

Cov(ξ1, ξ2) = E(ξ1 − m1)(ξ2 − m2)

= E(ξ1ξ2 − m1ξ2 − m2ξ1 + m1m2) = E(ξ1ξ2) − m1m2 .

Also
Cov(a1ξ1 + b1, a2ξ2 + b2) = a1a2Cov(ξ1ξ2) .

Let ξ1, ..., ξn be random variables and ζn = ξ1 + ... + ξn. If mi = Eξi, then
Eζn =

∑n
i=1 mi and

Varζn = E(
n∑

i=1

ξi −
n∑

i=1

mi)2 = E(
n∑

i=1

(ξi − mi))2

=
n∑

i=1

E(ξi − mi)2 + 2
∑

i<j

E(ξi − mi)(ξj − mj)

=
n∑

i=1

Varξi + 2
∑

i<j

Cov(ξi, ξj) .

Definition 1.33. The correlation coefficient of the random variables ξ1 and ξ2

with non-zero variances is the number ρ(ξ1, ξ2) = Cov(ξ1, ξ2)/
√

Varξ1Varξ2.

It follows from the properties of the variance and the covariance that
ρ(a1ξ1 + b1, a2ξ2 + b2) = ρ(ξ1, ξ2) for any constants a1, b1, a2, b2.

Theorem 1.34. Let ξ1 and ξ2 be random variables with non-zero variances.
Then the absolute value of the correlation coefficient ρ(ξ1, ξ2) is less than or
equal to one. If |ρ(ξ1, ξ2)| = 1, then for some constants a and b the equality
ξ2(ω) = aξ1(ω) + b holds almost surely.

Proof. For every t we have

E(t(ξ2−m2)+(ξ1−m1))2 = t2E(ξ2−m2)2+2tE(ξ1−m1)(ξ2−m2)+E(ξ1−m1)2

= t2Varξ2 + 2tCov(ξ1, ξ2) + Varξ1 .

Since the left-hand side of this equality is non-negative for every t, so is the
quadratic polynomial on the right-hand side, which implies

(Cov(ξ1, ξ2))2 ≤ Varξ1Varξ2,

that is |ρ(ξ1, ξ2)| ≤ 1. If |ρ(ξ1, ξ2)| = 1, then there exists t0 �= 0 such that
E(t0(ξ2 − m2) + (ξ1 − m1))2 = 0, that is

t0(ξ2(ω) − m2) + (ξ1(ω) − m1) = 0

almost surely. Thus ξ2 = m2 + m1/t0 − ξ1/t0. Setting a = −1/t0 and
b = m2 + m1/t0, we obtain the second statement of the theorem. �
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1.3 Probability of a Union of Events

If C1, ..., Cn are disjoint events, then it follows from the definition of a prob-
ability measure that P(

⋃n
i=1 Ci) =

∑n
i=1 P(Ci). We shall derive a formula for

the probability of a union of any n events.

Theorem 1.35. Let (Ω,F ,P) be a probability space and C1, ..., Cn ∈ F . Then

P(
n⋃

i=1

Ci) =
n∑

i=1

P(Ci) −
∑

i1<i2

P(Ci1

⋂
Ci2)

+
∑

i1<i2<i3

P(Ci1

⋂
Ci2

⋂
Ci3) −

∑

i1<i2<i3<i4

P(Ci1

⋂
Ci2

⋂
Ci3

⋂
Ci4) + ...

Proof. At first, let us assume that the space Ω is discrete. Consider the com-
plement Ω\(

⋃n
i=1 Ci) =

⋂n
i=1(Ω\Ci). For any C ∈ F , let χC be the indicator

of C,

χC(ω) =
{

1 if ω ∈ C,
0 otherwise.

It is easy to see that χΩ\C(ω) = 1 − χC(ω) and

χ∩n
i=1(Ω\Ci)(ω) =

n∏

i=1

χΩ\Ci
(ω) =

n∏

i=1

(1 − χCi
(ω)) .

Thus,

1 − P(
n⋃

i=1

Ci) = P(
n⋂

i=1

(Ω\Ci))

=
∑

ω∈Ω

χ∩n
i=1(Ω\Ci)(ω)P({ω}) =

∑

ω∈Ω

n∏

i=1

(1 − χCi
(ω))P({ω})

= 1 −
n∑

i=1

∑

ω∈Ω

χCi
(ω)P({ω}) +

∑

i1<i2

∑

ω∈Ω

χCi1
(ω) · χCi2

(ω)P({ω}) − ...

= 1 −
n∑

i=1

P(Ci) +
∑

i1<i2

P(Ci1

⋂
Ci2) − ... ,

which completes the proof of the theorem for the case of discrete Ω.
In the general case, when Ω is not necessarily discrete, we can replace the

sums
∑

ω∈Ω with the integrals over the space Ω with respect to the mea-
sure P. This requires, however, the notion of the Lebesgue integral, which will
be introduced in Chapter 3. The rest of the proof is analogous. �

We shall now apply Theorem 1.35 to solve an interesting problem. Our
arguments below will not be completely rigorous and are intended to develop
the intuition of the reader.
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Let x1 and x2 be two integers randomly and independently chosen from the
set {1, ..., n} according to the uniform distribution. This means that the space
Ωn consists of pairs ω = (x1, x2), where 1 ≤ x1 ≤ n, 1 ≤ x2 ≤ n. This space
has n2 elements (elementary outcomes) and the probability of each elementary
outcome is pn(ω) = 1/n2. We denote the corresponding probability measure
by Pn. Let An be the event that x1 and x2 are coprime,

An = {(x1, x2) ∈ Ωn : x1 and x2 are coprime}.

We shall find the limit of Pn(An) as n tends to infinity.
In our arguments below q will denote a prime number, q > 1. Denote by

Cn
q the event in Ωn that both x1 and x2 are divisible by q. Then

Pn(An) = 1 − Pn(
⋃

q≤n

Cn
q ),

and by Theorem 1.35 we have

Pn(
⋃

q≤n

Cn
q ) =

∑

q≤n

Pn(Cn
q ) −

∑

q1<q2≤n

Pn(Cn
q1

⋂
Cn

q2
)

+
∑

q1<q2<q3≤n

Pn(Cn
q1

⋂
Cn

q2

⋂
Cn

q3
) − ...

It is easy to see that

lim
n→∞

Pn(Cn
q ) = 1/q2, lim

n→∞
Pn(Cn

q1

⋂
Cn

q2
) = 1/q2

1q2
2 , etc.,

which implies that

lim
n→∞

Pn(
⋃

q≤n

Cn
q ) =

∑

q

1
q2

−
∑

q1<q2

1
q2
1q2

2

+
∑

q1<q2<q3

1
q2
1q2

2q2
3

− ...

Since the number of terms on the right-hand side is infinite, this formula
requires a more rigorous justification, which we do not provide here. We obtain

lim
n→∞

Pn(An) = 1 − lim
n→∞

Pn(
⋃

q≤n

Cn
q )

= 1 −
∑

q

1
q2

+
∑

q1<q2

1
q2
1q2

2

−
∑

q1<q2<q3

1
q2
1q2

2q2
3

− ... =
∏

q

(1 − 1
q2

).

Therefore,
1

limn→∞ Pn(An)
=

1
∏

q(1 − 1
q2 )

=
∏

q

1
1 − 1

q2

=
∏

q

∞∑

m=0

1
q2m

=
∑ 1

q2m1
1

· 1
q2m2
2

· ... · 1
q2ms
s

,
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where the last sum is with respect to all s ≥ 0, all finite words (q1, ..., qs)
with q1 < q2 < ... < qs being prime numbers, and all finite words (m1, ...,ms)
with mi ≥ 1. Since every positive integer can be written in the form x =
qm1
1 qm2

2 ...qms
s in a unique way, the last sum is equal to

∑
x≥1 1/x2 = π2/6.

Therefore,
lim

n→∞
Pn(An) = 6/π2.

1.4 Equivalent Formulations of σ-Additivity, Borel
σ-Algebras and Measurability

Let (Ω,F) be a measurable space.

Theorem 1.36. Suppose that a function P on F has the properties of a prob-
ability measure, with σ-additivity replaced by finite additivity, that is

1. P(C) ≥ 0 for any C ∈ F .
2. P(Ω) = 1.
3. If Ci ∈ F for 1 ≤ i ≤ n, and Ci ∩ Cj = ∅ for i �= j, then

P(
n⋃

i=1

Ci) =
n∑

i=1

P(Ci) .

Then the following four statements are equivalent.

1. P is σ-additive (and thus is a probability measure).
2. For any sequence of events Ci ∈ F , Ci ⊆ Ci+1 we have

P(
⋃

i

Ci) = lim
i→∞

P(Ci) .

3. For any sequence of events Ci ∈ F , Ci ⊇ Ci+1 we have

P(
⋂

i

Ci) = lim
i→∞

P(Ci) .

4. For any sequence of events Ci ∈ F , Ci ⊇ Ci+1,
⋂

i Ci = ∅ we have

lim
i→∞

P(Ci) = 0 .

Proof. The equivalence of each pair of statements is proved in a similar way.
For example, let us prove that the first one is equivalent to the fourth one.
First, assume that P is σ-additive. Let Ci ∈ F , Ci ⊇ Ci+1,

⋂
i Ci = ∅. Consider

the events Bi = Ci\Ci+1. Then Bi

⋂
Bj = ∅ for i �= j and Cn =

⋃
i≥n Bi.

From the σ-additivity of P we have P(C1) =
∑∞

i=1 P(Bi). Therefore, the
remainder of the series

∑∞
i=n P(Bi) = P(Cn) tends to zero as n → ∞, which

gives the fourth property.
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Conversely, let us prove that the fourth property implies the σ-additivity.
Assume that we have a sequence of events Ci, Ci

⋂
Cj = ∅ for i �= j.

Consider C =
⋃∞

i=1 Ci. Then C = (
⋃n

i=1 Ci)
⋃

(
⋃∞

i=n+1 Ci) for any n, and
by the finite additivity P(C) =

∑n
i=1 P(Ci) + P(

⋃∞
i=n+1 Ci). The events

Bn =
⋃∞

i=n+1 Ci decrease and
⋂

n Bn = ∅. Therefore, P(Bn) → 0 as n → ∞
and P(C) =

∑∞
i=1 P(Ci). �

Now we shall consider some of the most important examples of σ-algebras
encountered in probability theory. First we introduce the following general
definition.

Definition 1.37. Let A be an arbitrary collection of subsets of Ω. The inter-
section of all σ-algebras containing all elements of A is called the σ-algebra
generated by A, or the minimal σ-algebra containing A. It is denoted by σ(A).
In other words,

σ(A) = {C : C ∈ F for each σ−algebra F such that A ⊆ F}. (1.1)

We need the following three remarks in order to make sense of this def-
inition. First, there is at least one σ-algebra which contains A, namely the
σ-algebra of all subsets of Ω. Second, it is clear that the intersection of any
collection of σ-algebras is again a σ-algebra. Therefore, the set σ(A) in (1.1)
is correctly defined and is a σ-algebra. Finally, it is clear that any σ-algebra
F that contains A must also contain σ(A). Otherwise, one could consider
σ(A) ∩ F , which would be strictly contained in σ(A). In this sense σ(A) is
the smallest σ-algebra which contains all elements of A.

Assume now that Ω = R. Consider the following families of subsets.

1. A1 is the collection of open intervals (a, b).
2. A2 is the collection of half-open intervals [a, b).
3. A3 is the collection of half-open intervals (a, b].
4. A4 is the collection of closed intervals [a, b].
5. A5 is the collection of semi-infinite open intervals (−∞, a).
6. A6 is the collection of semi-infinite closed intervals (−∞, a].
7. A7 is the collection of semi-infinite open intervals (a,∞).
8. A8 is the collection of semi-infinite closed intervals [a,∞).
9. A9 is the collection of open subsets of R.

10. A10 is the collection of closed subsets of R.

Theorem 1.38. The σ-algebras generated by the above sets coincide:

σ(A1) = σ(A2) = ... = σ(A9) = σ(A10) .

This σ-algebra is called the Borel σ-algebra of R or the σ-algebra of Borel
subsets of R, and is usually denoted by B(R) or simply B.
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Proof. Let us prove that σ(A1) = σ(A2). For any a < b we can find a sequence
an ↓ a. Then

⋃
n[an, b) = (a, b), and therefore, (a, b) ∈ σ(A2). This implies

that σ(A1) ⊆ σ(A2).
Conversely, for any a < b, we can find a sequence an ↑ a. Then

⋂
n(an, b) =

[a, b), and therefore, [a, b) ∈ σ(A1). This implies that σ(A2) ⊆ σ(A1).
The equality between σ(A1), σ(A2), ..., σ(A7), and σ(A8) is proved in a

very similar way. The fact that σ(A9) = σ(A10) follows from the fact that
every closed set is the complement of an open set. Also, σ(A1) ⊆ σ(A9), since
any interval of the form (a, b) is an open set. To show that σ(A9) ⊆ σ(A1) it
remains to remark that any open set can be represented as a countable union
of open intervals. �

Let us assume that Ω = X is a metric space.

Definition 1.39. The Borel σ-algebra of X is the σ-algebra σ(A), where A
is the family of open subsets of X. It is usually denoted by B(X).

In this definition we could take A to be a collection of all closed subsets, since
any open set is the complement of a closed set. If X is separable, then any
open set can be represented as a countable union of open balls. Thus, for a
separable space X, we could define the Borel σ-algebra of X as σ(A), with A
being the family of all open balls.

Let us now define the product of measurable spaces (Ω1,F1), ..., (Ωn,Fn).
The set Ω1 × ... × Ωn consists of sequences (ω1, ..., ωn), where ωi ∈ Ωi for
1 ≤ i ≤ n. The σ-algebra F1 × ... × Fn is defined as the minimal σ-algebra
which contains all the sets of the form A1× ...×An, where Ai ∈ Fi, 1 ≤ i ≤ n.
Define

(Ω1,F1) × ... × (Ωn,Fn) = (Ω1 × ... × Ωn,F1 × ... ×Fn).

If X1, ...,Xn are metric spaces, then X1 × ... × Xn can be endowed with the
product metric, and we can consider the Borel σ-algebra B(X1 × ...×Xn). It
is easy to see that for separable metric spaces it coincides with the product
of σ-algebras B(X1) × ... × B(Xn) (see Problem 12).

Definition 1.40. Given two measurable spaces (Ω,F) and (Ω̃, F̃), a function
f : Ω → Ω̃ is called measurable if f−1(A) ∈ F for every A ∈ F̃ .

When the second space is R with the σ-algebra B(R) of Borel sets, this de-
finition coincides with our previous definition of measurability. Indeed, the
collection of sets A ∈ F̃ for which f−1(A) ∈ F , forms a σ-algebra. If this
σ-algebra contains all the intervals [a, b), then it contains the entire Borel
σ-algebra due to Theorem 1.38.

Let g(x1, ..., xn) be a function of n real variables, which is measurable with
respect to the Borel σ-algebra B(Rn) (see Definition 1.39).

Lemma 1.41. For any measurable functions f1(ω), ..., fn(ω) the composition
function g(f1(ω), ..., fn(ω)) is also measurable.
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Proof. Clearly it is sufficient to show that the pre-image of any Borel set of
R

n under the mapping f : Ω → R
n, f(ω) = (f1(ω), ..., fn(ω)) is measurable,

that is
f−1(A) ∈ F (1.2)

for any A ∈ B(Rn).
If A ⊆ R

n is a set of the form A = A1 × ... × An, where Ai, i = 1, ..., n,
are Borel sets, then f−1(A) =

⋂n
i=1 f−1

i (Ai) is measurable. The collection of
sets for which (1.2) holds is a σ-algebra. Therefore, (1.2) holds for all the sets
in the smallest σ-algebra containing all the rectangles, which is easily seen to
be the Borel σ-algebra of R

n. �

Applying Lemma 1.41 to the functions g1(x1, ..., xn) = a1x1 + ... + anxn,
g2(x1, ..., xn) = x1 · ... · xn and g3(x1, x2) = x1/x2 we immediately obtain the
following.

Lemma 1.42. If f1, ...fn are measurable functions, then their linear combina-
tion g = a1f1 + ...+anfn and their product h = f1 · ... ·fn are also measurable.
The ratio of two measurable functions, the second of which is not equal to zero
for any ω, is also measurable.

1.5 Distribution Functions and Densities

Definition 1.43. For a random variable ξ on a probability space (Ω,F ,P),
let Fξ(x) denote the probability that ξ does not exceed x, that is

Fξ(x) = P({ω : ξ(ω) ≤ x}), x ∈ R.

The function Fξ is called the distribution function of the random variable ξ.

Theorem 1.44. If Fξ is the distribution function of a random variable ξ, then

1. Fξ is non-decreasing, that is Fξ(x) ≤ Fξ(y) if x ≤ y.
2. limx→−∞ Fξ(x) = 0, limx→∞ Fξ(x) = 1.
3. Fξ(x) is continuous from the right for every x, that is

lim
y↓x

Fξ(y) = Fξ(x).

Proof. The first property holds since {ω : ξ(ω) ≤ x} ⊆ {ω : ξ(ω) ≤ y} if
x ≤ y.

In order to prove the second property, we note that the intersection of the
nested events {ω : ξ(ω) ≤ −n}, n ≥ 0, is empty. Therefore, by Theorem 1.36,
we have

lim
n→∞

Fξ(−n) = lim
n→∞

P({ω : ξ(ω) ≤ −n}) = 0,

which implies that limx→−∞ Fξ(x) = 0, due to monotonicity. Similarly, it is
seen that limx→∞ Fξ(x) = 1.
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In order to prove the last property, we note that the intersection of the
nested events {ω : x < ξ(ω) ≤ x + 1/n}, n ≥ 0, is empty, and therefore, by
Theorem 1.36,

lim
n→∞

(Fξ(x +
1
n

) − Fξ(x)) = lim
n→∞

P({ω : x < ξ(ω) ≤ x +
1
n
}) = 0.

The conclusion that limy↓x Fξ(y) = Fξ(x) follows from the monotonicity of
Fξ(x). �

We can now disregard the fact that Fξ(x) appears as the distribution func-
tion of a particular random variable ξ, and introduce the following definition.

Definition 1.45. Any function F defined on the real line, which has proper-
ties 1-3 listed in Theorem 1.44, is called a distribution function.

Later we shall see that any distribution function defines a probability measure
on (R,B(R)) and is, in fact, the distribution function of the random variable
ξ(x) = x with respect to that measure.

In some cases (not always!) there exists a non-negative integrable function
p(t) on the real line such that

F (x) =
∫ x

−∞
p(t)dt

for all x. In this case p is called the probability density of F or simply the
density of F . If F = Fξ is the distribution function of a random variable ξ,
then p = pξ is called the probability density of ξ. While the right-hand side of
the formula above in general should be understood as the Lebesgue integral
(defined in Chapter 3), for continuous densities p(t) it happens to be equal to
the usual Riemann integral.

Note that any probability density satisfies
∫∞
−∞ p(t)dt = 1. Conversely, any

non-negative integrable function which has this property defines a distribution
function via F (x) =

∫ x

−∞ p(t)dt and, thus, is a probability density.
If P is a probability distribution on (R,B(R)) and p is a probability density

such that
P((−∞, x]) =

∫ x

−∞
p(t)dt

for all x, then p is said to be the probability density of P. The relationship
between distribution functions and probability distributions will be discussed
in Section 3.2.

Examples of probability densities

1. p(u) = 1√
2π

e−
u2
2 , − ∞ < u < ∞, is called the normal or Gaussian

density with parameters (0,1). The corresponding probability distribution
function is Φ(x) = 1√

2π

∫ x

0
e−

u2
2 du.
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2. p(u) = 1√
2πd

e−
(u−a)2

2d , − ∞ < u < ∞, is called the normal or Gaussian
density with parameters (a, d). The distribution with such a density is
denoted by N(a, d).

3. The uniform density on the interval (a, b):

p(u) =
{

1
b−a , u ∈ (a, b),
0, u /∈ (a, b).

4. The function

p(u) =
{

λe−λu u ≥ 0,
0 u < 0,

is called the exponential density with parameter λ.
5. p(u) = 1

π(1+u2) , −∞ < u < ∞, is called the Cauchy density or the density
of the Cauchy distribution.

We shall say that ξ is a random vector if ξ = (ξ1, ..., ξn), where ξi,
1 ≤ i ≤ n, are random variables defined on a common probability space.

Definition 1.46. The distribution function of a random vector ξ = (ξ1, ..., ξn)
on a probability space (Ω,F ,P) is the function Fξ : R

n → R given by

Fξ(x1, ..., xn) = P({ω : ξ1(ω) ≤ x1, ..., ξn(ω) ≤ xn}).

Let x = (x1, ..., xn) ∈ R
n and y = (y1, ..., yn) be two vectors in R

n. We shall
say that x ≤ y if xi ≤ yi for 0 ≤ i ≤ n.

As in the one-dimensional case, we have the following theorem.

Theorem 1.47. If Fξ is a distribution function of a random vector ξ =
(ξ1, ..., ξn), then

1. Fξ is non-decreasing, that is Fξ(x) ≤ Fξ(x) if x ≤ y.
2. limx→(−∞,...,−∞) Fξ(x) = 0, limx→(+∞,...,+∞) Fξ(x) = 1.
3. Fξ(x) is continuous from above for every x, that is

lim
y↓x

Fξ(y) = Fξ(x).

Definition 1.48. Any function F defined on R
n, which has properties 1-3

listed in Theorem 1.47, is called a distribution function.

1.6 Problems

1. A man’s birthday is on March 1st. His father’s birthday is on March 2nd.
One of his grandfather’s birthday is on March 3rd. How would you estimate
the number of such people in the USA?
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2. Suppose that n identical balls are distributed randomly among m boxes.
Construct the corresponding space of elementary outcomes. Assuming that
each ball is placed in a random box with equal probability, find the probabil-
ity that the first box is empty.

3. A box contains 90 good items and 10 defective items. Find the proba-
bility that a sample of 10 items has no defective items.

4. Let ξ be a random variable such that E|ξ|m ≤ ACm for some positive
constants A and C, and all integers m ≥ 0. Prove that P(|ξ| > C) = 0.

5. Suppose there are n letters addressed to n different people, and n en-
velopes with addresses. The letters are mixed and then randomly placed into
the envelopes. Find the probability that at least one letter is in the correct
envelope. Find the limit of this probability as n → ∞.

6. For integers n and r, find the number of solutions of the equation

x1 + ... + xr = n

where xi ≥ 0 are integers. Assuming the uniform distribution on the space of
the solutions, find P(x1 = a) and its limit as r → ∞, n → ∞, n/r → ρ > 0.

7. Find the mathematical expectation and the variance of a random vari-
able with Poisson distribution with parameter λ.

8. Draw the graph of the distribution function of random variable ξ tak-
ing values x1, ..., xn with probabilities p1, ...,pn.

9. Prove that if F is the distribution function of the random variable ξ, then
P(ξ = x) = F (x) − limδ↓0 F (x − δ).

10. A random variable ξ has density p. Find the density of η = aξ + b for
a, b ∈ R, a �= 0.

11. A random variable ξ has uniform distribution on [0, 2π]. Find the density
of the distribution of η = sin ξ.

12. Let (X1, d1), ..., (Xn, dn) be separable metric spaces, and define X =
X1 × ... × Xn to be the product space with the metric

d((x1, ..., xn), (y1, ..., yn)) =
√

d2
1(x1, y1) + ... + d2

n(xn, yn).

Prove that B(X) = B(X1) × ... × B(Xn).
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13. An integer from 1 to 1000 is chosen at random (with uniform distrib-
ution). What is the probability that it is an integer power (higher than the
first) of an integer.

14. Let C1, C2, ... be a sequence of events in a probability space (Ω,F ,P)
such that limn→∞ P(Cn) = 0 and

∑∞
n=1 P(Cn+1 \ Cn) < ∞. Prove that

P(
∞⋂

n=1

∞⋃

k=n

Ck) = 0.

15. Let ξ be a random variable with continuous distribution function F . Find
the distribution function of the random variable F (ξ).



2

Sequences of Independent Trials

2.1 Law of Large Numbers and Applications

Consider a probability space (X,G,PX), where G is a σ-algebra of subsets of X
and PX is a probability measure on (X,G). In this section we shall consider
the spaces of sequences

Ω = {ω = (ω1, ..., ωn), ωi ∈ X, i = 1, ..., n}

and
Ω = {ω = (ω1, ω2, ...), ωi ∈ X, i ≥ 1}.

In order to define the σ-algebra on Ω in the case of the space of infinite
sequences, we need the notion of a finite-dimensional cylinder.

Definition 2.1. Let 1 ≤ n ≤ ∞ and Ω be the space of sequences of length n.
A finite-dimensional elementary cylinder is a set of the form

A = {ω : ωt1 ∈ A1, ..., ωtk
∈ Ak},

where t1, ..., tk ≥ 1, and Ai ∈ G, 1 ≤ i ≤ k.
A finite-dimensional cylinder is a set of the form

A = {ω : (ωt1 , ..., ωtk
) ∈ B},

where t1, ..., tk ≥ 1, and B ∈ G × ... × G (k times).

Clearly every cylinder belongs to the σ-algebra generated by elementary cylin-
ders, and therefore the σ-algebras generated by elementary cylinders and all
cylinders coincide. We shall denote this σ-algebra by F . In the case of finite n
it is clear that F is the product σ-algebra: F = G × ... × G (n times).

Definition 2.2. A probability measure P on (Ω,F) corresponds to a homoge-
neous sequence of independent random trials if P(A) =

∏k
i=1 PX(Ai) for any

elementary cylinder A = {ω : ωt1 ∈ A1, ..., ωtk
∈ Ak} with t1, ..., tk distinct.
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If n is finite, we shall see in Section 3.5, where the product measure is dis-
cussed, that such a measure exists and is unique. If n is infinite, the existence
of such a measure on (Ω,F) follows from the Kolmogorov Consistency The-
orem, which will be discussed in Section 12.2. If X = {x1, ..., xr} is a finite
set, and n < ∞, then the question about the existence of such a measure P
does not pose any problems. Indeed, now Ω is discrete, and we can define P
for each elementary outcome ω = (ω1, ..., ωn) by

P({ω}) =
n∏

i=1

PX({ωi}).

Later we shall give a more general definition of independence for families
of random variables on any probability space. It will be seen that ξi(ω) =
ξi(ω1, ..., ωn) = ωi form a sequence of independent random variables if the
probability measure on the space (Ω,F) satisfies the definition above.

Let (X,G,PX) be a probability space and (Ω,F ,P) the probability space
corresponding to a finite or infinite sequence of independent random trials.
Take B ∈ G, and define

χi(ω) =
{

1 if ωi ∈ B,
0 otherwise.

Define νn to be equal to the number of occurrences of elementary outcomes
from B in the sequence of the first n trials, that is

νn(ω) =
n∑

i=1

χi(ω).

Theorem 2.3. Let p = PX(B). Then

P(νn = k) =
n!

k!(n − k)!
pk(1 − p)n−k, k = 0, ..., n.

Proof. Fix a subset I = {i1, ..., ik} ⊆ {1, ..., n} and consider the event that
ωi ∈ B if and only if i ∈ I (if k = 0, then I is assumed to be the empty set).
Then

P({ω : ωi ∈ B for i ∈ I;ωi /∈ B for i /∈ I})

=
∏

i∈I

PX(B)
∏

i/∈I

PX(X \ B) = pk(1 − p)n−k .

Since such events do not intersect for different I, and the number of all such
subsets I is n!/k!(n − k)!, the result follows. �

The distribution in Theorem 2.3 is called the binomial distribution with
parameter p.
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Theorem 2.4. The expectation and the variance of νn (and therefore also of
any random variable with binomial distribution with parameter p) are

E(νn) = np,

Var(νn) = np(1 − p).

Proof. Since νn =
∑n

i=1 χi,

Eνn =
n∑

i=1

Eχi =
n∑

i=1

P(ωi ∈ B) =
n∑

i=1

PX(B) = np .

For the variance,

Var(νn) = E(νn − np)2 = E(
n∑

i=1

(χi − p))2 =

n∑

i=1

E(χi − p)2 + 2
∑

i<j

E(χi − p)(χj − p) .

Since (χi)2 = χi,

n∑

i=1

E(χi − p)2 =
n∑

i=1

(Eχi − 2pEχi + p2) = n(p − p2) = np(1 − p) .

For i �= j,

E(χi − p)(χj − p) = Eχiχj − pEχi − pEχj + p2 = p2 − p2 − p2 + p2 = 0 .

This completes the proof of the theorem. �

The next theorem is referred to as the Law of Large Numbers for a Ho-
mogeneous Sequence of Independent Trials.

Theorem 2.5. For any ε > 0,

P(|ν
n

n
− p| < ε) → 1 as n → ∞.

Proof. By the Chebyshev Inequality,

P(|ν
n

n
− p| ≥ ε) = P(|νn − np| ≥ nε)

≤ Var(νn)
n2ε2

=
np(1 − p)

n2ε2
=

p(1 − p)
nε2

→ 0 as n → ∞.

�
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The Law of Large Numbers states that for a homogeneous sequence of
independent trials, typical realizations are such that the frequency with which
an event B appears in ω is close to the probability of this event. Later we shall
encounter many other statements of this type.

Let us discuss several applications of the Law of Large Numbers.

The Law of Large Numbers for independent homogeneous trials
with finitely many outcomes

Let X = {x1, ..., xr} be a finite set with a probability measure PX . Let
pj = PX(xj), 1 ≤ j ≤ n. Then the Law of Large Numbers states that for each
1 ≤ j ≤ r,

P(|
νn

j

n
− pj | < ε) → 1 as n → ∞,

where νn
j (ω) is the number of occurrences of xj in the sequence of n trials

ω = (ω1, ..., ωn). Therefore,

P(|
νn

j

n
− pj | < ε for all 1 ≤ j ≤ r) → 1 as n → ∞.

Entropy of a distribution and MacMillan Theorem
Let X = {x1, ..., xr} be a finite set with a probability measure PX . Let

pj = PX(xj), 1 ≤ j ≤ n. The entropy of PX is defined as H = −
∑r

j=1 pj ln pj .
If pj = 0, then the product pj ln pj is considered to be equal to zero. It is clear
that H ≥ 0, and that H = 0 if and only if pj = 1 for some j. Consider the
non-trivial case H > 0. The role of entropy is seen from the following theorem.

Theorem 2.6. (MacMillan Theorem) For every ε > 0 and all sufficiently
large n one can find a subset Ωn ⊆ Ω such that

1. en(H−ε) ≤ |Ωn| ≤ en(H+ε).
2. limn→∞ P(Ωn) = 1.
3. For each ω ∈ Ωn we have e−n(H+ε) ≤ p(ω) ≤ e−n(H−ε).

Proof. Take

Ωn = {ω : |
νn

j (ω)
n

− pj | ≤ δ, 1 ≤ j ≤ r},

where δ = δ(ε) will be chosen later. It follows from the Law of Large Numbers
that P(Ωn) → 1 as n → ∞, which yields the second statement of the theorem.

Assume that all pj > 0 (otherwise we do not consider the corresponding
indices at all). Then

p(ω) = pX(ω1)...pX(ωn) = p
νn
1 (ω)

1 ...p
νn

r (ω)
r = exp(

r∑

j=1

νn
j (ω) ln pj)
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= exp(n
r∑

j=1

νn
j (ω)
n

ln pj) = exp(n
r∑

j=1

pj ln pj) exp(n
r∑

j=1

(
νn

j (ω)
n

− pj) ln pj)

= exp(n(−H +
r∑

j=1

(
νn

j (ω)
n

− pj) ln pj)) .

If δ is small enough and ω ∈ Ωn, then |
∑r

j=1(ν
n
j (ω)/n − pj) ln pj | ≤ ε, which

yields the third statement of the theorem.
In order to prove the first statement, we write

1 ≥ P(Ωn) =
∑

ω∈Ωn

p(ω) ≥ e−n(H+ε)|Ωn| .

Therefore, |Ωn| ≤ en(H+ε). On the other hand, for sufficiently large n

1
2
≤ P(Ωn) ≤ e−n(H− ε

2 )|Ωn|,

and therefore |Ωn| ≥ 1
2en(H− ε

2 ) ≥ en(H−ε) for sufficiently large n. �

Probabilistic Proof of the Weierstrass Theorem

Theorem 2.7. Let f be a continuous function on the closed interval [0, 1].
For every ε > 0 there exists a polynomial bn(x) of degree n such that

max
0≤x≤1

|bn(x) − f(x)| ≤ ε.

The proof of this theorem, which we present now, is due to S. Bernstein.

Proof. Consider the function

bn(x) =
n∑

k=0

n!
k!(n − k)!

xk(1 − x)n−kf(
k

n
),

which is called the Bernstein polynomial of the function f . We shall prove
that for all sufficiently large n this polynomial has the desired property. Let
δ > 0 be a positive number which will be chosen later. We have

|bn(x) − f(x)| = |
n∑

k=0

n!
k!(n − k)!

xk(1 − x)n−k(f(
k

n
) − f(x))|

≤
∑

k:| k
n−x|<δ

n!
k!(n − k)!

xk(1 − x)n−k|f(
k

n
) − f(x)|



30 2 Sequences of Independent Trials

+
∑

k:| k
n−x|≥δ

n!
k!(n − k)!

xk(1 − x)n−k|f(
k

n
) − f(x)| = I1 + I2 .

Since any continuous function on [0, 1] is uniformly continuous, we can take δ
so small that |f( k

n )− f(x)| ≤ ε
2 whenever | k

n −x| < δ. Therefore, I1 ≤ ε
2 since

∑

k:| k
n−x|<δ

n!
k!(n − k)!

xk(1 − x)n−k ≤ 1.

Since any continuous function on [0, 1] is bounded, we can find a positive
constant M such that |f(x)| ≤ M for all 0 ≤ x ≤ 1. Therefore,

I2 ≤ 2M
∑

k:| k
n−x|≥δ

n!
k!(n − k)!

xk(1 − x)n−k.

Note that the sum on the right-hand side of this inequality is equal to the
following probability (with respect to the binomial distribution with the pa-
rameter x)

∑

k:| k
n−x|≥δ

n!
k!(n − k)!

xk(1 − x)n−k = Px(|ν
n

n
− x| ≥ δ).

By the Chebyshev inequality,

Px(|ν
n

n
− x| ≥ δ) ≤ nx(1 − x)

n2δ2
=

x(1 − x)
nδ2

≤ ε

4M

if n is large enough. This implies that I2 ≤ ε/2, which completes the proof of
the theorem. �

Bernoulli Trials and one-dimensional Random Walks
A homogeneous sequence of independent trials is called a sequence of

Bernoulli trials if X consists of two elements.
Let X = {−1, 1}. Define ζk(ω) =

∑k
i=1 ωi. By using linear interpolation

we can construct a continuous function ζs(ω) of the continuous variable s,
0 ≤ s ≤ n, with the prescribed values at integer points, whose graph is a
broken line with segments having slopes ±1. The function ζs can be considered
as a trajectory of a walker who moves with speed ±1. The distribution on the
space of all possible functions ζs induced by the probability distribution of
the Bernoulli trials is called a simple random walk, and a function ζs(ω) is
called a trajectory of a simple random walk. If X is an arbitrary finite subset
of real numbers, then the same construction gives an arbitrary random walk.
Its trajectory consists of segments with slopes xj , 1 ≤ j ≤ r. We have

ζn

n
=

r∑

j=1

νn
j

n
xj =

r∑

j=1

pjx
j +

r∑

j=1

(
νn

j

n
− pj)xj .
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By the Law of Large Numbers

P(|
r∑

j=1

(
νn

j

n
− pj)xj | ≥ ε) → 0 as n → ∞.

Therefore, the sum
∑r

j=1 pjx
j characterizes the mean velocity or the drift of

the random walk. If X = {−1, 1} and p−1 = p1 = 1
2 , then the random walk is

called simple symmetric. Its drift is equal to zero. Other properties of random
walks will be discussed later.

Empirical Distribution Functions and Their Convergence
Consider a sequence of n independent homogeneous trials with elementary

outcomes ω = (ω1, ..., ωn), where ωi are real numbers. Let us assume that a
continuous function F (t) is the distribution function for each ωi.

Given ω = (ω1, ..., ωn), consider the distribution function Fn
ω (t), which is

a right-continuous step function with jumps of size 1
n at each of the points ωi,

that is

Fn
ω (t) =

�{i : ωi ≤ t}
n

.

Definition 2.8. The distribution function Fn
ω (t) is called the empirical dis-

tribution function.

There are many problems in mathematical statistics where it is needed to
estimate F (t) by means of the observed empirical distribution function. Such
estimates are based on the following theorem.

Theorem 2.9. (Glivenko-Cantelli Theorem) If F (t) is continuous, then
for any ε > 0

P(sup
t∈R

|Fn(t) − F (t)| < ε) → 1 as n → ∞.

Proof. For each t the value Fn(t) is a random variable and Fn
ω (t) = k

n if
�{i : ωi ≤ t} = k. Therefore,

P(Fn(t) =
k

n
) =

n!
k!(n − k)!

(F (t))k(1 − F (t))n−k.

By the Law of Large Numbers, for any ε > 0

P(|Fn(t) − F (t)| < ε) → 1 as n → ∞.

We still need to prove that the same statement holds for the supremum over t.
Given ε > 0, find a finite sequence

−∞ = t1 < t2 < ... < tr = ∞,
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such that F (ti+1)−F (ti) < ε
2 for 1 ≤ i ≤ r−1. Such a sequence can be found

since F is continuous. As was shown above,

P( sup
0≤i≤r

|Fn(ti) − F (ti)| <
ε

2
) → 1 as n → ∞. (2.1)

For t ∈ [ti, ti+1]
Fn(t) − F (t) ≤ Fn(ti+1) − F (ti) =

Fn(ti+1) − F (ti+1) + (F (ti+1) − F (ti)) ≤ Fn(ti+1) − F (ti+1) +
ε

2
and, similarly,

Fn(t) − F (t) ≥ Fn(ti) − F (ti) −
ε

2
.

Therefore,

sup
t∈R

|Fn(t) − F (t)| ≤ sup
1≤i≤r

|Fn(ti) − F (ti)| +
ε

2
.

By (2.1),

P(sup
t∈R

|Fn(t) − F (t)| < ε) ≤ P( sup
0≤i≤r

|Fn(ti) − F (ti)| <
ε

2
) → 1 as n → ∞.

�

2.2 de Moivre-Laplace Limit Theorem and Applications

Consider a random variable νn with binomial distribution

Pn(k) =
n!

k!(n − k)!
pk(1 − p)n−k ,

and let n be large. The Chebyshev Inequality implies that with probability
close to one this random variable takes values in a neighborhood of size O(

√
n)

around the point np. For this reason it is natural to expect that when k belongs
to this neighborhood, the probability Pn(k) decays as O(1/

√
n), that is, the

inverse of the size of the neighborhood. The de Moivre-Laplace Theorem gives
a precise formulation of this statement.

Theorem 2.10. (de Moivre-Laplace Theorem). Let 0 ≤ k ≤ n and

z = z(n, k) = (k − np)/
√

np(1 − p).

Then
Pn(k) =

1
√

2πnp(1 − p)
e−

1
2 z2

(1 + δn(k)) ,

where δn(k) uniformly tends to zero as n → ∞.
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This theorem could be easily proved with the help of the Stirling formula. We
shall, instead, obtain it later as a particular case of the Local Limit Theorem
(see Section 10.2).

Consider the random variable ηn = (νn − np)/
√

np(1 − p). We have
Eηn = 0 and Var(ηn) = 1. The transition from νn to ηn is called the normal-
ization of the random variable νn. It is clear that the possible values of ηn

constitute an arithmetic progression with the step ∆n = 1/
√

np(1 − p). Note
that the de Moivre-Laplace Theorem can be re-formulated as follows:

P(ηn = z) =
1√
2π

e−
z2
2 ∆n(1 + δn(k))

for any z, which can be represented as z = (k − np)/
√

np(1 − p) for some
integer 0 ≤ k ≤ n.

It follows that for any C1 < C2

lim
n→∞

P(C1 ≤ νn − Eνn

√
Var(νn)

≤ C2) = lim
n→∞

P(C1 ≤ ηn ≤ C2)

= lim
n→∞

∑

C1≤z≤C2

P(ηn = z) = lim
n→∞

∑

C1≤z≤C2

1√
2π

e−
z2
2 ∆n(1 + δn(k))

=
1√
2π

∫ C2

C1

e−
z2
2 dz ,

where the last equality is due to the definition of an integral as the limit of
Riemann sums.

As mentioned above, p(z) = 1√
2π

e−
z2
2 , z ∈ R, is the Gaussian density. It

appears in many problems of probability theory and mathematical statistics.
The above argument shows that the distribution of the normalized number

of successes in a sequence of independent random trials is almost Gaussian.
This is a particular case of a more general Central Limit Theorem, which will
be studied in Chapter 10.

Let us consider two applications of the de Moivre-Laplace Theorem.

Simple Symmetric Random Walk
Let ω = (ω1, ω2, ...) be an infinite sequence of independent homogeneous

trials. We assume that each ωi takes values +1 and −1, with probability 1
2 .

Then the sequence of random variables

ζn = ω1 + ... + ωn = 2νn
1 − n

is a simple symmetric random walk (which will be considered in more detail
in subsequent chapters). For now we note that by the de Moivre-Laplace
Theorem

lim
n→∞

P(C1 ≤ ζn√
n
≤ C2) = lim

n→∞
P(C1 ≤ 2νn

1 − n√
n

≤ C2)
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= lim
n→∞

P(C1 ≤ νn
1 − n/2
√

n/4
≤ C2) =

1√
2π

∫ C2

C1

e−
z2
2 dz ,

since Eνn
1 = n/2 and Var(νn

1 ) = n/4. This calculation shows that typical dis-
placements of the symmetric random walk grow as

√
n and, when normalized

by
√

n, have limiting Gaussian distribution.

Empirical Distribution Functions and Their Convergence
In Section 2.1 we demonstrated that if F is continuous, then the empirical

distribution functions Fn
ω (t) = |{ωi : ωi ≤ t}|/n converge to the distribution

function F (t). With each sequence of outcomes ω = (ω1, ..., ωn) and each t,
we can associate a new sequence ω′ = (ω′

1, ..., ω
′
n), ω′

i = χ(−∞,t](ωi), where
χ(−∞,t] is the indicator function. Thus ω′

i takes value 1 (success) with probabil-
ity F (t) and 0 (failure) with probability 1−F (t). Note that nFn

ω (t) = ν′n(ω′),
where ν′n(ω′) is the number of successes in the sequence ω′. We can now ap-
ply the de Moivre-Laplace Theorem (in the integral form) to the sequence of
trials with this distribution to obtain

lim
n→∞

P(
C1

√
F (t)(1 − F (t))√

n
≤ Fn(t) − F (t) ≤ C2

√
F (t)(1 − F (t))√

n
)

= lim
n→∞

P(C1 ≤ ν′n − Eν′n
√

Var(ν′n)
≤ C2) =

1√
2π

∫ C2

C1

e−
z2
2 dz .

This shows that the empirical distribution function approximates the real
distribution function with the accuracy of order 1/

√
n.

2.3 Poisson Limit Theorem

Consider a sequence of n independent trials with X = {0, 1}. Unlike the
previous section, now we shall assume that the probability of success PX(1)
depends on n. It will be denoted by pn.

Theorem 2.11. (Poisson Limit Theorem) If limn→∞ npn = λ > 0, then
the probability that the number of occurrences of 1 in a sequence of n trials is
equal to k has the following limit

lim
n→∞

P(νn = k) =
λk

k!
e−λ, k = 0, 1, ... .

Note that the distribution on the right-hand side is the Poisson distribution
with parameter λ.

Proof. We have

P(νn = k) =
n!

k!(n − k)!
pk

n(1 − pn)n−k
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=
n(n − 1)...(n − k + 1)

k!
pk

n exp((n − k) ln(1 − pn)) .

Here k is fixed but n → ∞. Therefore,

lim
n→∞

(n − k) ln(1 − pn) = − lim
n→∞

(n − k)pn = − lim
n→∞

pnn(1 − k

n
) = −λ.

Furthermore,

lim
n→∞

n(n − 1)...(n − k + 1)pk
n = lim

n→∞
(npn)k = λk.

Thus,

lim
n→∞

P(νn = k) =
λk

k!
e−λ.

�

The Poisson Limit Theorem has an important application in statistical
mechanics. Consider the following model of an ideal gas with density ρ. Let VL

be a cube with side of length L. Let n(L) be the number of non-interacting
particles in the cube. Their positions will be denoted by ω1, ..., ωn(L). We
assume that n(L) ∼ ρL3 as L → ∞, and that each ωk is uniformly distributed
in VL (meaning that the probability of finding a given particle in a smooth
domain U ⊆ VL is equal to Vol(U)/Vol(VL)). Fix a domain U ⊂ VL (U will
not depend on L), and introduce the random variable νU (ω) equal to the
number of particles in U , that is the number of those k with ωk ∈ U . The
Poisson Limit Theorem implies that

lim
L→∞

P(νU = k) =
λk

k!
e−λ,

where λ = ρVol(U). Indeed, since n(L) ∼ ρL3, and the probability of finding
a given particle in U is equal to pn(L) = Vol(U)/L3,

lim
L→∞

n(L)pn(L) = lim
L→∞

n(L)Vol(U)/L3 = ρVol(U).

2.4 Problems

1. Find the probability that there are exactly three heads after five tosses of
a symmetric coin.

2. Andrew and Bob are playing a game of table tennis. The game ends when
the first player reaches 11 points if the other player has 9 points or less. How-
ever, if at any time the score is 10:10, then the game continues till one of the
players is 2 points ahead. The probability that Andrew wins any given point is
60 percent (it’s independent of what happened before during the game). What
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is the probability that Andrew will go on to win the game if he is currently
ahead 9:8.

3. Will you consider a coin asymmetric if after 1000 coin tosses the num-
ber of heads is equal to 600?

4. Let εn be a numeric sequence such that εn
√

n → +∞ as n → ∞ Show that
for a sequence of Bernoulli trials we have

P(|ν
n

n
− p| < εn) → 1 as n → ∞.

5. Using the de Moivre-Laplace Theorem, estimate the probability that dur-
ing 12000 tosses of a die the number 6 appeared between 1900 and 2100 times.

6. Let Ω be the space of sequences ω = (ω1, ..., ωn), where ωi ∈ [0, 1]. Let
Pn be the probability distribution corresponding to the homogeneous se-
quence of independent trials, each ωi having uniform distribution on [0, 1].
Let ηn = min1≤i≤n ωi. Find Pn(ηn ≤ t) and limn→∞ Pn(nηn ≤ t).

7. (Suggested by D. Dolgopyat) Two candidates were running for a post.
One received 520000 votes and the other 480000 votes. Afterwards it became
apparent that the voting machines were defective − they randomly and in-
dependently switched each vote for the opposite one with probability of 45
percent. The losing candidate asked for a re-vote. Is there a basis for a re-vote?

8. Consider a sequence of Bernoulli trials on a state space X = {0, 1} with
p0 = p1 = 1/2. Let n ≥ r ≥ 1 be integers. Find the probability that within
the first n trials there appeared a sequence of r consecutive 1′s.

9. Suppose that during one day the price of a certain stock either goes up
by 3 percent with probability 1/2 or goes down by 3 percent with probability
1/2, and that outcomes on different days are independent. Approximate the
probability that after 250 days the price of the stock will be at least as high
as the current price.
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Lebesgue Integral and Mathematical
Expectation

3.1 Definition of the Lebesgue Integral

In this section we revisit the familiar notion of mathematical expectation, but
now we define it for general (not necessarily discrete) random variables. The
notion of expectation is identical to the notion of the Lebesgue integral.

Let (Ω,F , µ) be a measurable space with a finite measure. A measurable
function is said to be simple if it takes a finite or countable number of values.
The sum, product and quotient (when the denominator does not take the
value zero) of two simple functions is again a simple function.

Theorem 3.1. Any non-negative measurable function f is a monotone limit
from below of non-negative simple functions, that is f(ω) = limn→∞ fn(ω) for
every ω, where fn are non-negative simple functions and fn(ω) ≤ fn+1(ω) for
every ω. Moreover, if a function f is a limit of measurable functions for all ω,
then f is measurable.

Proof. Let fn be defined by the relations

fn(ω) = k2−n if k2−n ≤ f(ω) < (k + 1)2−n, k = 0, 1, ... .

The sequence fn satisfies the requirements of the theorem.
We now prove the second statement. Given a function f which is the limit

of measurable functions fn, consider the subsets A ⊆ R for which f−1(A) ∈ F .
It is easy to see that these subsets forms a σ-algebra which we shall denote
by Rf . Let us prove that open intervals At = (−∞, t) belong to Rf . Indeed
it is easy to check the following relation

f−1(At) =
⋃

k

⋃

m

⋂

n≥m

{ω : fn(ω) < t − 1
k
} .

Since fn are measurable, the sets {ω : fn(ω) < t− 1
k} belong to F , and there-

fore f−1(At) ∈ F . Since the smallest σ-algebra which contains all At is the
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Borel σ-algebra on R, f−1(A) ∈ F for any Borel set A of the real line. This
completes the proof of the theorem. �

We now introduce the Lebesgue integral of a measurable function. When
f is measurable and the measure is a probability measure, we refer to the
integral as the expectation of the random variable, and denote it by Ef .

We start with the case of a simple function. Let f be a simple function
taking non-negative values, which we denote by a1, a2, .... Let us define the
events Ci = {ω : f(ω) = ai}.

Definition 3.2. The sum of the series
∑∞

i=1 aiµ(Ci), provided that the se-
ries converges, is called the Lebesgue integral of the function f . It is denoted
by

∫
Ω

fdµ. If the series diverges, then it is said that the integral is equal to
plus infinity.

It is clear that the sum of the series does not depend on the order of summa-
tion. The following lemma is clear.

Lemma 3.3. The integral of a simple non-negative function has the following
properties.

1.
∫

Ω
fdµ ≥ 0.

2.
∫

Ω
χΩdµ = µ(Ω), where χΩ is the function identically equal to 1 on Ω.

3.
∫

Ω
(af1 + bf2)dµ = a

∫
Ω

f1dµ + b
∫

Ω
f2dµ for any a, b > 0.

4.
∫

Ω
f1dµ ≥

∫
Ω

f2dµ if f1 ≥ f2 ≥ 0.

Now let f be an arbitrary measurable function taking non-negative values.
We consider the sequence fn of non-negative simple functions which converge
monotonically to f from below. It follows from the fourth property of the
Lebesgue integral that the sequence

∫
Ω

fndµ is non-decreasing and there exists
a limit limn→∞

∫
Ω

fndµ, which is possibly infinite.

Theorem 3.4. Let f and fn be as above. Then the value of limn→∞
∫

Ω
fndµ

does not depend on the choice of the approximating sequence.

We first establish the following lemma.

Lemma 3.5. Let g ≥ 0 be a simple function such that g ≤ f . Assume that
f = limn→∞ fn, where fn are non-negative simple functions such that fn+1 ≥
fn. Then

∫
Ω

gdµ ≤ limn→∞
∫

Ω
fndµ.

Proof. Take an arbitrary ε > 0 and set Cn = {ω : fn(ω) − g(ω) > −ε}. It
follows from the monotonicity of fn that Cn ⊆ Cn+1. Since fn ↑ f and f ≥ g,
we have

⋃
n Cn = Ω. Therefore, µ(Cn) → µ(Ω) as n → ∞. Let χCn

be the
indicator function of the set Cn. Then gn = gχCn

is a simple function and
gn ≤ fn + ε. Therefore, by the monotonicity of

∫
Ω

fndµ,
∫

Ω

gndµ ≤
∫

Ω

fndµ + ε,

∫

Ω

gndµ ≤ lim
m→∞

∫

Ω

fmdµ + ε.
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Since ε is arbitrary, we obtain
∫

Ω
gndµ ≤ limm→∞

∫
Ω

fmdµ. It remains to
prove that limn→∞

∫
Ω

gndµ =
∫

Ω
gdµ.

We denote by b1, b2, ... the values of the function g, and by Bi the set
where the value bi is taken, i = 1, 2, .... Then

∫

Ω

gdµ =
∑

i

biµ(Bi),
∫

Ω

gndµ =
∑

i

biµ(Bi

⋂
Cn).

It is clear that for all i we have limn→∞ µ(Bi

⋂
Cn) = µ(Bi). Since the series

above consists of non-negative terms and the convergence is monotonic for
each i, we have

lim
n→∞

∫

Ω

gndµ = lim
n→∞

∑

i

biµ(Bi

⋂
Cn)

=
∑

i

bi lim
n→∞

µ(Bi

⋂
Cn) =

∑

i

biµ(Bi) =
∫

Ω

gdµ .

This completes the proof of the lemma. �

It is now easy to prove the independence of limn→∞
∫

Ω
fndµ from the

choice of the approximating sequence.

Proof of Theorem 3.4. Let there be two sequences f
(1)
n and f

(2)
n such that

f
(1)
n+1 ≥ f

(1)
n and f

(2)
n+1 ≥ f

(2)
n for all n, and

lim
n→∞

f (1)
n (ω) = lim

n→∞
f (2)

n (ω) = f(ω) for every ω.

It follows from Lemma 3.5 that for any k,
∫

Ω

f
(1)
k dµ ≤ lim

n→∞

∫

Ω

f (2)
n dµ,

and therefore,

lim
n→∞

∫

Ω

f (1)
n dµ ≤ lim

n→∞

∫

Ω

f (2)
n dµ.

We obtain
lim

n→∞

∫

Ω

f (1)
n dµ ≥ lim

n→∞

∫

Ω

f (2)
n dµ

by interchanging f
(1)
n and f

(2)
n . Therefore,

lim
n→∞

∫

Ω

f (1)
n dµ = lim

n→∞

∫

Ω

f (2)
n dµ.

�
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Definition 3.6. Let f be a non-negative measurable function and fn a se-
quence of non-negative simple functions which converge monotonically to f
from below. The limit limn→∞

∫
Ω

fndµ is called the Lebesgue integral of the
function f . It is denoted by

∫
Ω

fdµ.

In the case of a simple function f , this definition agrees with the definition of
the integral for a simple function, since we can take fn = f for all n.

Now let f be an arbitrary (not necessarily positive) measurable function.
We introduce the indicator functions:

χ+(ω) =
{

1 if f(ω) ≥ 0,
0 if f(ω) < 0,

χ−(ω) =
{

1 if f(ω) < 0,
0 if f(ω) ≥ 0.

Then χ+(ω) + χ−(ω) ≡ 1, f = fχ+ + fχ− = f+ − f−, where f+ = fχ+ and
f− = −fχ−. Moreover, f+ ≥ 0, f− ≥ 0, so the integrals

∫
Ω

f+dµ and
∫

Ω
f−dµ

have already been defined.

Definition 3.7. The function f is said to be integrable if
∫

Ω
f+dµ < ∞ and∫

Ω
f−dµ < ∞. In this case the integral is equal to

∫
Ω

fdµ =
∫

Ω
f+dµ −∫

Ω
f−dµ. If

∫
Ω

f+dµ = ∞ and
∫

Ω
f−dµ < ∞ (

∫
Ω

f+dµ < ∞,
∫

Ω
f−dµ = ∞),

then
∫

Ω
fdµ = ∞ (

∫
Ω

fdµ = −∞). If
∫

Ω
f+dµ =

∫
Ω

f−dµ = ∞, then
∫

Ω
fdµ

is not defined.

Since |f | = f++f−, we have
∫

Ω
|f |dµ =

∫
Ω

f+dµ+
∫

Ω
f−dµ, and so

∫
Ω

fdµ
is finite if and only if

∫
Ω
|f |dµ is finite. The integral has properties 2-4 listed

in Lemma 3.3.
Let A ∈ F be a measurable set and f a measurable function on (Ω,F , µ).

We can define the integral of f over the set A (which is a subset of Ω) in two
equivalent ways. One way is to define

∫

A

fdµ =
∫

Ω

fχAdµ,

where χA is the indicator function of the set A. Another way is to consider
the restriction of µ from Ω to A. Namely, we consider the new σ-algebra
FA, which contains all the measurable subsets of A, and the new measure
µA on FA, which agrees with µ on all the sets from FA. Then (A,FA) is a
measurable space with a measure µA, and we can define

∫

A

fdµ =
∫

A

fdµA.

It can easily be seen that the above two definitions lead to the same notion
of the integral over a measurable set.

Let us note another important property of the Lebesgue integral: it is
a σ-additive function on F . Namely, let A =

⋃∞
i=1 Ai, where A1, A2, ... are
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measurable sets such that Ai ∩ Aj = ∅ for i �= j. Let f be a measurable
function such that

∫
A

fdµ is finite. Then

∫

A

fdµ =
∞∑

i=1

∫

Ai

fdµ.

To justify this statement we can first consider f to be a non-negative simple
function. Then the σ-additivity follows from the fact that in an infinite se-
ries with non-negative terms the terms can be re-arranged. For an arbitrary
non-negative measurable f we use the definition of the integral as a limit of
integrals of simple functions. For f which is not necessarily non-negative, we
use Definition 3.7.

If f is a non-negative function, the σ-additivity of the integral implies that
the function η(A) =

∫
A

fdµ is itself a measure.
The mathematical expectation (which is the same as the Lebesgue integral

over a probability space) has all the properties described in Chapter 1. In
particular

1. Eξ ≥ 0 if ξ ≥ 0.
2. EχΩ = 1 where χΩ is the random variable identically equal to 1 on Ω.
3. E(aξ1 + bξ2) = aEξ1 + bEξ2 if Eξ1 and Eξ2 are finite.

The variance of the random variable ξ is defined as E(ξ − Eξ)2, and the
n-th order moment is defined as Eξn. Given two random variables ξ1 and
ξ2, their covariance is defined as Cov(ξ1, ξ2) = E(ξ1 − Eξ1)(ξ2 − Eξ2). The
correlation coefficient of two random variables ξ1, ξ2 is defined as ρ(ξ1, ξ2) =
Cov(ξ1, ξ2)/

√
Varξ1Varξ2.

3.2 Induced Measures and Distribution Functions

Given a probability space (Ω,F ,P), a measurable space (Ω̃, F̃) and a mea-
surable function f : Ω → Ω̃, we can define the induced probability measure
P̃ on the σ-algebra F̃ via the formula

P̃(A) = P(f−1(A)) for A ∈ F̃ .

Clearly P̃(A) satisfies the definition of a probability measure. The following
theorem states that the change of variable is permitted in the Lebesgue inte-
gral.

Theorem 3.8. Let g : Ω̃ → R be a random variable. Then
∫

Ω

g(f(ω))dP(ω) =
∫

�Ω
g(w̃)dP̃(w̃) .

The integral on the right-hand side is defined if and only if the integral on the
left-hand side is defined.
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Proof. Without loss of generality we can assume that g is non-negative. When
g is a simple function, the theorem follows from the definition of the induced
measure. For an arbitrary measurable function it suffices to note that any
such function is a limit of a non-decreasing sequence of simple functions. �

Let us examine once again the relationship between the random variables
and their distribution functions. Consider the collection of all intervals:

I = {(a, b), [a, b), (a, b], [a, b], where −∞ ≤ a ≤ b ≤ ∞}.

Let m : I → R be a σ-additive nonnegative function, that is

1. m(I) ≥ 0 for any I ∈ I.
2. If I, Ii ∈ I, i = 1, 2, ..., Ii

⋂
Ij = ∅ for i �= j, and I =

⋃∞
i=1 Ii, then

m(I) =
∞∑

i=1

m(Ii) .

Although m is σ-additive, as required of a measure, it is not truly a measure
since it is defined on the collection of intervals, which is not a σ-algebra.

We shall need the following theorem (a particular case of the theorem on
the extension of a measure discussed in Section 3.4).

Theorem 3.9. Let m be a σ-additive function satisfying conditions 1 and 2.
Then there is a unique measure µ defined on the σ-algebra of Borel sets of
the real line, which agrees with m on all the intervals, that is µ(I) = m(I) for
each I ∈ I.

Consider the following three examples, which illustrate how a measure can
be constructed given its values on the intervals.

Example. Let F (x) be a distribution function. We define

m((a, b]) = F (b) − F (a), m([a, b]) = F (b) − lim
t↑a

F (t),

m((a, b)) = lim
t↑b

F (t) − F (a), m([a, b)) = lim
t↑b

F (t) − lim
t↑a

F (t).

Let us check that m is a σ-additive function. Let I, Ii, i = 1, 2, ... be intervals of
the real line (open, half-open, or closed) such that I =

⋃∞
i=1 Ii and Ii

⋂
Ij = ∅

if i �= j. We need to check that

m(I) =
∞∑

i=1

m(Ii). (3.1)

It is clear that m(I) ≥
∑n

i=1 m(Ii) for each n, since the intervals Ii do not
intersect. Therefore, m(I) ≥

∑∞
i=1 m(Ii).
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In order to prove the opposite inequality, we assume that an arbitrary
ε > 0 is given. Consider a collection of intervals J, Ji, i = 1, 2, ... which are
constructed as follows. The interval J is a closed interval, which is contained
in I and satisfies m(J) ≥ m(I)− ε/2. (In particular, if I is closed we can take
J = I). Let Ji be an open interval, which contains Ii and satisfies m(Ji) ≤
m(Ii) + ε/2i+1. The fact that it is possible to select such intervals J and Ji

follows from the definition of the function m and the continuity from the right
of the function F . Note that J ⊆

⋃∞
i=1 Ji, J is compact, and all Ji are open.

Therefore, J ⊆
⋃n

i=1 Ji for some n. Clearly m(J) ≤
∑n

i=1 m(Ji). Therefore,
m(I) ≤

∑n
i=1 m(Ii) + ε. Since ε is arbitrary, we obtain m(I) ≤

∑∞
i=1 m(Ii).

Therefore, (3.1) holds, and m is a σ-additive function.
Thus any distribution function gives rise to a probability measure on the

Borel σ-algebra of the real line. This measure will be denoted by µF . Some-
times, instead of writing dµF in the integral with respect to such a measure,
we shall write dF .

Conversely, any probability measure µ on the Borel sets of the real line
defines a distribution function via the formula F (x) = µ((−∞, x]). Thus there
is a one-to-one correspondence between probability measures on the real line
and distribution functions.

Remark 3.10. Similarly, there is a one-to-one correspondence between the dis-
tribution functions on R

n and the probability measures on the Borel sets
of R

n. Namely, the distribution function F corresponding to a measure µ is
defined by F (x1, ..., xn) = µ((−∞, x1] × ... × (−∞, xn]).

Example. Let f be a function defined on an interval [a, b] of the real line.
Let σ = {t0, t1, ..., tn}, with a = t0 ≤ t1 ≤ ... ≤ tn = b, be a partition of the
interval [a, b] into n subintervals. We denote the length of the largest interval
by δ(σ) = max1≤i≤n(ti − ti−1). The p-th variation (with p > 0) of f over the
partition σ is defined as

V p
[a,b](f, σ) =

n∑

i=1

|f(ti) − f(ti−1)|p.

Definition 3.11. The following limit

V p
[a,b](f) = lim sup

δ(σ)→0

V p
[a,b](f, σ),

is referred to as the p-th total variation of f over the interval [a, b].

Now let f be a continuous function with finite first (p = 1) total variation
defined on an interval [a, b] of the real line. Then it can be represented as a
difference of two continuous non-decreasing functions, namely,

f(x) = V 1
[a,x](f) − (V 1

[a,x](f) − f(x)) = F1(x) − F2(x).

Now we can repeat the construction used in the previous example to define
the measures µF1 and µF2 on the Borel subsets of [a, b]. Namely, we can define
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mi((x, y]) = mi([x, y]) = mi((x, y)) = mi([x, y)) = Fi(y) − Fi(x), i = 1, 2,

and then extend mi to the measure µFi
using Theorem 3.9. The difference

µf = µF1 − µF2 is then a signed measure (see Section 3.6). If g is a Borel-
measurable function on [a, b], its integral with respect to the signed mea-
sure µf , denoted by

∫ b

a
g(x)df(x) or

∫ b

a
g(x)dµf (x), is defined as the difference

of the integrals with respect to the measures µF1 and µF2 ,
∫ b

a

g(x)df(x) =
∫ b

a

g(x)dµF1(x) −
∫ b

a

g(x)dµF2(x).

It is called the Lebesgue-Stieltjes integral of g with respect to f .

Example. For an interval I, let In = I ∩ [−n, n]. Define mn(I) as the length
of In. As in the first example, mn is a σ-additive function. Thus mn gives
rise to a measure on the Borel sets of the real line, which will be denoted by
λn and referred to as the Lebesgue measure on the segment [−n, n]. Now
for any Borel set A of the real line we can define its Lebesgue measure λ(A)
via λ(A) = limn→∞ λn(A). It is easily checked that λ is a σ-additive measure
which, however, may take infinite values for unbounded sets A.

Remark 3.12. The Lebesgue measure on the real line is an example of a σ-finite
measure. We now give the formal definition of a σ-finite measure, although
most of the measures that we deal with in this book are finite (probability)
measures. An integral with respect to a σ-finite measure can be defined in the
same way as an integral with respect to a finite measure.

Definition 3.13. Let (Ω,F) be a measurable space. A σ-finite measure is a
function µ, defined on F with values in [0,∞], which satisfies the following
conditions.

1. There is a sequence of measurable sets Ω1 ⊆ Ω2 ⊆ ... ⊆ Ω such that
µ(Ωi) < ∞ for all i, and

⋃∞
i=1 Ωi = Ω.

2. If Ci ∈ F , i = 1, 2, ... and Ci

⋂
Cj = ∅ for i �= j, then

µ(
∞⋃

i=1

Ci) =
∞∑

i=1

µ(Ci) .

If Fξ is the distribution function of a random variable ξ, then the measure
µFξ

(also denoted by µξ) coincides with the measure induced by the random
variable ξ. Indeed, the values of the induced measure and of µξ coincide on
the intervals, and therefore on all the Borel sets due to the uniqueness part
of Theorem 3.9.

Theorem 3.8 together with the fact that µξ coincides with the induced
measure imply the following.

Theorem 3.14. Let ξ be a random variable and g be a Borel measurable func-
tion on R. Then
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Eg(ξ) =
∫ ∞

−∞
g(x)dFξ(x).

Applying this theorem to the functions g(x) = x, g(x) = xp and g(x) =
(x − Eξ)2, we obtain the following.

Corollary 3.15.

Eξ =
∫ ∞

−∞
xdFξ(x), Eξp =

∫ ∞

−∞
xpdFξ(x), Varξ =

∫ ∞

−∞
(x − Eξ)2dFξ(x) .

3.3 Types of Measures and Distribution Functions

Let µ be a finite measure on the Borel σ-algebra of the real line. We distinguish
three special types of measures.

a) Discrete measure. Assume that there exists a finite or countable set
A = {a1, a2, ...} such that µ((−∞,∞)) = µ(A), that is A is a set of full
measure. In this case µ is called a measure of discrete type.

b) Singular continuous measure. Assume that the measure of any single
point is zero, µ(a) = 0 for any a ∈ R, and there is a Borel set B of Lebesgue
measure zero which is of full measure for the measure µ, that is λ(B) = 0 and
µ((−∞,∞)) = µ(B). In this case µ is called a singular continuous measure.

c) Absolutely continuous measure. Assume that for every set of Lebesgue
measure zero the µ measure of that set is also zero, that is λ(A) = 0 implies
µ(A) = 0. In this case µ is called an absolutely continuous measure.

While any given measure does not necessarily belong to one of the three
classes above, the following theorem states that it can be decomposed into
three components, one of which is discrete, the second singular continuous,
and the third absolutely continuous.

Theorem 3.16. Given any finite measure µ on R there exist measures µ1, µ2

and µ3, the first of which is discrete, the second singular continuous and the
third absolutely continuous, such that for any Borel set C of the real line we
have

µ(C) = µ1(C) + µ2(C) + µ3(C) .

Such measures µ1, µ2 and µ3 are determined by the measure µ uniquely.

Proof. Let A1 be the collection of points a such that µ(a) ≥ 1, let A2 be the
collection of points a ∈ R\A1 such that µ(a) ≥ 1

2 , let A3 be the collection of
points a ∈ R\(A1

⋃
A2) such that µ(a) ≥ 1

3 , and so on. Since the measure is
finite, each set An contains only finitely many elements. Therefore, A =

⋃
n An

is countable. At the same time µ(b) = 0 for any b /∈ A. Let µ1(C) = µ(C
⋂

A).
We shall now construct the measure µ2 and a set B of zero Lebesgue

measure, but of full µ2 measure. (Note that it may turn out that µ2(B) = 0,
that is µ2 is identically zero.) First we inductively construct sets Bn, n ≥ 1, as
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follows. Take B1 to be an empty set. Assuming that Bn has been constructed,
we take Bn+1 to be any set of Lebesgue measure zero, which does not intersect⋃n

i=1 Bi and satisfies

µ(Bn+1) − µ1(Bn+1) ≥
1
m

(3.2)

with the smallest possible m, where m ≥ 1 is an integer. If no such m ex-
ists, then we take Bn+1 to be the empty set. For each m there is at most
a finite number of non-intersecting sets which satisfy (3.2), and therefore
the set R\

⋃∞
n=1 Bn contains no set C for which µ(C) − µ1(C) > 0. We

put B =
⋃∞

n=1 Bn, which is a set of Lebesgue measure zero, and define
µ2(C) = µ(C

⋂
B)−µ1(C

⋂
B). Note that µ2(B) = µ2((−∞,∞)), and there-

fore µ2 is singular continuous.
By the construction of µ1 and µ2, we have that µ3(C) = µ(C) − µ1(C) −

µ2(C) is a measure which is equal to zero on each set of Lebesgue measure
zero. Thus we have the desired decomposition. The uniqueness part is left as
an easy exercise for the reader. �

Since there is a one-to-one correspondence between probability measures
on the real line and distribution functions, we can single out the classes of
distribution functions corresponding to the discrete, singular continuous and
absolutely continuous measures. In the discrete case F (x) = µ((−∞, x]) is a
step function. The jumps occur at the points ai of positive µ-measure.

If the distribution function F has a Lebesgue integrable density p, that is
F (x) =

∫ x

−∞ p(t)dt, then F corresponds to an absolutely continuous measure.
Indeed, µF (A) =

∫
A

p(t)dt for any Borel set A, since the equality is true for
all intervals, and therefore it is true for all Borel sets due to the uniqueness
of the extension of the measure. The value of the integral

∫
A

p(t)dt over any
set of Lebesgue measure zero is equal to zero.

The converse is also true, i.e., any absolutely continuous measure has a
Lebesgue integrable density function. This follows from the Radon-Nikodym
theorem, which we shall state below.

If a measure µ does not contain a discrete component, then the distribution
function is continuous. Yet if the singular continuous component is present,
it cannot be represented as an integral of a density. The so-called Cantor
Staircase is an example of such a distribution function. Set F (t) = 0 for t ≤ 0,
F (t) = 1 for t ≥ 1. We construct F (t) for 0 < t < 1 inductively. At the n-th
step (n ≥ 0) we have disjoint intervals of length 3−n, where the function F (t)
is not yet defined, although it is defined at the end points of such intervals. Let
us divide every such interval into three equal parts, and set F (t) on the middle
interval (including the end-points) to be a constant equal to the half-sum of its
values at the above-mentioned end-points. It is easy to see that the function
F (t) can be extended by continuity to the remaining t. The limit function is
called the Cantor Staircase. It corresponds to a singular continuous probability
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measure. The theory of fractals is related to some classes of singular continuous
measures.

3.4 Remarks on the Construction of the Lebesgue
Measure

In this section we provide an abstract generalization of Theorem 3.9 on the
extension of a σ-additive function. Theorem 3.9 applies to the construction of
a measure on the real line which, in the case of the Lebesgue measure, can be
viewed as an extension of the notion of length of an interval. In fact we can
define the notion of measure starting from a σ-additive function defined on a
certain collection of subsets of an abstract set.

Definition 3.17. A collection G of subsets of Ω is called a semialgebra if it
has the following three properties:

1. Ω ∈ G.
2. If C1, C2 ∈ G, then C1

⋂
C2 ∈ G.

3. If C1, C2 ∈ G and C2 ⊆ C1, then there exists a finite collection of dis-
joint sets A1, ..., An ∈ G such that C2

⋂
Ai = ∅ for i = 1, ..., n and

C2

⋃
A1

⋃
...

⋃
An = C1.

Definition 3.18. A non-negative function with values in R defined on a semi-
algebra G is said to be σ-additive if it satisfies the following condition:

If C =
⋃∞

i=1 Ci with C ∈ G, Ci ∈ G, i = 1, 2, ..., and Ci

⋂
Cj = ∅ for

i �= j, then

m(C) =
∞∑

i=1

m(Ci) .

Theorem 3.19. (Caratheodory) Let m be a σ-additive function defined on
a semialgebra (Ω,G). Then there exists a measure µ defined on (Ω, σ(G)) such
that µ(C) = m(C) for every C ∈ G. The measure µ which has this property is
unique.

We shall only indicate a sequence of steps used in the proof of the theorem,
without giving all the details. A more detailed exposition can be found in the
textbook of Fomin and Kolmogorov “Elements of Theory of Functions and
Functional Analysis”.

Step 1. Extension of the σ-additive function from the semialgebra to the
algebra. Let A be the collection of sets which can be obtained as finite unions
of disjoint elements of G, that is A ∈ A if A =

⋃n
i=1 Ci for some Ci ∈ G,

where Ci

⋂
Cj = ∅ if i �= j. The collection of sets A is an algebra since it

contains the set Ω and is closed under finite unions, intersections, differences,
and symmetric differences. For A =

⋃n
i=1 Ci with Ci

⋂
Cj = ∅, i �= j, we
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define m(A) =
∑n

i=1 m(Ci). We can then show that m is still a σ-additive
function on the algebra A.

Step 2. Definition of exterior measure and of measurable sets. For any set
B ⊆ Ω we can define its exterior measure as µ∗(B) = inf

∑
i m(Ai), where the

infimum is taken over all countable coverings of B by elements of the algebra
A. A set B is called measurable if for any ε > 0 there is A ∈ A such that
µ∗(A�B) ≤ ε. Recall that A�B is the notation for the symmetric difference
of the sets A and B. If B is measurable we define its measure to be equal to
the exterior measure: µ(B) = µ∗(B). Denote the collection of all measurable
sets by B.

Step 3. The σ-algebra of measurable sets and σ-additivity of the measure.
The main part of the proof consists of demonstrating that B is a σ-algebra, and
that the function µ defined on it has the properties of a measure. We can then
restrict the measure to the smallest σ-algebra containing the original semial-
gebra. The uniqueness of the measure follows easily from the non-negativity
of m and from the fact that the measure is uniquely defined on the algebra A.
Alternatively, see Lemma 4.14 in Chapter 4, which also implies the uniqueness
of the measure.

Remark 3.20. It is often convenient to consider the measure µ on the measur-
able space (Ω,B), rather than to restrict the measure to the σ-algebra σ(G),
which is usually smaller than B. The difference is that (Ω,B) is always com-
plete with respect to measure µ, while (Ω, σ(G)) does not need to be complete.
We discuss the notion of completeness in the remainder of this section.

Definition 3.21. Let (Ω,F) be a measurable space with a finite measure µ on
it. A set A ⊆ Ω is said to be µ-negligible if there is an event B ∈ F such that
A ⊆ B and µ(B) = 0. The space (Ω,F) is said to be complete with respect to
µ if all µ-negligible sets belong to F .

Given an arbitrary measurable space (Ω,F) with a finite measure µ on it, we
can consider an extended σ-algebra F̃ . It consists of all sets B̃ ⊆ Ω which
can be represented as B̃ = A ∪ B, where A is a µ-negligible set and B ∈ F .
We define µ̃(B̃) = µ(B). It is easy to see that µ̃(B̃) does not depend on the
particular representation of B̃, (Ω, F̃) is a measurable space, µ̃ is a finite
measure, and (Ω, F̃) is complete with respect to µ̃. We shall refer to (Ω, F̃)
as the completion of (Ω,F) with respect to the measure µ.

It is not difficult to see that F̃ = σ(F ∪ N µ), where N µ is the collection
of µ-negligible sets in Ω.

3.5 Convergence of Functions, Their Integrals, and the
Fubini Theorem

Let (Ω,F , µ) be a measurable space with a finite measure. Let f and fn,
n = 1, 2, ... be measurable functions.
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Definition 3.22. A sequence of functions fn is said to converge to f uni-
formly if

lim
n→∞

sup
ω∈Ω

|fn(ω) − f(ω)| = 0.

Definition 3.23. A sequence of functions fn is said to converge to f in mea-
sure (or in probability, if µ is a probability measure) if for any δ > 0 we
have

lim
n→∞

µ(ω : |fn(ω) − f(ω)| > δ) = 0.

Definition 3.24. A sequence of functions fn is said to converge to f almost
everywhere (or almost surely) if there is a measurable set A with µ(A) = 1
such that

lim
n→∞

fn(ω) = f(ω) for ω ∈ A.

Remark 3.25. A sequence of measurable functions fn converges to a measur-
able function f almost surely if and only if µ(ω : limn→∞ fn(ω) �= f(ω)) = 0
(see Problem 1).

It is not difficult to demonstrate that convergence almost everywhere implies
convergence in measure. The opposite implication is only true if we consider a
certain subsequence of the original sequence fn (see Problem 8). The following
theorem relates the notions of convergence almost everywhere and uniform
convergence.

Theorem 3.26. (Egorov Theorem) If a sequence of measurable functions
fn converges to a measurable function f almost everywhere, then for any δ > 0
there exists a measurable set Ωδ ⊆ Ω such that µ(Ωδ) ≥ µ(Ω) − δ and fn

converges to f uniformly on Ωδ.

Proof. Let δ > 0 be fixed. Let

Ωm
n =

⋂

i≥n

{ω : |fi(ω) − f(ω)| <
1
m
}

and

Ωm =
∞⋃

n=1

Ωm
n .

Due to the continuity of the measure (Theorem 1.36), for every m there is
n0(m) such that µ(Ωm\Ωm

n0(m)) < δ/2m. We define Ωδ =
⋂∞

m=1 Ωm
n0(m). We

claim that Ωδ satisfies the requirements of the theorem.
The uniform convergence follows from the fact that |fi(ω) − f(ω)| < 1/m

for all ω ∈ Ωδ if i > n0(m). In order to estimate the measure of Ωδ, we note
that fn(ω) does not converge to f(ω) if ω is outside of the set Ωm for some
m. Therefore, µ(Ω\Ωm) = 0. This implies

µ(Ω\Ωm
n0(m)) = µ(Ωm\Ωm

n0(m)) <
δ

2m
.
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Therefore,

µ(Ω\Ωδ) = µ(
∞⋃

m=1

(Ω\Ωm
n0(m))) ≤

∞∑

m=1

µ(Ω\Ωm
n0(m)) <

∞∑

m=1

δ

2m
= δ,

which completes the proof of the theorem. �

The following theorem justifies passage to the limit under the sign of the
integral.

Theorem 3.27. (Lebesgue Dominated Convergence Theorem) If a se-
quence of measurable functions fn converges to a measurable function f almost
everywhere and

|fn| ≤ ϕ,

where ϕ is integrable on Ω, then the function f is integrable on Ω and

lim
n→∞

∫

Ω

fndµ =
∫

Ω

fdµ.

Proof. Let some ε > 0 be fixed. It is easily seen that |f(ω)| ≤ ϕ(ω) for almost
all ω. Therefore, as follows from the elementary properties of the integral, the
function f is integrable. Let Ωk = {ω : k − 1 ≤ ϕ(ω) < k}. Since the integral
is a σ-additive function,

∫

Ω

ϕdµ =
∞∑

k=1

∫

Ωk

ϕdµ

Let m > 0 be such that
∑∞

k=m

∫
Ωk

ϕdµ < ε/5. Let A =
⋃∞

k=m Ωk. By the
Egorov Theorem, we can select a set B ⊆ Ω\A such that µ(B) ≤ ε/5m and
fn converges to f uniformly on the set C = (Ω\A)\B. Finally,

|
∫

Ω

fndµ −
∫

Ω

fdµ| ≤ |
∫

A

fndµ −
∫

A

fdµ|

+|
∫

B

fndµ −
∫

B

fdµ| + |
∫

C

fndµ −
∫

C

fdµ|.

The first term on the right-hand side can be estimated from above by 2ε/5,
since

∫
A
|fn|dµ,

∫
A
|f |dµ ≤

∫
A

ϕdµ < ε/5. The second term does not exceed
µ(B) supω∈B(|fn(ω)|+ |f(ω)|) ≤ 2ε/5. The last term can be made arbitrarily
small for n large enough due to the uniform convergence of fn to f on the
set C. Therefore, |

∫
Ω

fndµ −
∫

Ω
fdµ| ≤ ε for sufficiently large n, which com-

pletes the proof of the theorem. �

From the Lebesgue Dominated Convergence Theorem it is easy to derive
the following two statements, which we provide here without proof.
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Theorem 3.28. (Levi Monotonic Convergence Theorem) Let a se-
quence of measurable functions be non-decreasing almost surely, that is

f1(ω) ≤ f2(ω) ≤ ... ≤ fn(ω) ≤ ...

almost surely. Assume that the integrals are bounded:
∫

Ω

fndµ ≤ K for all n.

Then, almost surely, there exists a finite limit

f(ω) = lim
n→∞

fn(ω),

the function f is integrable, and
∫

Ω
fdµ = limn→∞

∫
Ω

fndµ.

Lemma 3.29. (Fatou Lemma) If fn is a sequence of non-negative measur-
able functions, then

∫

Ω

lim inf
n→∞

fndµ ≤ lim inf
n→∞

∫

Ω

fndµ ≤ ∞.

Let us discuss products of σ-algebras and measures. Let (Ω1,F1, µ1) and
(Ω2,F2, µ2) be two measurable spaces with finite measures. We shall define
the product space with the product measure (Ω,F , µ) as follows. The set Ω
is just a set of ordered pairs Ω = Ω1 × Ω2 = {(ω1, ω2), ω1 ∈ Ω1, ω2 ∈ Ω2}.

In order to define the product σ-algebra, we first consider the collection of
rectangles R = {A × B,A ∈ F1, B ∈ F2}. Then F is defined as the smallest
σ-algebra containing all the elements of R.

Note that R is a semialgebra. The product measure µ on F is defined
to be the extension to the σ-algebra of the function m defined on R via
m(A×B) = µ1(A)µ2(B). In order to justify this extension, we need to prove
that m is a σ-additive function on R.

Lemma 3.30. The function m(A×B) = µ1(A)µ2(B) is a σ-additive function
on the semialgebra R.

Proof. Let A1 × B1, A2 × B2, ... be a sequence of non-intersecting rectan-
gles such that A × B =

⋃∞
n=1 An × Bn. Consider the sequence of functions

fn(ω1) =
∑n

i=1 χAi
(ω1)µ2(Bi), where χAi

is the indicator function of the set
Ai. Similarly, let f(ω1) = χA(ω1)µ(B). Note that fn ≤ µ2(B) for all n and
limn→∞ fn(ω1) = f(ω1). Therefore, the Lebesgue Dominated Convergence
Theorem applies. We have

lim
n→∞

n∑

i=1

m(Ai × Bi) = lim
n→∞

n∑

i=1

µ1(Ai)µ2(Bi) = lim
n→∞

∫

Ω1

fn(ω1)dµ1(ω1)
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=
∫

Ω1

f(ω1)dµ1(ω1) = µ1(A)µ2(B) = m(A × B).

�

We are now in a position to state the Fubini Theorem. If (Ω,F , µ) is a mea-
surable space with a finite measure, and f is defined on a set of full measure
A ∈ F , then

∫
Ω

fdµ will mean
∫

A
fdµ.

Theorem 3.31. (Fubini Theorem) Let (Ω1,F1, µ1) and (Ω2,F2, µ2) be two
measurable spaces with finite measures, and let (Ω,F , µ) be the product space
with the product measure. If a function f(ω1, ω2) is integrable with respect to
the measure µ, then ∫

Ω

f(ω1, ω2)dµ(ω1, ω2)

=
∫

Ω1

(
∫

Ω2

f(ω1, ω2)dµ2(ω2))dµ1(ω1) (3.3)

=
∫

Ω2

(
∫

Ω1

f(ω1, ω2)dµ1(ω1))dµ2(ω2).

In particular, the integrals inside the brackets are finite almost surely and are
integrable functions of the exterior variable.

Sketch of the Proof. The fact that the theorem holds if f is an indicator func-
tion of a measurable set follows from the construction of the Lebesgue measure
on the product space. Without loss of generality we may assume that f is non-
negative. If f is a simple integrable function with a finite number of values,
we can represent it as a finite linear combination of indicator functions, and
therefore the theorem holds for such functions. If f is any integrable function,
we can approximate it by a monotonically non-decreasing sequence of simple
integrable functions with finite number of values. Then from the Levi Conver-
gence Theorem it follows that the repeated integrals are finite and are equal
to the integral on the left-hand side of (3.3). �

3.6 Signed Measures and the Radon-Nikodym Theorem

In this section we state, without proof, the Radon-Nikodym Theorem and the
Hahn Decomposition Theorem. Both proofs can be found in the textbook of S.
Fomin and A. Kolmogorov, “Elements of Theory of Functions and Functional
Analysis”.

Definition 3.32. Let (Ω,F) be a measurable space. A function η : F → R is
called a signed measure if

η(
∞⋃

i=1

Ci) =
∞∑

i=1

η(Ci)

whenever Ci ∈ F , i ≥ 1, are such that Ci ∩ Cj = ∅ for i �= j.
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If µ is a non-negative measure on (Ω,F), then an example of a signed measure
is provided by the integral of a function with respect to µ,

η(A) =
∫

A

fdµ,

where f ∈ L1(Ω,F , µ). Later, when we talk about conditional expectations,
it will be important to consider the converse problem − given a measure µ
and a signed measure η, we would like to represent η as an integral of some
function with respect to measure µ. In fact this is always possible, provided
µ(A) = 0 for a set A ∈ F implies that η(A) = 0 (which is, of course, true if
η(A) is an integral of some function over the set A).

To make our discussion more precise we introduce the following definition.

Definition 3.33. Let (Ω,F) be a measurable space with a finite non-negative
measure µ. A signed measure η : F → R is called absolutely continuous with
respect to µ if µ(A) = 0 implies that η(A) = 0 for A ∈ F .

Remark 3.34. An equivalent definition of absolute continuity is as follows. A
signed measure η : F → R is called absolutely continuous with respect to µ
if for any ε > 0 there is a δ > 0 such that µ(A) < δ implies that |η(A)| < ε.
(In Problem 10 the reader is asked to prove the equivalence of the definitions
when η is a non-negative measure.)

Theorem 3.35. (Radon-Nikodym Theorem) Let (Ω,F) be a measurable
space with a finite non-negative measure µ, and η a signed measure absolutely
continuous with respect to µ. Then there is an integrable function f such that

η(A) =
∫

A

fdµ

for all A ∈ F . Any two functions which have this property can be different on
at most a set of µ-measure zero.

The function f is called the density or the Radon-Nikodym derivative of η
with respect to the measure µ.

The following theorem implies that signed measures are simply differences
of two non-negative measures.

Theorem 3.36. (Hahn Decomposition Theorem) Let (Ω,F) be a mea-
surable space with a signed measure η : F → R. Then there exist two sets
Ω+ ∈ F and Ω− ∈ F such that

1. Ω+ ∪ Ω− = Ω and Ω+ ∩ Ω− = ∅.
2. η(A ∩ Ω+) ≥ 0 for any A ∈ F .
3. η(A ∩ Ω−) ≤ 0 for any A ∈ F .

If Ω̃+, Ω̃− is another pair of sets with the same properties, then η(A) = 0 for
any A ∈ F such that A ∈ Ω+∆Ω̃+ or A ∈ Ω−∆Ω̃−.
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Consider two non-negative measures η+ and η− defined by

η+(A) = η(A ∩ Ω+) and η−(A) = −η(A ∩ Ω−).

These are called the positive part and the negative part of η, respectively.
The measure |η| = η+ + η− is called the total variation of η. It easily follows
from the Hahn Decomposition Theorem that η+, η−, and |η| do not depend
on the particular choice of Ω+ and Ω−. Given a measurable function f which
is integrable with respect to |η|, we can define

∫

Ω

fdη =
∫

Ω

fdη+ −
∫

Ω

fdη−.

3.7 Lp Spaces

Let (Ω,F , µ) be a space with a finite measure. We shall call two complex-
valued measurable functions f and g equivalent (f ∼ g) if µ(f �= g) = 0. Note
that ∼ is indeed an equivalence relationship, i.e.,

1. f ∼ f .
2. f ∼ g implies that g ∼ f .
3. f ∼ g and g ∼ h imply that f ∼ h.

It follows from general set theory that the set of measurable functions can be
viewed as a union of non-intersecting subsets, the elements of the same subset
being all equivalent, and the elements which belong to different subsets not
being equivalent.

We next introduce the Lp(Ω,F , µ) spaces, whose elements are some of the
equivalence classes of measurable functions. We shall not distinguish between
a measurable function and the equivalence class it represents.

For 1 ≤ p < ∞ we define

||f ||p = (
∫

Ω

|f |pdµ)
1
p .

The set of functions (or rather the set of equivalence classes) for which ||f ||p
is finite is denoted by Lp(Ω,F , µ) or simply Lp. It readily follows that Lp is
a normed linear space, with the norm || · ||p, that is

1. ||f ||p ≥ 0, ||f ||p = 0 if and only if f = 0.
2. ||αf || = |α|||f || for any complex number α.
3. ||f + g||p ≤ ||f ||p + ||g||p.

It is also not difficult to see, and we leave it for the reader as an exercise,
that all the Lp spaces are complete. We also formulate the Hölder Inequality,
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which states that if f ∈ Lp and g ∈ Lq with p, q > 1 such that 1/p + 1/q = 1,
then fg ∈ L1 and

||fg||1 ≤ ||f ||p||g||q.
When p = q = 2 this is also referred to as the Cauchy-Bunyakovskii Inequality.
Its proof is available in many textbooks, and thus we omit it, leaving it as an
exercise for the reader.

The norm in the L2 space comes from the inner product, ||f ||2 = (f, f)1/2,
where

(f, g) =
∫

Ω

fgdµ.

The set L2 equipped with this inner product is a Hilbert space.

3.8 Monte Carlo Method

Consider a bounded measurable set U ⊂ R
d and a bounded measurable func-

tion f : U → R. In this section we shall discuss a numerical method for
evaluating the integral I(f) =

∫
U

f(x)dx1...dxd.
One way to evaluate such an integral is based on approximating it by

Riemann sums. Namely, the set U is split into measurable subsets U1,...,Un

with small diameters, and a point xi is selected in each of the subsets Ui.
Then the sum

∑n
i=1 f(xi)λ(Ui), where λ(Ui) is the measure of Ui, serves as

an approximation to the integral. This method is effective provided that f
does not change much for a small change of the argument (for example, if its
gradient is bounded), and if we can split the set U into a reasonably small
number of subsets with small diameters (so that n is not too large for a
computer to handle the summation).

On the other hand, consider the case when U is a unit cube in R
d, and

d is large (say, d = 20). If we try to divide U into cubes Ui, each with the
side of length 1/10 (these may still be rather large, depending on the desired
accuracy of the approximation), there will be n = 1020 of such sub-cubes,
which shows that approximating the integral by the Riemann sums cannot be
effective in high dimensions.

Now we describe the Monte Carlo method of numerical integration. Con-
sider a homogeneous sequence of independent trials ω = (ω1, ω2, ...), where
each ωi ∈ U has uniform distribution in U , that is P(ωi ∈ V ) = λ(V )/λ(U)
for any measurable set V ⊆ U . If U is a unit cube, such a sequence can be
implemented in practice with the help of a random number generator. Let

In(ω) =
n∑

i=1

f(ωi).

We claim that In/n converges (in probability) to I(f)/λ(U).



56 3 Lebesgue Integral and Mathematical Expectation

Theorem 3.37. For every bounded measurable function f and every ε > 0

lim
n→∞

P(|I
n

n
− I(f)

λ(U)
| < ε) = 1 .

Proof. Let ε > 0 be fixed, and assume that |f(x)| ≤ M for all x ∈ U and
some constant M . We split the interval [−M,M ] into k disjoint sub-intervals
∆1, ...,∆k, each of length not greater than ε/3. The number of such intervals
should not need to exceed 1 + 6M/ε. We define the sets Uj as the pre-images
of ∆j , that is Uj = f−1(∆j). Let us fix a point aj in each ∆j . Let νn

j (ω)
be the number of those ωi with 1 ≤ i ≤ n, for which ωi ∈ Uj . Let Jn(ω) =
∑k

j=1 ajν
n
j (ω).

Since f(x) does not vary by more than ε/3 on each of the sets Uj ,

|I
n(ω)
n

− Jn(ω)
n

| ≤ ε

3
and

|I(f) −
∑k

j=1 ajλ(Uj)|
λ(U)

≤ ε

3
.

Therefore, it is sufficient to demonstrate that

lim
n→∞

P(|J
n

n
−

∑k
j=1 ajλ(Uj)

λ(U)
| <

ε

3
) = 1 ,

or, equivalently,

lim
n→∞

P(|
k∑

j=1

aj(
νn

j

n
− λ(Uj)

λ(U)
)| <

ε

3
) = 1 .

This follows from the law of large numbers, which states that νn
j /n converges

in probability to λ(Uj)/λ(U) for each j. �

Remark 3.38. Later we shall prove the so-called strong law of large numbers,
which will imply the almost sure convergence of the approximations in the
Monte Carlo method (see Chapter 7). It is important that the convergence rate
(however it is defined) can be estimated in terms of λ(U) and supx∈U |f(x)|,
independently of the dimension of the space and the smoothness of the func-
tion f .

3.9 Problems

1. Let fn, n ≥ 1, and f be measurable functions on a measurable space (Ω,F).
Prove that the set {ω : limn→∞ fn(ω) = f(ω)} is F-measurable.



3.9 Problems 57

2. Prove that if a random variable ξ taking non-negative values is such that

P(ξ ≥ n) ≥ 1/n for all n ∈ N,

then Eξ = ∞.

3. Construct a sequence of random variables ξn such that ξn(ω) → 0 for
every ω, but Eξn → ∞ as n → ∞.

4. A random variable ξ takes values in the interval [A,B] and Var(ξ) =
((B − A)/2)2. Find the distribution of ξ.

5. Let {x1, x2, ...} be a collection of rational points from the interval [0, 1]. A
random variable ξ takes the value xn with probability 1/2n. Prove that the
distribution function Fξ(x) of ξ is continuous at every irrational point x.

6. Let ξ be a random variable with a continuous density pξ such that pξ(0) > 0.
Find the density of η, where

η(ω) =
{

1/ξ(ω) if ξ(ω) �= 0,
0 if ξ(ω) = 0.

Prove that η does not have a finite expectation.

7. Let ξ1, ξ2, ... be a sequence of random variables on a probability space
(Ω,F ,P) such that E|ξn| ≤ 2−n. Prove that ξn → 0 almost surely as n → ∞.

8. Prove that if a sequence of measurable functions fn converges to f al-
most surely as n → ∞, then it also converges to f in measure. If fn converges
to f in measure, then there is a subsequence fnk

which converges to f almost
surely as k → ∞.

9. Let F (x) be a distribution function. Compute
∫∞
−∞(F (x + 10) − F (x))dx.

10. Prove that a measure η is absolutely continuous with respect to a measure
µ if and only if for any ε > 0 there is a δ > 0 such that µ(A) < δ implies that
η(A) < ε.

11. Prove that the Lp([0, 1],B, λ) spaces are complete for 1 ≤ p < ∞. Here B
is the σ-algebra of Borel sets, and λ is the Lebesgue measure.

12. Prove the Hölder Inequality.

13. Let ξ1, ξ2, ... be a sequence of random variables on a probability space
(Ω,F ,P) such that Eξ2

n ≤ c for some constant c. Assume that ξn → ξ almost
surely as n → ∞. Prove that Eξ is finite and Eξn → Eξ.
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Conditional Probabilities and Independence

4.1 Conditional Probabilities

Let (Ω,F ,P) be a probability space, and let A,B ∈ F be two events. We
assume that P(B) > 0.

Definition 4.1. The conditional probability of A given B is

P(A|B) =
P(A

⋂
B)

P(B)
.

While the conditional probability depends on both A and B, this dependence
has a very different nature for the two sets. As a function of A the conditional
probability has the usual properties of a probability measure:

1. P(A|B) ≥ 0.
2. P(Ω|B) = 1.
3. For a finite or infinite sequence of disjoint events Ai with A =

⋃
i Ai we

have
P(A|B) =

∑

i

P(Ai|B) .

As a function of B, the conditional probability satisfies the so-called formula
of total probability. Let {B1, B2, ...} be a finite or countable partition of the
space Ω, that is Bi

⋂
Bj = ∅ for i �= j and

⋃
i Bi = Ω. We also assume that

P(Bi) > 0 for every i. Take A ∈ F . Then

P(A) =
∑

i

P(A
⋂

Bi) =
∑

i

P(A|Bi)P(Bi) (4.1)

is called the formula of total probability. This formula is reminiscent of mul-
tiple integrals written as iterated integrals. The conditional probability plays
the role of the inner integral and the summation over i is the analog of the
outer integral.
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In mathematical statistics the events Bi are sometimes called hypothe-
ses, and probabilities P(Bi) are called prior probabilities (i.e., given pre-
experiment). We assume that as a result of the trial an event A occurred. We
wish, on the basis of this, to draw conclusions regarding which of the hypothe-
ses Bi is most likely. The estimation is done by calculating the probabilities
P(Bk|A) which are sometimes called posterior (post-experiment) probabili-
ties. Thus

P(Bk|A) =
P(Bk

⋂
A)

P(A)
=

P(A|Bk)P(Bk)
∑

i P(Bi)P(A|Bi)
.

This relation is called Bayes’ formula.

4.2 Independence of Events, σ-Algebras, and Random
Variables

Definition 4.2. Two events A1 and A2 are called independent if

P(A1

⋂
A2) = P(A1)P(A2) .

The events ∅ and Ω are independent of any event.

Lemma 4.3. If (A1, A2) is a pair of independent events, then (A1, A2),
(A1, A2), and (A1, A2), where Aj = Ω\Aj, j = 1, 2, are also pairs of in-
dependent events.

Proof. If A1 and A2 are independent, then

P(A1

⋂
A2) = P((Ω\A1)

⋂
A2)) =

P(A2) − P(A1

⋂
A2) = P(A2) − P(A1)P(A2) = (4.2)

(1 − P(A1))P(A2) = P(A1)P(A2).

Therefore, A1 and A2 are independent. By interchanging A1 and A2 in the
above argument, we obtain that A1 and A2 are independent. Finally, A1 and
A2 are independent since we can replace A2 by A2 in (4.2). �

The notion of pair-wise independence introduced above is easily general-
ized to the notion of independence of any finite number of events.

Definition 4.4. The events A1, ..., An are called independent if for any 1 ≤
k ≤ n and any 1 ≤ i1 < ... < ik ≤ n

P(Ai1

⋂
...

⋂
Aik

) = P(Ai1)...P(Aik
) .
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For n ≥ 3 the pair-wise independence of events Ai and Aj for all 1 ≤ i < j ≤ n
does not imply that the events A1, ..., An are independent (see Problem 5).

Consider now a collection of σ-algebras F1, ...,Fn, each of which is a σ-
subalgebra of F .

Definition 4.5. The σ-algebras F1, ...,Fn are called independent if for any
A1 ∈ F1, ..., An ∈ Fn the events A1, ..., An are independent.

Take a sequence of random variables ξ1, ..., ξn. Each random variable ξi

generates the σ-algebra Fi, where the elements of Fi have the form C =
{ω : ξi(ω) ∈ A} for some Borel set A ⊆ R. It is easy to check that the collec-
tion of such sets is indeed a σ-algebra, since the collection of Borel subsets of
R is a σ-algebra.

Definition 4.6. Random variables ξ1, ..., ξn are called independent if the σ-
algebras F1, ...,Fn they generate are independent.

Finally, we can generalize the notion of independence to arbitrary families of
events, σ-algebras, and random variables.

Definition 4.7. A family of events, σ-algebras, or random variables is called
independent if any finite sub-family is independent.

We shall now prove that the expectation of a product of independent
random variables is equal to the product of expectations. The converse is, in
general, not true (see Problem 6).

Theorem 4.8. If ξ and η are independent random variables with finite expec-
tations, then the expectation of the product is also finite and E(ξη) = EξEη.

Proof. Let ξ1 and ξ2 be the positive and negative parts, respectively, of the
random variable ξ, as defined above. Similarly, let η1 and η2 be the positive and
negative parts of η. It is sufficient to prove that E(ξiηj) = EξiEηj , i, j = 1, 2.
We shall prove that E(ξ1η1) = Eξ1Eη1, the other cases being completely
similar. Define fn(ω) and gn(ω) by the relations

fn(ω) = k2−n if k2−n ≤ ξ1(ω) < (k + 1)2−n ,

gn(ω) = k2−n if k2−n ≤ η1(ω) < (k + 1)2−n .

Thus fn and gn are two sequences of simple random variables which monoton-
ically approximate from below the variables ξ1 and η1 respectively. Also, the
sequence of simple random variables fngn monotonically approximates the
random variable ξ1η1 from below. Therefore,

Eξ1 = lim
n→∞

Efn, Eη1 = lim
n→∞

Egn, Eξ1η1 = lim
n→∞

Efngn .

Since the limit of a product is the product of the limits, it remains to show that
Efngn = EfnEgn for any n, . Let An

k be the event {k2−n ≤ ξ1 < (k + 1)2−n}
and Bn

k be the event {k2−n ≤ η1 < (k + 1)2−n}. Note that for any k1 and
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k2 the events An
k1

and Bn
k2

are independent due to the independence of the
random variables ξ and η. We write

Efngn =
∑

k1,k2

k1k22−2nP(An
k1

⋂
Bn

k2
) =

∑

k1

k12−nP(An
k1

)
∑

k2

k22−nP(Bn
k2

) = EfnEgn ,

which completes the proof of the theorem. �

Consider the space Ω corresponding to the homogeneous sequence of n
independent trials, ω = (ω1, ..., ωn), and let ξi(ω) = ωi.

Lemma 4.9. The sequence ξ1, ..., ξn is a sequence of identically distributed
independent random variables.

Proof. Each random variable ξi takes values in a space X with a σ-algebra G,
and the probabilities of the events {ω : ξi(ω) ∈ A}, A ∈ G, are equal to the
probability of A in the space X. Thus they are the same for different i if A
is fixed, which means that ξi are identically distributed. Their independence
follows from the definition of the sequence of independent trials. �

4.3 π-Systems and Independence

The following notions of a π-system and of a Dynkin system are very useful
when proving independence of functions and σ-algebras.

Definition 4.10. A collection K of subsets of Ω is said to be a π-system
if it contains the empty set and is closed under the operation of taking the
intersection of two sets, that is

1. ∅ ∈ K.
2. A,B ∈ K implies that A

⋂
B ∈ K.

Definition 4.11. A collection G of subsets of Ω is called a Dynkin system if
it contains Ω and is closed under the operations of taking complements and
finite and countable non-intersecting unions, that is

1. Ω ∈ G.
2. A ∈ G implies that Ω\A ∈ G.
3. A1, A2, ... ∈ G and An

⋂
Am = ∅ for n �= m imply that

⋃
n An ∈ G.

Note that an intersection of Dynkin systems is again a Dynkin system.
Therefore, it makes sense to talk about the smallest Dynkin system containing
a given collection of sets K − namely, it is the intersection of all the Dynkin
systems that contain all the elements of K.
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Lemma 4.12. Let K be a π-system and let G be the smallest Dynkin system
such that K ⊆ G. Then G = σ(K).

Proof. Since σ(K) is a Dynkin system, we obtain G ⊆ σ(K). In order to prove
the opposite inclusion, we first note that if a π-system is a Dynkin system, then
it is also a σ-algebra. Therefore, it is sufficient to show that G is a π-system.
Let A ∈ G and define

GA = {B ∈ G : A
⋂

B ∈ G}.

The collection of sets GA obviously satisfies the first and the third conditions
of Definition 4.11. It also satisfies the second condition since if A,B ∈ G and
A
⋂

B ∈ G, then A
⋂

(Ω\B) = Ω\[(A
⋂

B)
⋃

(Ω\A)] ∈ G. Moreover, if A ∈ K,
then K ⊆ GA. Thus, for A ∈ K we have GA = G, which implies that if A ∈ K,
B ∈ G, then A

⋂
B ∈ G. This implies that K ⊆ GB and therefore GB = G for

any B ∈ G. Thus G is a π-system. �

Lemma 4.12 can be re-formulated as follows.

Lemma 4.13. If a Dynkin system G contains a π-system K, then it also con-
tains the σ-algebra generated by K, that is σ(K) ⊆ G.

Let us consider two useful applications of this lemma.

Lemma 4.14. If P1 and P2 are two probability measures which coincide on
all elements of a π-system K, then they coincide on the minimal σ-algebra
which contains K.

Proof. Let G be the collection of sets A such that P1(A) = P2(A). Then G is
a Dynkin system, which contains K. Consequently, σ(K) ⊆ G. �

In order to discuss sequences of independent random variables and the
laws of large numbers, we shall need the following statement.

Lemma 4.15. Let ξ1, ..., ξn be independent random variables, m1 + ...+mk =
n and f1, ..., fk be measurable functions of m1, ...,mk variables respectively.
Then the random variables η1 = f1(ξ1, ..., ξm1), η2 = f2(ξm1+1, ..., ξm1+m2),...,
ηk = f(ξm1+...+mk−1+1, ..., ξn) are independent.

Proof. We shall prove the lemma in the case k = 2 since the general case
requires only trivial modifications. Consider the sets A = A1 × ... × Am1 and
B = B1 × ...×Bm2 , where A1, ..., Am1 , B1, ..., Bm2 are Borel subsets of R. We
shall refer to such sets as rectangles. The collections of all rectangles in R

m1

and in R
m2 are π-systems. Note that by the assumptions of the lemma,

P((ξ1, ..., ξm1) ∈ A)P((ξm1+1, ..., ξm1+m2) ∈ B) =
(4.3)

P((ξ1, ..., ξm1) ∈ A, (ξm1+1, ..., ξm1+m2) ∈ B).
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Fix a set B = B1×...×Bm2 and notice that the collection of all the measurable
sets A that satisfy (4.4) is a Dynkin system containing all the rectangles in
R

m1 . Therefore, the relation (4.4) is valid for all sets A in the smallest σ-
algebra containing all the rectangles, which is the Borel σ-algebra on R

m1 .
Now we can fix a Borel set A and, using the same arguments, demonstrate
that (4.4) holds for any Borel set B.

It remains to apply (4.4) to A = f−1
1 (A) and B = f−1

2 (B), where A and
B are arbitrary Borel subsets of R. �

4.4 Problems

1. Let P be the probability distribution of the sequence of n Bernoulli tri-
als, ω = (ω1, ..., ωn), ωi = 1 or 0 with probabilities p and 1 − p. Find
P(ω1 = 1|ω1 + ... + ωn = m).

2. Find the distribution function of a random variable ξ which takes posi-
tive values and satisfies P(ξ > x + y|ξ > x) = P(ξ > y) for all x, y > 0.

3. Two coins are in a bag. One is symmetric, while the other is not − if
tossed it lands heads up with probability equal to 0.6. One coin is randomly
pulled out of the bag and tossed. It lands heads up. What is the probability
that the same coin will land heads up if tossed again?

4. Suppose that each of the random variables ξ and η takes at most two
values, a and b. Prove that ξ and η are independent if E(ξη) = EξEη.

5. Give an example of three events A1, A2, and A3 which are not independent,
yet pair-wise independent.

6. Give an example of two random variables ξ and η which are not inde-
pendent, yet E(ξη) = EξEη.

7. A random variable ξ has Gaussian distribution with mean zero and variance
one, while a random variable η has the distribution with the density

pη(t) =

{

te−
t2
2 if t ≥ 0

0 otherwise.

Find the distribution of ζ = ξ · η assuming that ξ and η are independent.

8. Let ξ1 and ξ2 be two independent random variables with Gaussian dis-
tribution with mean zero and variance one. Prove that η1 = ξ2

1 + ξ2
2 and

η2 = ξ1/ξ2 are independent.
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9. Two editors were independently proof-reading the same manuscript. One
found a misprints, the other found b misprints. Of those, c misprints were
found by both of them. How would you estimate the total number of mis-
prints in the manuscript?

10. Let ξ, η be independent Poisson distributed random variables with ex-
pectations λ1 and λ2 respectively. Find the distribution of ζ = ξ + η.

11. Let ξ, η be independent random variables. Assume that ξ has the uni-
form distribution on [0, 1], and η has the Poisson distribution with parameter
λ. Find the distribution of ζ = ξ + η.

12. Let ξ1, ξ2, ... be independent identically distributed Gaussian random vari-
ables with mean zero and variance one. Let η1, η2, ... be independent identically
distributed exponential random variables with mean one. Prove that there is
n > 0 such that

P(max(η1, ..., ηn) ≥ max(ξ1, ..., ξn)) > 0.99.

13. Suppose that A1 and A2 are independent algebras, that is any two sets
A1 ∈ A1 and A2 ∈ A2 are independent. Prove that the σ-algebras σ(A1) and
σ(A2) are also independent. (Hint: use Lemma 4.12.)

14. Let ξ1, ξ2, ... be independent identically distributed random variables and
N be an N-valued random variable independent of ξi’s. Show that if ξ1 and
N have finite expectation, then

E
N∑

i=1

ξi = E(N)E(ξ1).
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Markov Chains with a Finite Number of States

5.1 Stochastic Matrices

The theory of Markov chains makes use of stochastic matrices. We therefore
begin with a small digression of an algebraic nature.

Definition 5.1. An r × r matrix Q = (qij) is said to be stochastic if

1. qij ≥ 0.
2.

∑r
j=1 qij = 1 for any 1 ≤ i ≤ r.

This property can be expressed somewhat differently. A column vector f =
(f1, ..., fr) is said to be non-negative if fi ≥ 0 for 1 ≤ i ≤ r. In this case we
write f ≥ 0.

Lemma 5.2. The following statements are equivalent.
(a) The matrix Q is stochastic.
(b1) For any f ≥ 0 we have Qf ≥ 0, and
(b2) If 1 = (1, ..., 1) is a column vector, then Q1 = 1, that is the vector 1

is an eigenvector of the matrix Q corresponding to the eigenvalue 1.
(c) If µ = (µ1, ..., µr) is a probability distribution, that is µi ≥ 0 and∑r

i=1 µi = 1, then µQ is also a probability distribution.

Proof. If Q is a stochastic matrix, then (b1) and (b2) hold, and therefore (a)
implies (b). We now show that (b) implies (a). Consider the column vector δj

all of whose entries are equal to zero, except the j-th entry which is equal to
one. Then (Qδj)i = qij ≥ 0. Furthermore, (Q1)i =

∑r
j=1 qij , and it follows

from the equality Q1 = 1 that
∑r

j=1 qij = 1 for all i, and therefore (b)
implies (a).

We now show that (a) implies (c). If µ′ = µQ, then µ′
j =

∑r
i=1 µiqij . Since

Q is stochastic, we have µ′
j ≥ 0 and

r∑

j=1

µ′
j =

r∑

j=1

r∑

i=1

µiqij =
r∑

i=1

r∑

j=1

µiqij =
r∑

i=1

µi = 1.
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Therefore, µ′ is also a probability distribution.
Now assume that (c) holds. Consider the row vector δi all of whose entries

are equal to zero, except the i-th entry which is equal to one. It corresponds
to the probability distribution on the set {1, ..., r} which is concentrated at
the point i. Then δiQ is also a probability distribution. If follows that qij ≥ 0
and

∑r
j=1 qij = 1, that is (c) implies (a). �

Lemma 5.3. Let Q′ = (q′ij) and Q′′ = (q′′ij) be stochastic matrices and Q =
Q′Q′′ = (qij). Then Q is also a stochastic matrix. If q′′ij > 0 for all i, j, then
qij > 0 for all i, j.

Proof. We have

qij =
r∑

k=1

q′ikq′′kj .

Therefore, qij ≥ 0. If all q′′kj > 0, then qij > 0 since q′ik ≥ 0 and
∑r

k=1 q′ik = 1.
Furthermore,

r∑

j=1

qij =
r∑

j=1

r∑

k=1

q′ikq′′kj =
r∑

k=1

q′ik

r∑

j=1

q′′kj =
r∑

k=1

q′ik = 1 .

�

Remark 5.4. We can also consider infinite matrices Q = (qij), 1 ≤ i, j < ∞.
An infinite matrix is said to be stochastic if

1. qij ≥ 0, and
2.

∑∞
j=1 qij = 1 for any 1 ≤ i < ∞.

It is not difficult to show that Lemmas 5.2 and 5.3 remain valid for infinite
matrices.

5.2 Markov Chains

We now return to the concepts of probability theory. Let Ω be the space of
sequences (ω0, ..., ωn), where ωk ∈ X = {x1, ..., xr}, 0 ≤ k ≤ n. Without
loss of generality we may identify X with the set of the first r integers, X =
{1, ..., r}.

Let P be a probability measure on Ω. Sometimes we shall denote by ωk the
random variable which assigns the value of the k-th element to the sequence
ω = (ω0, ..., ωn). It is usually clear from the context whether ωk stands for
such a random variable or simply the k-th element of a particular sequence.
We shall denote the probability of the sequence (ω0, ..., ωn) by p(ω0, ..., ωn).
Thus,
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p(i0, ..., in) = P(ω0 = i0, ..., ωn = in).

Assume that we are given a probability distribution µ = (µ1, ..., µr) on X
and n stochastic matrices P (1), ..., P (n) with P (k) = (pij(k)).

Definition 5.5. The Markov chain with the state space X generated by the
initial distribution µ on X and the stochastic matrices P (1), ..., P (n) is the
probability measure P on Ω such that

P(ω0 = i0, ..., ωn = in) = µi0 · pi0i1(1) · ... · pin−1in
(n) (5.1)

for each i0, ..., in ∈ X.

The elements of X are called the states of the Markov chain. Let us
check that (5.1) defines a probability measure on Ω. The inequality P(ω0 =
i0, ..., ωn = in) ≥ 0 is clear. It remains to show that

r∑

i0=1

...

r∑

in=1

P(ω0 = i0, ..., ωn = in) = 1.

We have
r∑

i0=1

...

r∑

in=1

P(ω0 = i0, ..., ωn = in)

=
r∑

i0=1

...

r∑

in=1

µi0 · pi0,i1(1) · ... · pin−1in
(n) .

We now perform the summation over all the values of in. Note that in
is only present in the last factor in each term of the sum, and the sum∑r

in=1 pin−1in
(n) is equal to one, since the matrix P (n) is stochastic. We then

fix i0, ..., in−2, and sum over all the values of in−1, and so on. In the end we
obtain

∑r
i0=1 µi0 , which is equal to one, since µ is a probability distribution.

In the same way one can prove the following statement:

P(ω0 = i0, ..., ωk = ik) = µi0 · pi0i1(1) · ... · pik−1ik
(k)

for any 1 ≤ i0, ..., ik ≤ r, k ≤ n. This equality shows that the induced prob-
ability distribution on the space of sequences of the form (ω0, ..., ωk) is also
a Markov chain generated by the initial distribution µ and the stochastic
matrices P (1), ..., P (k).

The matrices P (k) are called the transition probability matrices, and the
matrix entry pij(k) is called the transition probability from the state i to
the state j at time k. The use of these terms is justified by the following
calculation.

Assume that P(ω0 = i0, ..., ωk−2 = ik−2, ωk−1 = i) > 0. We consider the
conditional probability P(ωk = j|ω0 = i0, ..., ωk−2 = ik−2, ωk−1 = i). By the
definition of the measure P,
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P(ωk = j|ω0 = i0, ..., ωk−2 = ik−2, ωk−1 = i)

=
P(ω0 = i0, ..., ωk−2 = ik−2, ωk−1 = i, ωk = j)

P(ω0 = i0, ..., ωk−2 = ik−2, ωk−1 = i)

=
µi0 · pi0i1(1) · ... · pik−2i(k − 1) · pij(k)

µi0 · pi0i1(1) · ... · pik−2i(k − 1)
= pij(k).

The right-hand side here does not depend on i0, ..., ik−2. This property is
sometimes used as a definition of a Markov chain. It is also easy to see that
P(ωk = j|ωk−1 = i) = pij(k). (This is proved below for the case of a homoge-
neous Markov chain.)

Definition 5.6. A Markov chain is said to be homogeneous if P (k) = P for
a matrix P which does not depend on k, 1 ≤ k ≤ n.

The notion of a homogeneous Markov chain can be understood as a general-
ization of the notion of a sequence of independent identical trials. Indeed, if
all the rows of the stochastic matrix P = (pij) are equal to (p1, ..., pr), where
(p1, ..., pr) is a probability distribution on X, then the Markov chain with such
a matrix P and the initial distribution (p1, ..., pr) is a sequence of independent
identical trials.

In what follows we consider only homogeneous Markov chains. Such chains
can be represented with the help of graphs. The vertices of the graph are the
elements of X. The vertices i and j are connected by an oriented edge if
pij > 0. A sequence of states (i0, i1, ..., in) which has a positive probability
can be represented as a path of length n on the graph starting at the point
i0, then going to the point i1, and so on. Therefore, a homogeneous Markov
chain can be represented as a probability distribution on the space of paths
of length n on the graph.

Let us consider the conditional probabilities P(ωs+l = j|ωl = i). It is
assumed here that P(ωl = i) > 0. We claim that

P(ωs+l = j|ωl = i) = p
(s)
ij ,

where p
(s)
ij are elements of the matrix P s. Indeed,

P(ωs+l = j|ωl = i) =
P(ωs+l = j, ωl = i)

P(ωl = i)

=

∑r
i0=1 ...

∑r
il−1=1

∑r
il+1=1 ...

∑r
is+l−1=1 P(ω0 = i0, ..., ωl = i, ..., ωs+l = j)

∑r
i0=1 ...

∑r
il−1=1 P(ω0 = i0, ..., ωl = i)

=

∑r
i0=1 ...

∑r
il−1=1

∑r
il+1=1 ...

∑r
is+l−1=1 µi0pi0i1 ...pil−1ipiil+1 ...pis+l−1j

∑r
i0=1 ...

∑r
il−1=1 µi0pi0i1 ...pil−1i
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=

∑r
i0=1 ...

∑r
il−1=1 µi0pi0i1 ...pil−1i

∑r
il+1=1 ...

∑r
is+l−1=1 piil+1 ...pis+l−1j

∑r
i0=1 ...

∑r
il−1=1 µi0pi0i1 ...pil−1i

=
r∑

il+1=1

...

r∑

is+l−1=1

piil+1 ...pis+l−1j = p
(s)
ij .

Thus the conditional probabilities p
(s)
ij = P(ωs+l = j|ωl = i) do not depend on

l. They are called s-step transition probabilities. A similar calculation shows
that for a homogeneous Markov chain with initial distribution µ,

P(ωs = j) = (µP s)j =
r∑

i=1

µip
(s)
ij . (5.2)

Note that by considering infinite stochastic matrices, Definition 5.5 and
the argument leading to (5.2) can be generalized to the case of Markov chains
with a countable number of states.

5.3 Ergodic and Non-Ergodic Markov Chains

Definition 5.7. A stochastic matrix P is said to be ergodic if there exists s

such that the s-step transition probabilities p
(s)
ij are positive for all i and j. A

homogeneous Markov chain is said to be ergodic if it can be generated by some
initial distribution and an ergodic stochastic matrix.

By (5.2), ergodicity implies that in s steps one can, with positive probability,
proceed from any initial state i to any final state j.

It is easy to provide examples of non-ergodic Markov Chains. One could
consider a collection of non-intersecting sets X1, ...,Xn, and take X =⋃n

k=1 Xk. Suppose the transition probabilities pij are such that pij = 0, unless
i and j belong to consecutive sets, that is i ∈ Xk, j ∈ Xk+1 or i ∈ Xn, j ∈ X1.
Then the matrix P is block diagonal, and any power of P will contain zeros,
thus P will not be ergodic.

Another example of a non-ergodic Markov chain arises when a state j
cannot be reached from any other state, that is pij = 0 for all i �= j. Then the
same will be true for the s-step transition probabilities.

Finally, there may be non-intersecting sets X1, ...,Xn such that X =⋃n
k=1 Xk, and the transition probabilities pij are such that pij = 0, unless

i and j belong to the same set Xk. Then the matrix is not ergodic.
The general classification of Markov chains will be discussed in Section 5.6.

Definition 5.8. A probability distribution π on X is said to be stationary (or
invariant) for a matrix of transition probabilities P if πP = π.

Formula (5.2) means that if the initial distribution π is a stationary distribu-
tion, then the probability distribution of any ωk is given by the same vector
π and does not depend on k. Hence the term “stationary”.
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Theorem 5.9. (Ergodic Theorem for Markov chains) Given a Markov
chain with an ergodic matrix of transition probabilities P , there exists a unique
stationary probability distribution π = (π1, ..., πr). The n-step transition prob-
abilities converge to the distribution π, that is

lim
n→∞

p
(n)
ij = πj .

The stationary distribution satisfies πj > 0 for 1 ≤ j ≤ r.

Proof. Let µ′ = (µ′
1, ..., µ

′
r), µ

′′ = (µ′′
1 , ..., µ′′

r ) be two probability distributions
on the space X. We set d(µ′, µ′′) = 1

2

∑r
i=1 |µ′

i − µ′′
i |. Then d can be viewed

as a distance on the space of probability distributions on X, and the space of
distributions with this distance is a complete metric space. We note that

0 =
r∑

i=1

µ′
i −

r∑

i=1

µ′′
i =

r∑

i=1

(µ′
i − µ′′

i ) =
∑+

(µ′
i − µ′′

i ) −
∑+

(µ′′
i − µ′

i) ,

where
∑+ denotes the summation with respect to those indices i for which

the terms are positive. Therefore,

d(µ′, µ′′) =
1
2

r∑

i=1

|µ′
i−µ′′

i | =
1
2

∑+
(µ′

i−µ′′
i )+

1
2

∑+
(µ′′

i −µ′
i) =

∑+
(µ′

i−µ′′
i ) .

It is also clear that d(µ′, µ′′) ≤ 1.
Let µ′ and µ′′ be two probability distributions on X and Q = (qij) a sto-

chastic matrix. By Lemma 5.2, µ′Q and µ′′Q are also probability distributions.
Let us demonstrate that

d(µ′Q,µ′′Q) ≤ d(µ′, µ′′), (5.3)

and if all qij ≥ α, then

d(µ′Q,µ′′Q) ≤ (1 − α)d(µ′, µ′′). (5.4)

Let J be the set of indices j for which (µ′Q)j − (µ′′Q)j > 0. Then

d(µ′Q,µ′′Q) =
∑

j∈J

(µ′Q − µ′′Q)j =
∑

j∈J

r∑

i=1

(µ′
i − µ′′

i )qij

≤
∑

i

+
(µ′

i − µ′′
i )

∑

j∈J

qij ≤
∑

i

+
(µ′

i − µ′′
i ) = d(µ′, µ′′),

which proves (5.3). We now note that J can not contain all the indices j since
both µ′Q and µ′′Q are probability distributions. Therefore, at least one index
j is missing in the sum

∑
j∈J qij . Thus, if all qij > α, then

∑
j∈J qij < 1 − α

for all i, and
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d(µ′Q,µ′′Q) ≤ (1 − α)
∑

i

+
(µ′

i − µ′′
i ) = (1 − α)d(µ′, µ′′),

which implies (5.4).
Let µ0 be an arbitrary probability distribution on X and µn = µ0P

n.
We shall show that the sequence of probability distributions µn is a Cauchy
sequence, that is for any ε > 0 there exists n0(ε) such that for any k ≥ 0 we
have d(µn, µn+k) < ε for n ≥ n0(ε). By (5.3) and (5.4),

d(µn, µn+k) = d(µ0P
n, µ0P

n+k) ≤ (1 − α)d(µ0P
n−s, µ0P

n+k−s) ≤ ...

≤ (1 − α)md(µ0P
n−ms, µ0P

n+k−ms) ≤ (1 − α)m,

where m is such that 0 ≤ n − ms < s. For sufficiently large n we have
(1 − α)m < ε, which implies that µn is a Cauchy sequence.

Let π = limn→∞ µn. Then

πP = lim
n→∞

µnP = lim
n→∞

(µ0P
n)P = lim

n→∞
(µ0P

n+1) = π.

Let us show that the distribution π, such that πP = π, is unique. Let π1 and
π2 be two distributions with π1 = π1P and π2 = π2P . Then π1 = π1P

s and
π2 = π2P

s. Therefore, d(π1, π2) = d(π1P
s, π2P

s) ≤ (1 − α)d(π1, π2) by (5.3).
It follows that d(π1, π2) = 0, that is π1 = π2.

We have proved that for any initial distribution µ0 the limit

lim
n→∞

µ0P
n = π

exists and does not depend on the choice of µ0. Let us take µ0 to be the
probability distribution which is concentrated at the point i. Then, for i fixed,
µ0P

n is the probability distribution (p(n)
ij ). Therefore, limn→∞ p

(n)
ij = πj .

The proof of the fact that πj > 0 for 1 ≤ j ≤ r is left as an easy exercise
for the reader. �

Remark 5.10. Let µ0 be concentrated at the point i. Then

d(µ0P
n, π) = d(µ0P

n, πPn) ≤ ... ≤ (1−α)md(µ0P
n−ms, πPn−ms) ≤ (1−α)m,

where m is such that 0 ≤ n − ms < s. Therefore,

d(µ0P
n, π) ≤ (1 − α)

n
s −1 ≤ (1 − α)−1βn,

where β = (1 − α)
1
s < 1. In other words, the rate of convergence of p

(n)
ij to

the limit πj is exponential.

Remark 5.11. The term ergodicity comes from statistical mechanics. In our
case the ergodicity of a Markov chain implies that a certain loss of memory
regarding initial conditions occurs, as the probability distribution at time n
becomes nearly independent of the initial distribution as n → ∞. We shall
discuss further the meaning of this notion in Chapter 16.
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5.4 Law of Large Numbers and the Entropy of a Markov
Chain

As in the case of a homogeneous sequence of independent trials, we introduce
the random variable νn

i (ω) equal to the number of occurrences of the state
i in the sequence ω = (ω0, ..., ωn), that is the number of those 0 ≤ k ≤ n
for which ωk = i. We also introduce the random variables νn

ij(ω) equal to the
number of those 1 ≤ k ≤ n for which ωk−1 = i, ωk = j.

Theorem 5.12. Let π be the stationary distribution of an ergodic Markov
chain. Then for any ε > 0

lim
n→∞

P(|ν
n
i

n
− πi| ≥ ε) = 0, for 1 ≤ i ≤ r,

lim
n→∞

P(|
νn

ij

n
− πipij | ≥ ε) = 0, for 1 ≤ i, j ≤ r.

Proof. Let

χk
i (ω) =

{
1 if ωk = i,
0 if ωk �= i,

χk
ij(ω) =

{
1 if ωk−1 = i, ωk = j,
0 otherwise,

so that

νn
i =

n∑

k=0

χk
i , νn

ij =
n∑

k=1

χk
ij .

For an initial distribution µ

Eχk
i =

r∑

m=1

µmp
(k)
mi , Eχk

ij =
r∑

m=1

µmp
(k)
mipij .

As k → ∞ we have p
(k)
mi → πi exponentially fast. Therefore, as k → ∞,

Eχk
i → πi, Eχk

ij → πipij

exponentially fast. Consequently

E
νn

i

n
= E

∑n
k=0 χk

i

n
→ πi, E

νn
ij

n
= E

∑n
k=1 χk

ij

n
→ πipij .

For sufficiently large n

{ω : |ν
n
i (ω)
n

− πi| ≥ ε} ⊆ {ω : |ν
n
i (ω)
n

− 1
n

Eνn
i | ≥

ε

2
},

{ω : |
νn

ij(ω)
n

− πipij | ≥ ε} ⊆ {ω : |
νn

ij(ω)
n

− 1
n

Eνn
ij | ≥

ε

2
}.
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The probabilities of the events on the right-hand side can be estimated using
the Chebyshev Inequality:

P(|ν
n
i

n
− 1

n
Eνn

i | ≥
ε

2
) = P(|νn

i − Eνn
i | ≥

εn

2
) ≤ 4Var(νn

i )
ε2n2

,

P(|
νn

ij

n
− 1

n
Eνn

ij | ≥
ε

2
) = P(|νn

ij − Eνn
ij | ≥

εn

2
) ≤

4Var(νn
ij)

ε2n2
.

Thus the matter is reduced to estimating Var(νn
i ) and Var(νn

ij). If we set

mk
i = Eχk

i =
∑r

s=1 µsp
(k)
si , then

Var(νn
i ) = E(

n∑

k=0

(χk
i − mk

i ))2 =

E
n∑

k=0

(χk
i − mk

i )2 + 2
∑

k1<k2

E(χk1
i − mk1

i )(χk2
i − mk2

i ).

Since 0 ≤ χk
i ≤ 1, we have −1 ≤ χk

i − mk
i ≤ 1, (χk

i − mk
i )2 ≤ 1 and∑n

k=0 E(χk
i − mk

i )2 ≤ n + 1. Furthermore,

E(χk1
i − mk1

i )(χk2
i − mk2

i ) = Eχk1
i χk2

i − mk1
i mk2

i =

r∑

s=1

µsp
(k1)
si p

(k2−k1)
ii − mk1

i mk2
i = Rk1,k2 .

By the Ergodic Theorem (see Remark 5.10),

mk
i = πi + dk

i , |dk
i | ≤ cλk,

p
(k)
si = πi + βk

s,i, |βk
s,i| ≤ cλk,

for some constants c < ∞ and λ < 1. This gives

|Rk1,k2 | = |
r∑

s=1

µs(πi + βk1
s,i)(πi + βk2−k1

i,i ) − (πi + dk1
i )(πi + dk2

i )| ≤

c1(λk1 + λk2 + λk2−k1)

for some constant c1 < ∞. Therefore,
∑

k1<k2
Rk1,k2 ≤ c2n, and consequently

Var(νn
i ) ≤ c3n for some constants c2 and c3. The variance Var(νn

ij) can be
estimated in the same way. �

We now draw a conclusion from this theorem about the entropy of a
Markov chain. In the case of a homogeneous sequence of independent tri-
als, for large n the entropy is approximately equal to − 1

n ln p(ω) for typical ω,
that is for ω which constitute a set whose probability is arbitrarily close to
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one. In order to use this property to derive a general definition of entropy, we
need to study the behavior of ln p(ω) for typical ω in the case of a Markov
chain. For ω = (ω0, ..., ωn) we have

p(ω) = µω0

∏

i,j

p
νn

ij(ω)

ij = exp(lnµω0 +
∑

i,j

νn
ij(ω) ln pij),

ln p(ω) = lnµω0 +
∑

i,j

νn
ij(ω) ln pij .

From the Law of Large Numbers, for typical ω

νn
ij(ω)
n

∼ πipij .

Therefore, for such ω

− 1
n

ln p(ω) = − 1
n

ln µω0 −
∑

i,j

νn
ij(ω) ln pij ∼ −

∑

i,j

πipij ln pij .

Thus it is natural to define the entropy of a Markov chain to be

h = −
∑

i

πi

∑

j

pij ln pij .

It is not difficult to show that with such a definition of h, the MacMillan
Theorem remains true.

5.5 Products of Positive Matrices

Let A = (aij) be a matrix with positive entries, 1 ≤ i, j ≤ r. Let A∗ = (a∗
ij)

be the transposed matrix, that is a∗
ij = aji. Let us denote the entries of An by

a
(n)
ij . We shall use the Ergodic Theorem for Markov chains in order to study

the asymptotic behavior of a
(n)
ij as n → ∞. First, we prove the following:

Theorem 5.13. (Perron-Frobenius Theorem).There exist a positive num-
ber λ (eigenvalue) and vectors e = (e1, ..., er) and f = (f1, ..., fr) (right and
left eigenvectors) such that

1. ej > 0, fj > 0, 1 ≤ j ≤ r.
2. Ae = λe and A∗f = λf .

If Ae′ = λ′e′ and e′j > 0 for 1 ≤ j ≤ r, then λ′ = λ and e′ = c1e for some
positive constant c1. If A∗f ′ = λ′f ′ and f ′

j > 0 for 1 ≤ j ≤ r, then λ′ = λ
and f ′ = c2f for some positive constant c2.
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Proof. Let us show that there exist λ > 0 and a positive vector e such that
Ae = λe, that is

r∑

j=1

aijej = λej , 1 ≤ i ≤ r.

Consider the convex set H of vectors h = (h1, ..., hr) such that hi ≥ 0, 1 ≤ i ≤
r, and

∑r
i=1 hi = 1. The matrix A determines a continuous transformation A

of H into itself through the formula

(Ah)i =

∑r
j=1 aijhj

∑r
i=1

∑r
j=1 aijhj

.

The Brouwer Theorem states that any continuous mapping of a convex closed
set in R

n to itself has a fixed point. Thus we can find e ∈ H such that Ae = e,
that is,

ei =

∑r
j=1 aijej

∑r
i=1

∑r
j=1 aijej

.

Note that ei > 0 for all 1 ≤ i ≤ r. By setting λ =
∑r

i=1

∑r
j=1 aijej , we obtain

∑r
j=1 aijej = λei, 1 ≤ i ≤ r.
In the same way we can show that there is λ > 0 and a vector f with

positive entries such that A∗f = λf . The equalities

λ(e, f) = (Ae, f) = (e,A∗f) = (e, λf) = λ(e, f)

show that λ = λ.
We leave the uniqueness part as an exercise for the reader. �

Let e and f be positive right and left eigenvectors, respectively, which
satisfy

r∑

i=1

ei = 1 and
r∑

i=1

eifi = 1.

Note that these conditions determine e and f uniquely. Let λ > 0 be the
corresponding eigenvalue. Set

pij =
aijej

λei
.

It is easy to see that the matrix P = (pij) is a stochastic matrix with strictly
positive entries. The stationary distribution of this matrix is πi = eifi. Indeed,

r∑

i=1

πipij =
r∑

i=1

eifi
aijej

λei
=

1
λ

ej

r∑

i=1

fiaij = ejfj = πj .

We can rewrite a
(n)
ij as follows:
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a
(n)
ij =

∑

1≤i1,...,in−1≤r

aii1 · ai1i2 · ... · ain−2in−1 · ain−1j

= λn
∑

1≤i1,...,in−1≤r

pii1 · pi1i2 · ... · pin−2in−1 · pin−1j · ei · e−1
j = λneip

(n)
ij e−1

j .

The Ergodic Theorem for Markov chains gives p
(n)
ij → πj = ejfj as n → ∞.

Therefore,
a
(n)
ij

λn
→ eiπje

−1
j = eifj

and the convergence is exponentially fast. Thus

a
(n)
ij ∼ λneifj as n → ∞.

Remark 5.14. One can easily extend these arguments to the case where the
matrix As has positive matrix elements for some integer s > 0.

5.6 General Markov Chains and the Doeblin Condition

Markov chains often appear as random perturbations of deterministic dynam-
ics. Let (X,G) be a measurable space and f : X → X a measurable mapping
of X into itself. We may wish to consider the trajectory of a point x ∈ X under
the iterations of f , that is the sequence x, f(x), f2(x), .... However, if random
noise is present, then x is mapped not to f(x) but to a nearby random point.
This means that for each C ∈ G we must consider the transition probability
from the point x to the set C. Let us give the corresponding definition.

Definition 5.15. Let (X,G) be a measurable space. A function P (x,C), x ∈
X,C ∈ G, is called a Markov transition function if for each fixed x ∈ X the
function P (x,C), as a function of C ∈ G, is a probability measure defined on
G, and for each fixed C ∈ G the function P (x,C) is measurable as a function
of x ∈ X.

For x and C fixed, P (x,C) is called the transition probability from the initial
point x to the set C. Given a Markov transition function P (x,C) and an
integer n ∈ N, we can define the n-step transition function

Pn(x,C) =
∫

X

...

∫

X

∫

X

P (x, dy1)...P (yn−2, dyn−1)P (yn−1, C).

It is easy to see that Pn satisfies the definition of a Markov transition function.
A Markov transition function P (x,C) defines two operators:
1) the operator P which acts on bounded measurable functions

(Pf)(x) =
∫

X

f(y)P (x, dy); (5.5)
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2) the operator P ∗ which acts on the probability measures

(P ∗µ)(C) =
∫

X

P (x,C)dµ(x). (5.6)

It is easy to show (see Problem 15) that the image of a bounded measurable
function under the action of P is again a bounded measurable function, while
the image of a probability measure µ under P ∗ is again a probability measure.

Remark 5.16. Note that we use the same letter P for the Markov transition
function and the corresponding operator. This is partially justified by the
fact that the n-th power of the operator corresponds to the n-step transition
function, that is

(Pnf)(x) =
∫

X

f(y)Pn(x, dy).

Definition 5.17. A probability measure π is called a stationary (or invariant)
measure for the Markov transition function P if π = P ∗π, that is

π(C) =
∫

X

P (x,C)dπ(x)

for all C ∈ G.

Given a Markov transition function P and a probability measure µ0 on
(X,G), we can define the corresponding homogeneous Markov chain, that is
the measure on the space of sequences ω = (ω0, ..., ωn), ωk ∈ X, k = 0, ..., n.
Namely, denote by F the σ-algebra generated by the elementary cylinders,
that is by the sets of the form A = {ω : ω0 ∈ A0, ω1 ∈ A1, ..., ωn ∈ An} where
Ak ∈ G, k = 0, ..., n. By Theorem 3.19, if we define

P(A) =
∫

A0×...×An−1

dµ0(x0)P (x0, dx1)...P (xn−2, dxn−1)P (xn−1, An),

there exists a measure on F which coincides with P(A) on the elementary
cylinders. Moreover, such a measure on F is unique.

Remark 5.18. We could also consider a measure on the space of infinite se-
quences ω = (ω0, ω1, ...) with F still being the σ-algebra generated by the
elementary cylinders. In this case, there is still a unique measure on F which
coincides with P(A) on the elementary cylinder sets. Its existence is guaran-
teed by the Kolmogorov Consistency Theorem which is discussed in Chap-
ter 12.

We have already seen that in the case of Markov chains with a finite state
space the stationary measure determines the statistics of typical ω (the Law
of Large Numbers). This is also true in the more general setting which we are
considering now. Therefore it is important to find sufficient conditions which
guarantee the existence and uniqueness of the stationary measure.
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Definition 5.19. A Markov transition function P is said to satisfy the strong
Doeblin condition if there exist a probability measure ν on (X,G) and a func-
tion p(x, y) (the density of P (x, dy) with respect to the measure ν) such that

1. p(x, y) is measurable on (X × X,G × G).
2. P (x,C) =

∫
C

p(x, y)dν(y) for all x ∈ X and C ∈ G.
3. For some constant a > 0 we have

p(x, y) ≥ a for all x, y ∈ X.

Theorem 5.20. If a Markov transition function satisfies the strong Doeblin
condition, then there exists a unique stationary measure.

Proof. By the Fubini Theorem, for any measure µ the measure P ∗µ is given
by the density

∫
X

dµ(x)p(x, y) with respect to the measure ν. Therefore, if a
stationary measure exists, it is absolutely continuous with respect to ν. Let
M be the space of measures which are absolutely continuous with respect
to ν. For µ1, µ2 ∈ M , the distance between them is defined via d(µ1, µ2) =
1
2

∫
|m1(y) − m2(y)|dν(y), where m1 and m2 are the densities of µ1 and µ2

respectively. We claim that M is a complete metric space with respect to the
metric d. Indeed, M is a closed subspace of L1(X,G, ν), which is a complete
metric space. Let us show that the operator P ∗ acting on this space is a
contraction.

Consider two measures µ1 and µ2 with the densities m1 and m2. Let
A+ = {y : m1(y) − m2(y) ≥ 0} and A− = X\A+. Similarly let B+ =
{y :

∫
X

p(x, y)(m1(x) − m2(x))dν(x) ≥ 0} and B− = X\B+. Without loss
of generality we can assume that ν(B−) ≥ 1

2 (if the contrary is true and
ν(B+) > 1

2 , we can replace A+ by A−, B+ by B− and reverse the signs in
some of the integrals below).

As in the discrete case, d(µ1, µ2) =
∫

A+(m1(y) − m2(y))dν(y). Therefore,

d(P ∗µ1, P ∗µ2) =
∫

B+
[
∫

X

p(x, y)(m1(x) − m2(x))dν(x)]dν(y)

≤
∫

B+
[
∫

A+
p(x, y)(m1(x) − m2(x))dν(x)]dν(y)

=
∫

A+
[
∫

B+
p(x, y)dν(y)](m1(x) − m2(x))dν(x).

The last expression contains the integral
∫

B+ p(x, y)dν(y) which we estimate
as follows

∫

B+
p(x, y)dν(y) = 1 −

∫

B−
p(x, y)dν(y) ≤ 1 − aν(B−) ≤ 1 − a

2
.

This shows that
d(P ∗µ1, P ∗µ2) ≤ (1 − a

2
)d(µ1, µ2).
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Therefore P ∗ is a contraction and has a unique fixed point, which completes
the proof of the theorem. �

The strong Doeblin condition can be considerably relaxed, yet we may
still be able to say something about the stationary measures. We conclude
this section with a discussion of the structure of a Markov chain under the
Doeblin condition. We shall restrict ourselves to formulation of results.

Definition 5.21. We say that P satisfies the Doeblin condition if there is a
finite measure µ with µ(X) > 0, an integer n, and a positive ε such that for
any x ∈ X

Pn(x,A) ≤ 1 − ε if µ(A) ≤ ε.

Theorem 5.22. If a Markov transition function satisfies the Doeblin condi-
tion, then the space X can be represented as the union of non-intersecting
sets:

X =
k⋃

i=1

Ei

⋃
T,

where the sets Ei (ergodic components) have the property P (x,Ei) = 1 for
x ∈ Ei, and for the set T (the transient set) we have limn→∞ Pn(x, T ) = 0
for all x ∈ X. The sets Ei can in turn be represented as unions of non-
intersecting subsets:

Ei =
mi−1⋃

j=0

Cj
i ,

where Cj
i (cyclically moving subsets) have the property

P (x,C
j+1(mod mi)
i ) = 1 for x ∈ Cj

i .

Note that if P is a Markov transition function on the state space X, then
P (x,A), x ∈ Ei, A ⊆ Ei is a Markov transition function on Ei. We have the
following theorem describing the stationary measures of Markov transition
functions satisfying the Doeblin condition (see “Stochastic Processes” by J.L.
Doob).

Theorem 5.23. If a Markov transition function satisfies the Doeblin condi-
tion, and X =

⋃k
i=1 Ei

⋃
T is a decomposition of the state space into ergodic

components and the transient set, then

1. The restriction of the transition function to each ergodic component has
a unique stationary measure πi.

2. Any stationary measure π on the space X is equal to a linear combination
of the stationary measures on the ergodic components:

π =
k∑

i=1

αiπi

with αi ≥ 0, α1 + ... + αk = 1.
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Finally, we formulate the Strong Law of Large Numbers for Markov chains
(see “Stochastic Processes” by J.L. Doob).

Theorem 5.24. Consider a Markov transition function which satisfies the
Doeblin condition and has only one ergodic component. Let π be the unique
stationary measure. Consider the corresponding Markov chain (measure on
the space of sequences ω = (ω0, ω1, ...)) with some initial distribution. Then
for any function f ∈ L1(X,G, π) the following limit exists almost surely:

lim
n→∞

∑n
k=0 f(ωk)
n + 1

=
∫

X

f(x)dπ(x).

5.7 Problems

1. Let P be a stochastic matrix. Prove that there is at least one non-negative
vector π such that πP = π.

2. Consider a homogeneous Markov chain on a finite state space with the tran-
sition matrix P and the initial distribution µ. Prove that for any 0 < k < n the
induced probability distribution on the space of sequences (ωk, ωk+1, ..., ωn) is
also a homogeneous Markov chain. Find its initial distribution and the matrix
of transition probabilities.

3. Consider a homogeneous Markov chain on a finite state space X with tran-
sition matrix P and the initial distribution δx, x ∈ X, that is P(ω0 = x) = 1.
Let τ be the first k such that ωk �= x. Find the probability distribution of τ .

4. Consider the one-dimensional simple symmetric random walk (Markov
chain on the state space Z with transition probabilities pi,i+1 = pi,i−1 = 1/2).
Prove that it does not have a stationary distribution.

5. For a homogeneous Markov chain on a finite state space X with transi-
tion matrix P and initial distribution µ, find P(ωn = x1|ω0 = x2, ω2n = x3),
where x1, x2, x3 ∈ X.

6. Consider a homogeneous ergodic Markov chain on the finite state space
X = {1, ..., r} with the transition matrix P and the stationary distribution π.
Assuming that π is also the initial distribution, find the following limit

lim
n→∞

ln P(ωi �= 1 for 0 ≤ i ≤ n)
n

.

7. Consider a homogeneous ergodic Markov chain on the finite state space
X = {1, ..., r}. Define the random variables τn, n ≥ 1, as the consecutive
times when the Markov chain is in the state 1, that is
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τ1 = inf(i ≥ 0 : ωi = 1),

τn = inf(i > τn−1 : ωi = 1), n > 1.

Prove that τ1, τ2−τ1, τ3−τ2, ... is a sequence of independent random variables.

8. Consider a homogeneous ergodic Markov chain on a finite state space with
the transition matrix P and the stationary distribution π. Assuming that π is
also the initial distribution, prove that the distribution of the inverse process
(ωn, ωn−1, ..., ω1, ω0) is also a homogeneous Markov chain. Find its matrix of
transition probabilities and stationary distribution.

9. Find the stationary distribution of the Markov chain with the countable
state space {0, 1, 2, ..., n, ...}, where each point, including 0, can either return
to 0 with probability 1/2 or move to the right n �→ n+1 with probability 1/2.

10. Let P be a matrix of transition probabilities of a homogeneous ergodic
Markov chain on a finite state space such that pij = pji. Find its stationary
distribution.

11. Consider a homogeneous Markov chain on the finite state space X =
{1, ..., r}. Assume that all the elements of the transition matrix are positive.
Prove that for any k ≥ 0 and any x0, x1, ..., xk ∈ X,

P(there is n such that ωn = x0, ωn+1 = x1, ..., ωn+k = xk) = 1.

12. Consider a Markov chain on a finite state space. Let k1, k2, l1 and l2 be
integers such that 0 ≤ k1 < l1 ≤ l2 < k2. Consider the conditional probabili-
ties

f(ik1 , ..., il1−1, il2+1, ..., ik2) =

P(ωl1 = il1 , ..., ωl2 = il2 |ωk1 = ik1 , ..., ωl1−1 = il1−1, ωl2+1 = il2+1, ..., ωk2 = ik2)

with il1 ,...,il2 fixed. Prove that whenever f is defined, it depends only on il1−1

and il2+1.

13. Consider a Markov chain whose state space is R. Let P (x,A), x ∈ R,
A ∈ B(R), be the following Markov transition function,

P (x,A) = λ([x − 1/2, x + 1/2] ∩ A),

where λ is the Lebesgue measure. Assuming that the initial distribution is
concentrated at the origin, find P(|ω2| ≤ 1/4).

14. Let pij , i, j ∈ Z, be the transition probabilities of a Markov chain on
the state space Z. Suppose that



84 5 Markov Chains with a Finite Number of States

pi,i−1 = 1 − pi,i+1 = r(i)

for all i ∈ Z, where r(i) = r− < 1/2 if i < 0, r(0) = 1/2, and r(i) = r+ > 1/2
if i > 0. Find the stationary distribution for this Markov chain. Does this
Markov chain satisfy the Doeblin condition?

15. For a given Markov transition function, let P and P ∗ be the operators
defined by (5.5) and (5.6), respectively. Prove that the image of a bounded
measurable function under the action of P is again a bounded measurable
function, while the image of a probability measure µ under P ∗ is again a
probability measure.

16. Consider a Markov chain whose state space is the unit circle. Let the
density of the transition function P (x, dy) be given by

p(x, y) =
{

1/(2ε) if angle (y, x) < ε,
0 otherwise,

where ε > 0. Find the stationary measure for this Markov chain.



6

Random Walks on the Lattice Z
d

6.1 Recurrent and Transient Random Walks

In this section we study random walks on the lattice Z
d. The lattice Z

d is a
collection of points x = (x1, ..., xd) where xi are integers, 1 ≤ i ≤ d.

Definition 6.1. A random walk on Z
d is a homogeneous Markov chain whose

state space is X = Z
d.

Thus we have here an example of a Markov chain with a countable state
space. Let P = (pxy), x, y ∈ Z

d, be the infinite stochastic matrix of transition
probabilities.

Definition 6.2. A random walk is said to be spatially homogeneous if pxy =
py−x, where p = {pz, z ∈ Z

d} is a probability distribution on the lattice Z
d.

From now on we shall consider only spatially homogeneous random walks.
We shall refer to the number of steps 1 ≤ n ≤ ∞ as the length of the walk.
The function i → ωi, 0 ≤ i ≤ n (0 ≤ i < ∞ if n = ∞), will be referred to as
the path or the trajectory of the random walk.

Spatially homogeneous random walks are closely connected to homoge-
neous sequences of independent trials. Indeed, let ω = (ω0, ..., ωn) be a tra-
jectory of the random walk. Then p(ω) = µω0pω0ω1 ...pωn−1ωn

= µω0pω′
1
...pω′

n
,

where ω′
1 = ω1 − ω0, ..., ω

′
n = ωn − ωn−1 are the increments of the walk. In

order to find the probability of a given sequence of increments, we need only
take the sum over ω0 in the last expression. This yields pω′

1
...pω′

n
, which is

exactly the probability of a given outcome in the sequence of independent
homogeneous trials. We shall repeatedly make use of this property.

Let us take µ = δ(0), that is consider a random walk starting at the origin.
Assume that ωi �= 0 for 1 ≤ i ≤ n − 1 and ω0 = ωn = 0. In this case we say
that the trajectory of the random walk returns to the initial point for the first
time at the n-th step. The set of such ω will be denoted by An. We set f0 = 0
and fn =

∑
ω∈An

p(ω) for n > 0.
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Definition 6.3. A random walk is called recurrent if
∑∞

n=1 fn = 1. If this
sum is less than one, the random walk is called transient.

The definition of recurrence means that the probability of the set of those
trajectories which return to the initial point is equal to 1. Here we introduce a
general criterion for the recurrence of a random walk. Let Bn consist of those
sequences ω = (ω0, ..., ωn) for which ω0 = ωn = 0. For elements of Bn it is
possible that ωi = 0 for some i, 1 ≤ i ≤ n− 1. Consequently An ⊆ Bn. We set
u0 = 1 and un =

∑
ω∈Bn

p(ω) for n ≥ 1.

Lemma 6.4. (Criterion for Recurrence). A random walk is recurrent if
and only if

∑
n≥0 un = ∞.

Proof. We first prove an important formula which relates fn and un:

un = fnu0 + fn−1u1 + ... + f0un for n ≥ 1. (6.1)

We have Bn =
⋃n

i=1 Ci, where

Ci = {ω : ω ∈ Bn, ωi = 0 and ωj �= 0, 1 ≤ j < i}.

Since the sets Ci are pair-wise disjoint,

un =
n∑

i=1

P(Ci).

We note that

P(Ci) =
∑

ω∈Ci

pω′
1
...pω′

n
=

∑

ω∈Ai

pω′
1
...pω′

i

∑

ω:ω′
i+1+...+ω′

n=0

pω′
i+1

...pω′
n

= fiun−i.

Since f0 = 0 and u0 = 1,

un =
n∑

i=0

fiun−i for n ≥ 1; u0 = 1. (6.2)

This completes the proof of (6.1).
Now we need the notion of a generating function. Let an, n ≥ 0, be an

arbitrary bounded sequence. The generating function of the sequence an is
the sum of the power series A(z) =

∑
n≥0 anzn, which is an analytic function

of the complex variable z in the domain |z| < 1. The essential fact for us is
that A(z) uniquely determines the sequence an since

an =
1
n!

dn

dzn
A(z)|z=0.

Returning to our random walk, consider the generating functions
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F (z) =
∑

n≥0

fnzn, U(z) =
∑

n≥0

unzn.

Let us multiply the left and right sides of (6.2) by zn, and sum with respect
to n from 0 to ∞. We get U(z) on the left, and 1 + U(z)F (z) on the right,
that is

U(z) = 1 + U(z)F (z),

which can be also written as F (z) = 1 − 1/U(z). We now note that

∞∑

n=1

fn = F (1) = lim
z→1

F (z) = 1 − lim
z→1

1
U(z)

.

Here and below, z tends to one from the left on the real axis.
We first assume that

∑∞
n=0 un < ∞. Then

lim
z→1

U(z) = U(1) =
∞∑

n=0

un < ∞,

and
lim
z→1

1
U(z)

=
1

∑∞
n=0 un

> 0.

Therefore
∑∞

n=1 fn < 1, which means the random walk is transient.
When

∑∞
n=0 un = ∞ we show that limz→1(1/U(z)) = 0. Let us fix ε > 0

and find N = N(ε) such that
∑N

n=0 un ≥ 2/ε. Then for z sufficiently close to
1 we have

∑N
n=0 unzn ≥ 1/ε. Consequently, for such z

1
U(z)

≤ 1
∑N

n=0 unzn
≤ ε.

This means that limz→1(1/U(z)) = 0, and consequently
∑∞

n=1 fn = 1. In
other words, the random walk is recurrent. �

We now consider an application of this criterion. Let e1, ..., ed be the unit
coordinate vectors and let py = 1/(2d) if y = ±es, 1 ≤ s ≤ d, and 0 otherwise.
Such a random walk is called simple symmetric.

Theorem 6.5. (Polya) A simple symmetric random walk is recurrent for
d = 1, 2 and is transient for d ≥ 3.

Sketch of the Proof. The probability u2n is the probability that
∑2n

k=1 ω′
k = 0.

For d = 1, the de Moivre-Laplace Theorem gives u2n ∼ 1√
πn

as n → ∞. Also

u2n+1 = 0, 0 ≤ n < ∞. In the multi-dimensional case u2n decreases as cn− d
2

(we shall demonstrate this fact when we discuss the Local Limit Theorem in
Section 10.2). Therefore the series

∑∞
n=0 un diverges for d = 1, 2 and con-

verges otherwise. �
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In dimension d = 3, it easily follows from the Polya Theorem that “typical”
trajectories of a random walk go off to infinity as n → ∞. One can ask a variety
of questions about the asymptotic properties of such trajectories. For example,
for each n consider the unit vector vn = ωn/||ωn||, which is the projection of
the random walk on the unit sphere. One question is: does limn→∞ vn exist
for typical trajectories? This would imply that a typical trajectory goes off
to infinity in a given direction. In fact, this is not the case, as there is no
such limit. Furthermore, the vectors vn tend to be uniformly distributed on
the unit sphere. Such a phenomenon is possible because the random walk is
typically located at a distance of order O(

√
n) away from the origin after n

steps, and therefore manages to move in all directions.
Spatially homogeneous random walks on Z

d are special cases of homoge-
neous random walks on groups. Let G be a countable group and p = {pg, g ∈
G} be a probability distribution on G. We consider a Markov chain in which
the state space is the group G and the transition probability is pxy = py−x,
x, y ∈ G. As with the usual lattice Z

d we can formulate the definition for the
recurrence of a random walk and prove an analogous criterion. In the case of
simple random walks, the answer to the question as to whether the walk is
transient, depends substantially on the group G. For example, if G is the free
group with two generators, a and b, and if the probability distribution p is
concentrated on the four points a, b, a−1 and b−1, then such a random walk
will always be transient.

There are also interesting problems in connection with continuous groups.
The groups SL(m, R) of matrices of order m with real elements and determi-
nant equal to one arise particularly often. Special methods have been devised
to study random walks on such groups. We shall study one such problem in
more detail in Section 11.2.

6.2 Random Walk on Z and the Reflection Principle

In this section and the next we shall make several observations about the
simple symmetric random walk on Z, some of them of combinatorial nature,
which will be useful in understanding the statistics of typical trajectories of
the walk. In particular we shall see that while the random walk is symmetric,
the proportion of time that it spends to the right of the origin does not tend
to a deterministic limit (which one could imagine to be equal to 1/2), but has
a non-trivial limiting distribution (arcsine law).

The first observation we make concerns the probability that the walk re-
turns to the origin after 2n steps. In order for the walk to return to the origin
after 2n steps, the number of steps to the right should be exactly equal to
n. There are (2n)!/(n!)2 ways to place n symbols +1 in a sequence composed
of n symbols +1 and n symbols −1. Since there are 22n possibilities for the
trajectory of the random walk of 2n steps, all of which are equally probable,
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we obtain that u2n = 2−2n(2n)!/(n!)2. Clearly the trajectory cannot return
to the origin after an odd number of steps.

Let us now derive a formula for the probability that the time 2n is the
moment of the first return to the origin. Note that the generating function

U(z) =
∑

n≥0

unzn =
∑

n≥0

(2n)!
(n!)2

2−2nz2n

is equal to 1/
√

1 − z2. Indeed, the function 1/
√

1 − z2 is analytic in the unit
disc, and the coefficients in its Taylor series are equal to the coefficients of the
sum U(z).

Since U(z) = 1 + U(z)F (z),

F (z) = 1 − 1
U(z)

= 1 −
√

1 − z2.

This function is also analytic in the unit disc, and can be written as the sum
of its Taylor series

F (z) =
∑

n≥1

(2n)!
(2n − 1)(n!)2

2−2nz2n.

Therefore

f2n =
(2n)!

(2n − 1)(n!)2
2−2n =

u2n

2n − 1
. (6.3)

The next lemma is called the reflection principle. Let x, y > 0, where x is
the initial point for the random walk. We say that a path of the random walk
contains the origin if ωk = 0 for some 0 ≤ k ≤ n.

Lemma 6.6. (Reflection Principle.) The number of paths of the random
walk of length n which start at ω0 = x > 0, end at ωn = y > 0 and contain
the origin is equal to the number of all paths from −x to y.

Proof. Let us exhibit a one-to-one correspondence between the two sets
of paths. For each path (ω0, ..., ωn) which starts at ω0 = x and contains
the origin, let k be the first time when the path reaches the origin, that
is k = min{i : ωi = 0}. The corresponding path which starts at −x
is (−ω0, ...,−ωk−1, ωk, ωk+1, ..., ωn). Clearly this is a one-to-one correspon-
dence. �

As an application of the reflection principle let us consider the following prob-
lem. Let x(n) and y(n) be integer-valued functions of n such that x(n) ∼ a

√
n

and y(n) ∼ b
√

n as n → ∞ for some positive constants a and b. For a path of
the random walk which starts at x(n), we shall estimate the probability that
it ends at y(n) after n steps, subject to the condition that it always stays to



90 6 Random Walks on the Lattice Z
d

the right of the origin. We require that y(n)−x(n)−n is even, since otherwise
the probability is zero.

Thus we are interested in the relation between the number of paths which
go from x to y in n steps while staying to the right of the origin (denoted by
M(x, y, n)), and the number of paths which start at x, stay to the right of the
origin and end anywhere on the positive semi-axis (denoted by M(x, n)).

Let N(x, y, n) denote the number of paths of length n which go from x to
y and let N(x, n) denote the number of paths which start at x and end on the
positive semi-axis. Recall that the total number of paths of length n is 2n.

By the de Moivre-Laplace Theorem,

N(x(n), y(n), n)
2n

∼
√

2
πn

e−
(y(n)−x(n))2

2n as n → ∞.

The integral version of the de Moivre-Laplace Theorem implies

N(x(n), n)
2n

∼ 1√
2π

∫ ∞

− x(n)√
n

e−
z2
2 dz as n → ∞,

and by the reflection principle the desired probability is equal to

M(x(n), y(n), n)
M(x(n), n)

=
N(x(n), y(n), n) − N(−x(n), y(n), n)

N(x(n), n) − N(−x(n), n)

∼ 2(e−
(b−a)2

2 − e−
(a+b)2

2 )
√

n
∫ a

−a
e−

z2
2 dz

.

6.3 Arcsine Law1

In this section we shall consider the asymptotics of several quantities related
to the statistics of the one-dimensional simple symmetric random walk. For a
random walk of length 2n we shall study the distribution of the last visit to
the origin. We shall also examine the proportion of time spent by a path of the
random walk on one side of the origin, say, on the positive semi-axis. In order
to make the description symmetric, we say that the path is on the positive
semi-axis at time k > 0 if ωk > 0 or if ωk = 0 and ωk−1 > 0. Similarly, we say
that the path is on the negative semi-axis at time k > 0 if ωk < 0 or if ωk = 0
and ωk−1 < 0.

Consider the random walk of length 2n, and let a2k,2n be the probability
that the last visit to the origin occurs at time 2k. Let b2k,2n be the probability
that a path is on the positive semi-axis exactly 2k times. Let s2n be the
probability that a path does not return to the origin by time 2n, that is
s2n = P(ωk �= 0 for 1 ≤ k ≤ 2n).
1 This section can be omitted during the first reading
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Lemma 6.7. The probability that a path which starts at the origin does not
return to the origin by time 2n is equal to the probability that a path returns
to the origin at time 2n, that is

s2n = u2n. (6.4)

Proof. Let n, x ≥ 0 be integers and let Nn,x be the number of paths of length
n which start at the origin and end at x. Then

Nn,x =
n!

(n+x
2 )!(n−x

2 )!
if n ≥ x, n − x is even,

and Nn,x = 0 otherwise.
Let us now find the number of paths of length n from the origin to the

point x > 0 such that ωi > 0 for 1 ≤ i ≤ n. It is equal to the number of paths
of length n − 1 which start at the point 1, end at the point x, and do not
contain the origin. By the reflection principle, this is equal to

Nn−1,x−1 − Nn−1,x+1.

In order to calculate s2n, let us consider all possible values of ω2n, taking into
account the symmetry with respect to the origin:

s2n = 2P(ω1 > 0, ..., ω2n > 0) = 2
∞∑

x=1

P(ω1 > 0, ..., ω2n−1 > 0, ω2n = 2x)

=
2
∑∞

x=1(N2n−1,2x−1 − N2n−1,2x+1)
22n

=
2N2n−1,1

22n
=

(2n)!
(n!)2

2−2n = u2n.

�

Lemma 6.7 implies
b0,2n = b2n,2n = u2n. (6.5)

The first equality follows from the definition of b2k,2n. To demonstrate the
second one we note that since ω2n is even,

P(ω1 > 0, ..., ω2n > 0) = P(ω1 > 0, ..., ω2n > 0, ω2n+1 > 0).

By taking the point 1 as the new origin, each path of length 2n + 1 starting
at zero for which ω1 > 0, ..., ω2n+1 > 0 can be identified with a path of length
2n for which ω1 ≥ 0, ..., ω2n ≥ 0. Therefore,

b2n,2n = P(ω1 ≥ 0, ..., ω2n ≥ 0) = 2P(ω1 > 0, ..., ω2n+1 > 0)

= 2P(ω1 > 0, ..., ω2n > 0) = u2n,

which implies (6.5).
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We shall prove that
a2k,2n = u2ku2n−2k (6.6)

and
b2k,2n = u2ku2n−2k. (6.7)

The probability of the last visit occurring at time 2k equals the product of
u2k and the probability that a path which starts at the origin at time 2k
does not return to the origin by the time 2n. Therefore, due to (6.4), we have
a2k,2n = u2ku2n−2k.

From (6.5) it also follows that (6.7) is true for k = 0 and for k = n, and
thus we need to demonstrate it for 1 ≤ k ≤ n−1. We shall argue by induction.
Assume that (6.7) has been demonstrated for n < n0 for all k. Now let n = n0

and 1 ≤ k ≤ n − 1.
Let r be such that the path returns to the origin for the first time at step

2r. Consider the paths which return to the origin for the first time at step 2r,
are on the positive semi-axis till the time 2r, and are on the positive semi-axis
for a total of 2k times out of the first 2n steps. The number of such paths
is equal to 1

222rf2r22n−2rb2k−2r,2n−2r. Similarly, the number of paths which
return to the origin for the first time at step 2r, are on the negative semi-axis
till time 2r, and are on the positive semi-axis for a total of 2k times out of the
first 2n steps, is equal to 1

222rf2r22n−2rb2k,2n−2r. Dividing by 2n and taking
the sum in r, we obtain

b2k,2n =
1
2

k∑

r=1

f2rb2k−2r,2n−2r +
1
2

n−k∑

r=1

f2rb2k,2n−2r.

Since 1 ≤ r ≤ k ≤ n − 1, by the induction hypothesis the last expression is
equal to

b2k,2n =
1
2
u2n−2k

k∑

r=1

f2ru2k−2r +
1
2
u2k

n−k∑

r=1

f2ru2n−2k−2r.

Note that due to (6.1) the first sum equals u2k, while the second one equals
u2n−2k. This proves (6.7) for n = n0, which means that (6.7) is true for all n.

Let 0 ≤ x ≤ 1 be fixed and let

Fn(x) =
∑

k≤xn

a2k,2n.

Thus Fn(x) is the probability that the path does not visit the origin after time
2xn. In other words, Fn is the distribution function of the random variable
which is equal to the fraction of time that the path spends before the last
visit to the origin. Due to (6.6) and (6.7) we have Fn(x) =

∑
k≤xn b2k,2n.

Therefore, Fn is also the distribution function for the random variable which
is equal to the fraction of time that the path spends on the positive semi-axis.
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Lemma 6.8. (Arcsine Law) For each 0 ≤ x ≤ 1,

lim
n→∞

Fn(x) =
2
π

arcsin(
√

x).

Proof. By the de Moivre-Laplace Theorem,

u2n ∼ 1√
πn

as n → ∞.

Fix two numbers x1 and x2 such that 0 < x1 < x2 < 1. Let k = k(n) satisfy
x1n ≤ k ≤ x2n. Thus, by (6.6)

a2k,2n = u2ku2n−2k =
1

π
√

k(n − k)
+ o(

1
n

) as n → ∞,

and therefore

lim
n→∞

(Fn(x2) − Fn(x1)) =
∫ x2

x1

1
π
√

x(1 − x)
dx.

Let
F (y) =

∫ y

0

1
π
√

x(1 − x)
dx =

2
π

arcsin(
√

y).

Thus
lim

n→∞
(Fn(x2) − Fn(x1)) = F (x2) − F (x1). (6.8)

Note that F (0) = 0, F (1) = 1, and F is continuous on the interval [0, 1].
Given ε > 0, find δ > 0 such that F (δ) ≤ ε and F (1 − δ) ≥ 1 − ε. By (6.8),

Fn(1 − δ) − Fn(δ) ≥ 1 − 3ε

for all sufficiently large n. Since Fn is a distribution function, Fn(δ) ≤ 3ε for
all sufficiently large n. Therefore, by (6.8) with x1 = δ,

|Fn(x2) − F (x2)| ≤ 4ε

for all sufficiently large n. Since ε > 0 is arbitrary,

lim
n→∞

Fn(x2) = F (x2).

�

6.4 Gambler’s Ruin Problem

Let us consider a random walk (of infinite length) on the one-dimensional
lattice with transition probabilities p(x, x + 1) = p, p(x, x − 1) = 1 − p = q,



94 6 Random Walks on the Lattice Z
d

and p(x, y) = 0 if |x − y| �= 1. This means that the probability of making
one step to the right is p, the probability of making one step to the left is q,
and all the other probabilities are zero. Let us assume that 0 < p < 1. We
shall consider the measures Pz on the space of elementary outcomes which
correspond to the walk starting at a point z, that is Pz(ω0 = z) = 1.

Given a pair of integers z and A such that z ∈ [0, A], we shall study
the distribution of the number of steps needed for the random walk starting
at z to reach one of the end-points of the interval [0, A]. We shall also be
interested in finding the probability of the random walk reaching the right (or
left) end-point of the interval before reaching the other end-point.

These questions can be given the following simple interpretation. Imagine
a gambler, whose initial fortune is z, placing bets with the unit stake at
integer moments of time. The fortune of the gambler after n time steps can
be represented as the position, after n steps, of a random walk starting at
z. The game stops when the gambler’s fortune becomes equal to A or zero,
whichever happens first. We shall be interested in the distribution of length
of the game and in the probabilities of the gambler either losing the entire
fortune or reaching the goal of accumulating the fortune equal to A.

Let R(z, n) be the probability that a trajectory of the random walk starting
at z does not reach the end-points of the interval during the first n time steps.
Obviously, R(z, 0) = 1 for 0 < z < A. Let us set R(0, n) = R(A,n) = 0 for
n ≥ 0 (which is in agreement with the fact that a game which starts with the
fortune 0 or A lasts zero steps). If 0 < z < A and n > 0, then

R(z, n) = Pz(0 < ωi < A, i = 0, ..., n)

= Pz(ω1 = z + 1, 0 < ωi < A, i = 0, ..., n)

+Pz(ω1 = z − 1, 0 < ωi < A, i = 0, ..., n)

= pPz+1(0 < ωi < A, i = 0, ..., n − 1) + qPz−1(0 < ωi < A, i = 0, ..., n − 1)

= pR(z + 1, n − 1) + qR(z − 1, n − 1).

We have thus demonstrated that R(z, t) satisfies the following partial differ-
ence equation

R(z, n) = pR(z + 1, n − 1) + qR(z − 1, n − 1), 0 < z < A, n > 0. (6.9)

In general, one could study this equation with any initial and boundary
conditions

R(z, 0) = ϕ(z) for 0 < z < A, (6.10)

R(0, n) = ψ0(n), R(A,n) = ψA(n) for n ≥ 0. (6.11)

In our case, ϕ(z) ≡ 1 and ψ0(n) = ψA(n) ≡ 0. Let us note several properties
of solutions to equation (6.9):

(a) Equation (6.9) (with any initial and boundary conditions) has a unique
solution, since it can be solved recursively.
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(b) If the boundary conditions are ψ0(n) = ψA(n) ≡ 0, then the solution
depends monotonically on the initial conditions. Namely, if Ri are the solu-
tions with the initial conditions Ri(z, 0) = ϕi(z) for 0 < z < A, i = 1, 2, and
ϕ1(z) ≤ ϕ2(z) for 0 < z < A, then R1(z, n) ≤ R2(z, n) for all z, n, as can be
checked by induction on n.

(c) If the boundary conditions are ψ0(n) = ψA(n) ≡ 0, then the solution
depends linearly on the initial conditions. Namely, if Ri are the solutions with
the initial conditions Ri(z, 0) = ϕi(z) for 0 < z < A, i = 1, 2, and c1, c2

are any constants, then c1R
1 + c2R

2 is the solution with the initial condition
c1ϕ

1(z) + c2ϕ
2(z). This follows immediately from equation (6.9).

(d) Since p + q = 1 and 0 < p, q < 1, from (6.9) it follows that if the
boundary conditions are ψ0(n) = ψA(n) ≡ 0, then

max
z∈[0,A]

R(z, n) ≤ max
z∈[0,A]

R(z, n − 1), n > 0. (6.12)

(e) Consider the initial and boundary conditions ϕ(z) ≡ 1 and ψ0(n) =
ψA(n) ≡ 0. We claim that maxz∈[0,A] R(z, n) decays exponentially in n. For
each z ∈ [0, A] the random walk starting at z reaches one of the end-points
of the segment in A steps or fewer with positive probability, since the event
that the first A steps are to the right has positive probability. Therefore,

max
z∈[0,A]

R(z,A) ≤ r < 1. (6.13)

If we replace the initial condition ϕ(z) ≡ 1 by some other function ϕ̃(z)
with 0 ≤ ϕ̃(z) ≤ 1, then (6.13) will still hold, since the solution depends
monotonically on the initial conditions. Furthermore, if 0 ≤ ϕ̃(z) ≤ c, then

max
z∈[0,A]

R(z,A) ≤ cr (6.14)

with the same r as in (6.13), since the solution depends linearly on the initial
conditions. Observe that R̃(z, n) = R(z,A + n) is the solution of (6.9) with
the initial condition ϕ̃(z) = R(z,A) and zero boundary conditions. Therefore,

max
z∈[0,A]

R(z, 2A) = max
z∈[0,A]

R̃(z,A) ≤ r max
z∈[0,A]

R(z,A) ≤ r2.

Proceeding by induction, we can show that maxz∈[0,A] R(z, kA) ≤ rk for any
integer k ≥ 0. Coupled with (6.12) this implies

max
z∈[0,A]

R(z, n) ≤ r[ n
A ].

We have thus demonstrated that the probability of the game lasting longer
than n steps decays exponentially with n. In particular, the expectation of
the length of the game is finite for all z ∈ [0, A].

Let us study the asymptotics of R(z, n) as n → ∞ in more detail. Let M
be the (A − 1) × (A − 1) matrix with entries above the diagonal equal to p,
those below the diagonal equal to q, and the remaining entries equal to zero,
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Mi,i+1 = p, Mi,i−1 = q, and Mi,j = 0 if |i − j| �= 1.

Define the sequence of vectors vn, n ≥ 0, as vn = (R(1, n), ..., R(A − 1, n)).
From (6.9) and (6.11) we see that vn = Mvn−1, and therefore vn = Mnv0.
We could try to use the analysis of Section 5.5 to study the asymptotics of
Mn. However, now for any s some of the entries of Ms will be equal to zero
(Ms

i,j = 0 if i−j−s is odd). While it is possible to extend the results of Section
5.5 to our situation, we shall instead examine the particular case p = q = 1

2
directly.

If p = q = 1
2 , we can exhibit all the eigenvectors and eigenvalues of the ma-

trix M . Namely, there are A−1 eigenvectors wk(z) = sin(kz
A π), k = 1, ..., A−1,

where z labels the components of the eigenvectors. The corresponding eigen-
values are λk = cos( k

Aπ). To verify this it is enough to note that

1
2

sin(
k(z + 1)

A
π) +

1
2

sin(
k(z − 1)

A
π) = cos(

k

A
π) sin(

kz

A
π).

Let v0 = a1w1 + ... + aA−1wA−1 be the representation of v0 in the basis of
eigenvectors. Then

Mnv0 = a1λ
n
1w1 + ... + aA−1λ

n
A−1wA−1.

Note that λ1 and λA−1 are the eigenvalues with the largest absolute values,
λ1 = −λA−1 = cos( π

A ), while |λk| < cos( π
A ) for 1 < k < A− 1, where we have

assumed that A ≥ 3. Therefore,

Mnv0 = λn
1 (a1w1 + (−1)naA−1wA−1) + o(λn

1 ) as n → ∞.

The values of a1 and aA−1 can easily be calculated explicitly given that the
eigenvectors form an orthogonal basis. We have thus demonstrated that the
main term of the asymptotics of R(z, n) = vn(z) = Mnv0(z) decays as cosn( π

A )
when n → ∞.

Let S(z) be the expectation of the length of the game which starts at z
and T (z) the probability that the gambler will win the fortune A before going
broke (the random walk reaching A before reaching 0). Thus, for 0 < z < A

S(z) =
∞∑

n=1

nPz(0 < ωi < A, i = 0, ..., n − 1, ωn /∈ (0, A)),

T (z) = Pz(0 < ωi < A, i = 0, ..., n − 1, ωn = A, for some n > 0).

We have shown that the game ends in finite time with probability one. There-
fore the probability of the event that the game ends with the gambler going
broke before accumulating the fortune A is equal to 1 − T (z). Hence we do
not need to study this case separately.

In exactly the same way we obtained (6.9), we can obtain the following
equations for S(z) and T (z):
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S(z) = pS(z + 1) + qS(z − 1) + 1, 0 < z < A, (6.15)

T (z) = pT (z + 1) + qT (z − 1), 0 < z < A, (6.16)

with the boundary conditions

S(0) = S(A) = 0, (6.17)

T (0) = 0, T (A) = 1. (6.18)

The difference equations (6.15) and (6.16) are time-independent, in contrast to
(6.9). Let us demonstrate that both equations have at most one solution (with
given boundary conditions). Indeed, suppose that either both u1(z) and u2(z)
satisfy (6.15) or both satisfy (6.16), and that u1(0) = u2(0), u1(A) = u2(A).
Then the difference u(z) = u1(z) − u2(z) satisfies

u(z) = pu(z + 1) + qu(z − 1), 0 < z < A,

with the boundary conditions u(0) = u(A) = 0.
If u(z) is not identically zero, then there is either a point 0 < z0 < A

such that u(z0) = max0<z<A u(z) > 0, or a point 0 < z0 < A such that
u(z0) = min0<z<A u(z) < 0. Without loss of generality we may assume that
the former is the case. Let z1 be the smallest value of z where the maximum
is achieved, so u(z1 − 1) < u(z1). Then u(z1) > pu(z1 + 1) + qu(z1 − 1), since
p + q = 1 and q > 0. This contradicts the fact that u is a solution of the
equation and thus proves the uniqueness.

We can exhibit explicit formulas for the solutions of (6.15),(6.17) and
(6.16), (6.18). Namely, if p �= q, then

S(z) =
1

p − q
(
A(( q

p )z − 1)

( q
p )A − 1

− z),

T (z) =
( q

p )z − 1

( q
p )A − 1

.

If p = q = 1
2 , then

S(z) = z(A − z),

T (z) =
z

A
.

Although, by substituting the formulas for S(z) and T (z) into the respective
equations, it is easy to verify that these are indeed the required solutions, it
is worth explaining how to arrive at the above formulas.

If p �= q, then any linear combination c1u1(z) + c2u2(z) of the functions
u1(z) = ( q

p )z and u2(z) = 1 solves the equation

f(z) = pf(z + 1) + qf(z − 1).
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The function w(z) = −z
p−q solves the non-homogeneous equation

f(z) = pf(z + 1) + qf(z − 1) + 1.

We can now look for solutions to (6.15) and (6.16) in the form

S(z) = c1u1(z) + c2u2(z) + w and T (z) = k1u1(z) + k2u2(z),

where the constants c1, c2, k1, and k2 can be found from the respective bound-
ary conditions. If p = q = 1

2 , then we need to take u1 = z, u2 = 1, and
w = −z2.

If the game is fair, that is p = q = 1
2 , then the probability that the

gambler will win the fortune A before going broke is directly proportional to
the gambler’s initial fortune and inversely proportional to A,

T (z) =
z

A
.

This is not the case if p �= q. For example, if the game is not favorable for
the gambler, that is p < q, and the initial fortune is equal to A

2 , then T (A
2 )

decays exponentially in A.
If p = q = 1

2 and z = A
2 , then the expected length of the game is S(z) = A2

4 .
This is not surprising, since we have already seen that for symmetric random
walks the typical displacement has order of the square root of the length of
the walk.

6.5 Problems

1. For the three-dimensional simple symmetric random walk which starts at
the origin, find the probability of those ω = (ω0, ω1, ...) for which there is a
unique k ≥ 1 such that ωk = 0.

2. Prove that the spatially homogeneous one-dimensional random walk with
p1 = 1 − p−1 �= 1/2 is non-recurrent.

3. Prove that a spatially homogeneous random walk does not have a sta-
tionary probability measure unless p0 = 1.

4. Let tn be a sequence such that tn ∼ n as n → ∞. Let (ω0, ..., ω2n) be
a trajectory of a simple symmetric random walk on Z. Find the limit of the
following conditional probabilities

lim
n→∞

P(a ≤ ωtn√
n

≤ b|ω0 = ω2n = 0),

where a and b are fixed numbers.
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5. Derive the expression (6.3) for f2n using the reflection principle.

6. Suppose that in the gambler’s ruin problem the stake is reduced from
1 to 1/2. How will that affect the probability of the gambler accumulating the
fortune A before going broke? Examine each of the cases p < q, p = q, and
p > q separately.

7. Let us modify the gambler’s ruin problem to allow for a possibility of
a draw. That is, the gambler wins with probability p, looses with probability
q, and draws with probability r, where p+ q +r = 1. Let S(z) be the expecta-
tion of the length of the game which starts at z and T (z) the probability that
the gambler will win the fortune A before going broke. Find S(z) and T (z).

8. Consider a homogeneous Markov chain on a finite state space X =
{x1, ..., xr} with the transition matrix P and the initial distribution µ. As-
sume that all the elements of P are positive. Let τ = min{n : ωn = x1}. Find
Eτ .
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Laws of Large Numbers

7.1 Definitions, the Borel-Cantelli Lemmas,
and the Kolmogorov Inequality

We again turn our discussion to sequences of independent random variables.
Let ξ1, ξ2, ... be a sequence of random variables with finite expectations mn =
Eξn, n = 1, 2, .... Let ζn = (ξ1 + ... + ξn)/n and ζn = (m1 + ... + mn)/n.

Definition 7.1. The sequence of random variables ξn satisfies the Law of
Large Numbers if ζn−ζn converges to zero in probability, that is P(|ζn−ζn| >
ε) → 0 as n → ∞ for any ε > 0.

It satisfies the Strong Law of Large Numbers if ζn − ζn converges to zero
almost surely, that is limn→∞(ζn − ζn) = 0 for almost all ω.

If the random variables ξn are independent, and if Var(ξi) ≤ V < ∞, then
by the Chebyshev Inequality, the Law of Large Numbers holds:

P(|ζn − ζn| > ε) = P(|ξ1 + ... + ξn − (m1 + ... + mn)| ≥ εn)

≤ Var(ξ1 + ... + ξn)
ε2n2

≤ V

ε2n
,

which tends to zero as n → ∞. There is a stronger statement due to Khinchin:

Theorem 7.2. (Khinchin) A sequence ξn of independent identically distrib-
uted random variables with finite mathematical expectation satisfies the Law
of Large Numbers.

Historically, the Khinchin Theorem was one of the first theorems related
to the Law of Large Numbers. We shall not prove it now, but obtain it later
as a consequence of the Birkhoff Ergodic Theorem, which will be discussed in
Chapter 16.

We shall need the following three general statements.
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Lemma 7.3. (First Borel-Cantelli Lemma). Let (Ω,F ,P) be a proba-
bility space and {An} an infinite sequence of events, An ⊆ Ω, such that∑∞

n=1 P(An) < ∞. Define

A = {ω : there is an infinite sequence ni(ω) such that ω ∈ Ani
, i = 1, 2, ...}.

Then P(A) = 0.

Proof. Clearly,

A =
∞⋂

k=1

∞⋃

n=k

An.

Then P(A) ≤ P(
⋃∞

n=k An) ≤
∑∞

n=k P(An) → 0 as k → ∞. �

Lemma 7.4. (Second Borel-Cantelli Lemma). Let An be an infinite se-
quence of independent events with

∑∞
n=1 P(An) = ∞, and let

A = {ω : there is an infinite sequence ni(ω) such that ω ∈ Ani
, i = 1, 2, ...}.

Then P(A) = 1.

Proof. We have Ω\A =
⋃∞

k=1

⋂∞
n=k(Ω\An). Then

P(Ω\A) ≤
∞∑

k=1

P(
∞⋂

n=k

(Ω\An))

for any n. By the independence of An we have the independence of Ω\An,
and therefore

P(
∞⋂

n=k

(Ω\An)) =
∞∏

n=k

(1 − P(An)).

The fact that
∑∞

n=k P(An) = ∞ for any k implies that
∏∞

n=k(1−P(An)) = 0
(see Problem 1). �

Theorem 7.5. (Kolmogorov Inequality). Let ξ1, ξ2, ... be a sequence of
independent random variables which have finite mathematical expectations and
variances, mi = Eξi, Vi = Var(ξi). Then

P( max
1≤k≤n

|(ξ1 + ... + ξk) − (m1 + ... + mk)| ≥ t) ≤ 1
t2

n∑

i=1

Vi.

Proof. We consider the events Ck = {ω : |(ξ1 + ... + ξi) − (m1 + ... + mi)| < t
for 1 ≤ i < k, |(ξ1 + ... + ξk) − (m1 + ... + mk)| ≥ t}, C =

⋃n
k=1 Ck. It is

clear that C is the event whose probability is estimated in the Kolmogorov
Inequality, and that Ck are pair-wise disjoint. Thus
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n∑

i=1

Vi = Var(ξ1 + ... + ξn) =
∫

Ω

((ξ1 + ... + ξn) − (m1 + ... + mn))2dP ≥

n∑

k=1

∫

Ck

((ξ1 + ... + ξn) − (m1 + ... + mn))2dP =

n∑

k=1

[
∫

Ck

((ξ1 + ... + ξk) − (m1 + ... + mk))2dP+

2
∫

Ck

((ξ1 + ...+ξk)−(m1 + ...+mk))((ξk+1 + ...+ξn)−(mk+1 + ...+mn))dP+

∫

Ck

((ξk+1 + ... + ξn) − (mk+1 + ... + mn))2dP].

The last integral on the right-hand side is non-negative. Most importantly, the
middle integral is equal to zero. Indeed, by Lemma 4.15, the random variables

η1 = ((ξ1 + ... + ξk) − (m1 + ... + mk))χCk

and
η2 = (ξk+1 + ... + ξn) − (mk+1 + ... + mn)

are independent. By Theorem 4.8, the expectation of their product is equal
to the product of the expectations. Thus, the middle integral is equal to

E(η1η2) = Eη1Eη2 = 0.

Therefore,

n∑

i=1

Vi ≥
n∑

k=1

∫

Ck

((ξ1 + ... + ξk) − (m1 + ... + mk))2dP ≥

t2
n∑

k=1

P(Ck) = t2P(C).

That is P(C) ≤ 1
t2

∑n
i=1 Vi. �

7.2 Kolmogorov Theorems on the Strong Law of Large
Numbers

Theorem 7.6. (First Kolmogorov Theorem) A sequence of independent
random variables ξi, such that

∑∞
i=1 Var(ξi)/i2 < ∞, satisfies the Strong Law

of Large Numbers.
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Proof. Without loss of generality we may assume that mi = Eξi = 0 for all i.
Otherwise we could define a new sequence of random variables ξ′i = ξi − mi.
We need to show that ζn = (ξ1 + ... + ξn)/n → 0 almost surely. Let ε > 0,
and consider the event

B(ε) = {ω : there is N = N(ω) such that for all n ≥ N(ω) we have |ζn| < ε}.

Clearly

B(ε) =
∞⋃

N=1

∞⋂

n=N

{ω : |ζn| < ε}.

Let
Bk(ε) = {ω : max

2k−1≤n<2k
|ζn| ≥ ε}.

By the Kolmogorov Inequality,

P(Bk(ε)) = P( max
2k−1≤n<2k

1
n
|

n∑

i=1

ξi| ≥ ε|) ≤

P( max
2k−1≤n<2k

|
n∑

i=1

ξi| ≥ ε2k−1) ≤

P( max
1≤n<2k

|
n∑

i=1

ξi| ≥ ε2k−1) ≤ 1
ε222k−2

2k
∑

i=1

Var(ξi).

Therefore,
∞∑

k=1

P(Bk(ε)) ≤
∞∑

k=1

1
ε222k−2

2k
∑

i=1

Var(ξi) =

1
ε2

∞∑

i=1

Var(ξi)
∑

k≥[log2 i]

1
22k−2

≤ c

ε2

∞∑

i=1

Var(ξi)
i2

< ∞,

where c is some constant. By the First Borel-Cantelli Lemma, for almost every
ω there exists an integer k0 = k0(ω) such that max2k−1≤n≤2k |ζn| < ε for all
k ≥ k0. Therefore P(B(ε)) = 1 for any ε > 0. In particular P(B( 1

m )) = 1
and P(

⋂
m B( 1

m )) = 1. But if ω ∈
⋂

m B( 1
m ), then for any m there exists

N = N(ω,m) such that for all n ≥ N(ω,m) we have |ζn| < 1
m . In other

words, limn→∞ ζn = 0 for such ω. �

Theorem 7.7. (Second Kolmogorov Theorem) A sequence ξi of inde-
pendent identically distributed random variables with finite mathematical ex-
pectation m = Eξi satisfies the Strong Law of Large Numbers.
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This theorem follows from the Birkhoff Ergodic Theorem, which is discussed
in Chapter 16. For this reason we do not provide its proof now.

The Law of Large Numbers, as well as the Strong Law of Large Numbers, is
related to theorems known as Ergodic Theorems. These theorems give general
conditions under which the averages of random variables have a limit.

Both Laws of Large Numbers state that for a sequence of random vari-
ables ξn, the average 1

n

∑n
i=1 ξi is close to its mathematical expectation, and

therefore does not depend asymptotically on ω, i.e., it is not random. In other
words, deterministic regularity appears with high probability in long series of
random variables.

Let c be a constant and define

ξc(ω) =
{

ξ(ω) if |ξ(ω)| ≤ c,
0 if |ξ(ω)| > c.

Theorem 7.8. (Three Series Theorem) Let ξi be a sequence of indepen-
dent random variables. If for some c > 0 each of the three series

∞∑

i=1

Eξc
i ,

∞∑

i=1

Var(ξc
i ),

∞∑

i=1

P(|ξi| ≥ c)

converges, then the series
∑∞

i=1 ξi converges almost surely.

Proof. We first establish the almost sure convergence of the series
∑∞

i=1(ξ
c
i −

Eξc
i ). Let Sn =

∑n
i=1(ξ

c
i −Eξc

i ). Then, by the Kolmogorov Inequality, for any
ε > 0

P(sup
i≥1

|Sn+i − Sn| ≥ ε) = lim
N→∞

P( max
1≤i≤N

|Sn+i − Sn| ≥ ε) ≤

lim
N→∞

∑n+N
i=n+1 E(ξc

i )
2

ε2
=

∑∞
i=n+1 E(ξc

i )
2

ε2
.

The right-hand side can be made arbitrarily small by choosing n large enough.
Therefore

lim
n→∞

P(sup
i≥1

|Sn+i − Sn| ≥ ε) = 0.

Hence the sequence Sn is fundamental almost surely. Otherwise a set of pos-
itive measure would exist where supi≥1 |Sn+i − Sn| ≥ ε for some ε > 0. We
have therefore proved that the series

∑∞
i=1(ξ

c
i −Eξc

i ) converges almost surely.
By the hypothesis, the series

∑∞
i=1 Eξc

i converges almost surely. Therefore∑∞
i=1 ξc

i converges almost surely.
Since

∑∞
i=1 P(|ξi| ≥ c) < ∞ almost surely, the First Borel-Cantelli Lemma

implies that P({ω : |ξi| ≥ c for infinitely many i}) = 0. Therefore, ξc
i = ξi

for all but finitely many i with probability one. Thus the series
∑∞

i=1 ξi also
converges almost surely. �
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7.3 Problems

1. Let y1, y2, ... be a sequence such that 0 ≤ yn ≤ 1 for all n, and∑∞
n=1 yn = ∞. Prove that

∏∞
n=1(1 − yn) = 0.

2. Let ξ1, ξ2, ... be independent identically distributed random variables.
Prove that supn ξn = ∞ almost surely if and only if P(ξ1 > A) > 0 for
every A.

3. Let ξ1, ξ2, ... be a sequence of random variables defined on the same prob-
ability space. Prove that there exists a numeric sequence c1, c2, ... such that
ξn/cn → 0 almost surely as n → ∞.

4. Let λ be the Lebesgue measure on ([0, 1],B([0, 1])). Prove that for each
γ > 2 there is a set Dγ ∈ B([0, 1]) with the following properties:

(a) λ(Dγ) = 1.
(b) For each x ∈ Dγ there is Kγ(x) > 0 such that for each q ∈ N

min
p∈N

|x − p

q
| ≥ Kγ(x)

qγ
.

(The numbers x which satisfy the last inequality for some γ > 2, Kγ(x) > 0,
and all q ∈ N are called Diophantine.)

5. Let ξ1, ..., ξn be a sequence of n independent random variables, each ξi

having a symmetric distribution. That is, P(ξi ∈ A) = P(ξi ∈ −A) for any
Borel set A ⊆ R. Assume that Eξ2m

i < ∞, i = 1, 2, ..., n. Prove the stronger
version of the Kolmogorov Inequality:

P( max
1≤k≤n

|ξ1 + ... + ξk| ≥ t) ≤ E(ξ1 + ... + ξn)2m

t2m
.

6. Let ξ1, ξ2, ... be independent random variables with non-negative values.
Prove that the series

∑∞
i=1 ξi converges almost surely if and only if

∞∑

i=1

E
ξi

1 + ξi
< ∞.

7. Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables with uniform distribution on [0, 1]. Prove that the limit

lim
n→∞

n
√

ξ1 · ... · ξn

exists with probability one. Find its value.
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8. Let ξ1, ξ2, ... be a sequence of independent random variables, P(ξi = 2i) =
1/2i, P(ξi = 0) = 1 − 1/2i, i ≥ 1. Find the almost sure value of the limit
limn→∞ (ξ1 + ... + ξn)/n.

9. Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables for which Eξi = 0 and Eξ2

i = V < ∞. Prove that for any γ > 1/2,
the series

∑
i≥1 ξi/iγ converges almost surely.

10. Let ξ1, ξ2, ... be independent random variables uniformly distributed on
the interval [−1, 1]. Let a1, a2, ... be a sequence of real numbers such that∑∞

n=1 a2
n converges. Prove that the series

∑∞
n=1 anξn converges almost surely.
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Weak Convergence of Measures

8.1 Definition of Weak Convergence

In this chapter we consider the fundamental concept of weak convergence of
probability measures. This will lay the groundwork for the precise formulation
of the Central Limit Theorem and other Limit Theorems of probability theory
(see Chapter 10).

Let (X, d) be a metric space, B(X) the σ-algebra of its Borel sets and Pn

a sequence of probability measures on (X,B(X)). Recall that Cb(X) denotes
the space of bounded continuous functions on X.

Definition 8.1. The sequence Pn converges weakly to the probability measure
P if, for each f ∈ Cb(X),

lim
n→∞

∫

X

f(x)dPn(x) =
∫

X

f(x)dP(x).

The weak convergence is sometimes denoted as Pn ⇒ P.

Definition 8.2. A sequence of real-valued random variables ξn defined on
probability spaces (Ωn,Fn,Pn) is said to converge in distribution if the in-
duced measures Pn, Pn(A) = Pn(ξn ∈ A), converge weakly to a probability
measure P.

In Definition 8.1 we could omit the requirement that Pn and P are prob-
ability measures. We then obtain the definition of the weak convergence for
arbitrary finite measures on B(X). The following lemma provides a useful
criterion for the weak convergence of measures.

Lemma 8.3. If a sequence of measures Pn converges weakly to a measure P,
then

lim sup
n→∞

Pn(K) ≤ P(K) (8.1)

for any closed set K. Conversely, if (8.1) holds for any closed set K, and
Pn(X) = P(X) for all n, then Pn converge weakly to P.
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Proof. First assume that Pn converges to P weakly. Let ε > 0 and select
δ > 0 such that P(Kδ) < P(K) + ε, where Kδ is the δ-neighborhood of the
set K. Consider a continuous function fδ such that 0 ≤ fδ(x) ≤ 1 for x ∈ X,
fδ(x) = 1 for x ∈ K, and fδ(x) = 0 for x ∈ X\Kδ. For example, one can take
fδ(x) = max(1 − dist(x,K)/δ, 0).

Note that Pn(K) =
∫

K
fδdPn ≤

∫
X

fδdPn and
∫

X
fδdP =

∫
Kδ

fδdP ≤
P(Kδ) < P(K) + ε. Therefore,

lim
n→∞

sup Pn(K) ≤ lim
n→∞

∫

X

fδdPn =
∫

X

fδdP < P(K) + ε,

which implies the result since ε was arbitrary.
Let us now assume that Pn(X) = P (X) for all n and lim supn→∞ Pn(K) ≤

P(K) for any closed set K. Let f ∈ Cb(X). We can find a > 0 and b such that
0 < af + b < 1. Since Pn(X) = P (X) for all n, if the relation

lim
n→∞

∫

X

g(x)dPn(x) =
∫

X

g(x)dP(x)

is valid for g = af + b, then it is also valid for f instead of g. Therefore,
without loss of generality, we can assume that 0 < f(x) < 1 for all x. Define
the closed sets Ki = {x : f(x) ≥ i/k}, where 0 ≤ i ≤ k. Then

1
k

k∑

i=1

Pn(Ki) ≤
∫

X

fdPn ≤ Pn(X)
k

+
1
k

k∑

i=1

Pn(Ki),

1
k

k∑

i=1

P(Ki) ≤
∫

X

fdP ≤ P(X)
k

+
1
k

k∑

i=1

P(Ki).

Since lim supn→∞ Pn(Ki) ≤ P(K) for each i, and Pn(X) = P (X), we obtain

lim sup
n→∞

∫

X

fdPn ≤ P(X)
k

+
∫

X

fdP.

Taking the limit as k → ∞, we obtain

lim sup
n→∞

∫

X

fdPn ≤
∫

X

fdP.

By considering the function −f instead of f we can obtain

lim inf
n→∞

∫

X

fdPn ≥
∫

X

fdP.

This proves the weak convergence of measures. �

The following lemma will prove useful when proving the Prokhorov The-
orem below.
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Lemma 8.4. Let X be a metric space and B(X) the σ-algebra of its Borel sets.
Any finite measure P on (X,B(X)) is regular, that is for any A ∈ B(X) and
any ε > 0 there are an open set U and a closed set K such that K ⊆ A ⊆ U
and P(U) − P(K) < ε.

Proof. If A is a closed set, we can take K = A and consider a sequence of
open sets Un = {x : dist(x,A) < 1/n}. Since

⋂
n Un = A, there is a sufficiently

large n such that P(Un) − P(A) < ε. This shows that the statement is true
for all closed sets.

Let K be the collection of sets A such that for any ε there exist K and U
with the desired properties. Note that the collection of all closed sets is a π-
system. Clearly, A ∈ K implies that X\A ∈ K. Therefore, due to Lemma 4.13,
it remains to prove that if A1, A2, ... ∈ K and Ai

⋂
Aj = ∅ for i �= j, then

A =
⋃

n An ∈ K.
Let ε > 0. Find n0 such that P(

⋃∞
n=n0

An) < ε/2. Find open sets Un and
closed sets Kn such that Kn ⊆ An ⊆ Un and P(Un) − P(Kn) < ε/2n+1 for
each n. Then U =

⋃
n Un and K =

⋃n0
n=1 Kn have the desired properties, that

is K ⊆ A ⊆ U and P(U) − P(K) < ε. �

8.2 Weak Convergence and Distribution Functions

Recall the one-to-one correspondence between the probability measures on R

and the distribution functions. Let Fn and F be the distribution functions
corresponding to the measures Pn and P respectively. Note that x is a con-
tinuity point of F if and only if P(x) = 0. We now express the condition of
weak convergence in terms of the distribution functions.

Theorem 8.5. The sequence of probability measures Pn converges weakly to
the probability measure P if and only if limn→∞ Fn(x) = F (x) for every con-
tinuity point x of the function F .

Proof. Let Pn ⇒ P and let x be a continuity point of F . We consider the
functions f , f+

δ and f−
δ , which are defined as follows:

f(y) =
{

1, y ≤ x,
0, y > x,

f+
δ (y) =

⎧
⎨

⎩

1, y ≤ x,
1 − (y − x)/δ, x < y ≤ x + δ,
0, y > x + δ,

f−
δ (y) =

⎧
⎨

⎩

1, y ≤ x − δ,
1 − (y − x + δ)/δ, x − δ < y ≤ x,
0, y > x.
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The functions f+
δ and f−

δ are continuous and f−
δ ≤ f ≤ f+

δ . Using the fact
that x is a continuity point of F we have, for any ε > 0 and n ≥ n0(ε),

Fn(x) =
∫

R

f(y)dFn(y) ≤
∫

R

f+
δ (y)dFn(y)

≤
∫

R

f+
δ (y)dF (y) +

ε

2
≤ F (x + δ) +

ε

2
≤ F (x) + ε,

if δ is such that |F (x± δ)−F (x)| ≤ ε
2 . On the other hand, for such n we also

have
Fn(x) =

∫

R

f(y)dFn(y) ≥
∫

R

f−
δ (y)dFn(y)

≥
∫

R

f−
δ (y)dF (y) − ε

2
≥ F (x − δ) − ε

2
≥ F (x) − ε.

In other words, |Fn(x) − F (x)| ≤ ε for all sufficiently large n.
Now we prove the converse. Let Fn(x) → F (x) at every continuity point

of F . Let f be a bounded continuous function. Let ε be an arbitrary positive
constant. We need to prove that

|
∫

R

f(x)dFn(x) −
∫

R

f(x)dF (x)| ≤ ε (8.2)

for sufficiently large n.
Let M = sup |f(x)|. Since the function F is non-decreasing, it has at most

a countable number of points of discontinuity. Select two points of continuity
A and B for which F (A) ≤ ε

10M and F (B) ≥ 1− ε
10M . Therefore Fn(A) ≤ ε

5M
and Fn(B) ≥ 1 − ε

5M for all sufficiently large n.
Since f is continuous, it is uniformly continuous on [A,B]. Therefore

we can partition the half-open interval (A,B] into finitely many half-open
subintervals I1 = (x0, x1], I2 = (x1, x2], ..., In = (xn−1, xn] such that |f(y) −
f(xi)| ≤ ε

10 for y ∈ Ii. Moreover, the endpoints xi can be selected to be conti-
nuity points of F (x). Let us define a new function fε on (A,B] which is equal
to f(xi) on each of the intervals Ii.

In order to prove (8.2), we write

|
∫

R

f(x)dFn(x) −
∫

R

f(x)dF (x)|

≤
∫

(−∞,A]

|f(x)|dFn(x) +
∫

(−∞,A]

|f(x)|dF (x)

+
∫

(B,∞)

|f(x)|dFn(x) +
∫

(B,∞)

|f(x)|dF (x)

+|
∫

(A,B]

f(x)dFn(x) −
∫

(A,B]

f(x)dF (x)| .
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The first term on the right-hand side is estimated from above for large enough
n as follows: ∫

(−∞,A]

|f(x)|dFn(x) ≤ MFn(A) ≤ ε

5

Similarly, the second, third and fourth terms are estimated from above by ε
10 ,

ε
5 and ε

10 respectively.
Since |fε − f | ≤ ε

10 on (A,B], the last term can be estimated as follows:

|
∫

(A,B]

f(x)dFn(x) −
∫

(A,B]

f(x)dF (x)|

≤ |
∫

(A,B]

fε(x)dFn(x) −
∫

(A,B]

fε(x)dF (x)| + ε

5
.

Note that
lim

n→∞
|
∫

Ii

fε(x)dFn(x) −
∫

Ii

fε(x)dF (x)|

= lim
n→∞

(|f(xi)||Fn(xi) − Fn(xi−1) − F (xi) + F (xi−1)|) = 0,

since Fn(x) → F (x) at the endpoints of the interval Ii. Therefore,

lim
n→∞

|
∫

(A,B]

fε(x)dFn(x) −
∫

(A,B]

fε(x)dF (x)| = 0,

and thus
|
∫

(A,B]

fε(x)dFn(x) −
∫

(A,B]

fε(x)dF (x)| ≤ ε

5

for large enough n. �

8.3 Weak Compactness, Tightness, and the Prokhorov
Theorem

Let X be a metric space and Pα a family of probability measures on the Borel
σ-algebra B(X). The following two concepts, weak compactness (sometimes
also referred to as relative compactness) and tightness, are fundamental in
probability theory.

Definition 8.6. A family of probability measures {Pα} on (X,B(X)) is said
to be weakly compact if from any sequence Pn, n = 1, 2, ..., of measures from
the family, one can extract a weakly convergent subsequence Pnk

, k = 1, 2, ...,
that is Pnk

⇒ P for some probability measure P.

Remark 8.7. Note that it is not required that P ∈ {Pα}.



114 8 Weak Convergence of Measures

Definition 8.8. A family of probability measures {Pα} on (X,B(X)) is said
to be tight if for any ε > 0 one can find a compact set Kε ⊆ X such that
P(Kε) ≥ 1 − ε for each P ∈ {Pα}.

Let us now assume that the metric space is separable and complete. The
following theorem, due to Prokhorov, states that in this case the notions of
relative compactness and tightness coincide.

Theorem 8.9. (Prokhorov Theorem) If a family of probability measures
{Pα} on a metric space X is tight, then it is weakly compact. On a separable
complete metric space the two notions are equivalent.

The proof of the Prokhorov Theorem will be preceded by two lemmas. The
first lemma is a general fact from functional analysis, which is a consequence
of the Alaoglu Theorem and will not be proved here.

Lemma 8.10. Let X be a compact metric space. Then from any sequence of
measures µn on (X,B(X)), such that µn(X) ≤ C < ∞ for all n, one can
extract a weakly convergent subsequence.

We shall denote an open ball of radius r centered at a point a ∈ X by B(a, r).
The next lemma provides a criterion of tightness for families of probability
measures.

Lemma 8.11. A family {Pα} of probability measures on a separable complete
metric space X is tight if and only if for any ε > 0 and r > 0 there is a finite
family of balls B(ai, r), i = 1, ..., n, such that

Pα(
n⋃

i=1

B(ai, r)) ≥ 1 − ε

for all α.

Proof. Let {Pα} be tight, ε > 0, and r > 0. Select a compact set K such that
P(K) ≥ 1−ε for all P ∈ {Pα}. Since any compact set is totally bounded, there
is a finite family of balls B(ai, r), i = 1, ..., n, which cover K. Consequently,
P(

⋃n
i=1 B(ai, r)) ≥ 1 − ε for all P ∈ {Pα}.

Let us prove the converse statement. Fix ε > 0. Then for any integer k > 0
there is a family of balls B(k)(ai,

1
k ), i = 1, ..., nk, such that P(Ak) ≥ 1− 2−kε

for all P ∈ {Pα}, where Ak =
⋃nk

i=1 B(k)(ai,
1
k ). The set A =

⋃∞
k=1 Ak satisfies

P(A) ≥ 1 − ε for all P ∈ {Pα} and is totally bounded. Therefore, its closure
is compact since X is a complete metric space. �

Proof of the Prokhorov Theorem. Assume that a family {Pα} is weakly com-
pact but not tight. By Lemma 8.11, there exist ε > 0 and r > 0 such that for
any family B1, ..., Bn of balls of radius r, we have P(

⋃
1≤i≤n Bi) ≤ 1 − ε for

some P ∈ {Pα}. Since X is separable, it can be represented as a countable
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union of balls of radius r, that is X =
⋃∞

i=1 Bi. Let An =
⋃

1≤i≤n Bi. Then we
can select Pn ∈ {Pα} such that Pn(An) ≤ 1 − ε. Assume that a subsequence
Pnk

converges to a limit P. Since Am is open, P(Am) ≤ lim infk→∞ Pnk
(Am)

for every fixed m due to Lemma 8.3. Since Am ⊆ Ank
for large k, we have

P(Am) ≤ lim infk→∞ Pnk
(Ank

) ≤ 1 − ε, which contradicts
⋃∞

m=1 Am = X.
Thus, weak compactness implies tightness.

Now assume that {Pα} is tight. Consider a sequence of compact sets Km

such that

P(Km) ≥ 1 − 1
m

for all P ∈ {Pα}, m = 1, 2, ...

Consider a sequence of measures Pn ∈ {Pα}. By Lemma 8.10, using the
diagonalization procedure, we can construct a subsequence Pnk

such that,
for each m, the restrictions of Pnk

to K̃m =
⋃m

i=1 Ki converge weakly to a
measure µm. Note that µm(K̃m) ≥ 1 − 1

m since Pnk
(K̃m) ≥ 1 − 1

m for all k.
Let us show that for any Borel set A the sequence µm(A

⋂
K̃m) is non-

decreasing. Thus, we need to show that µm1(A
⋂

K̃m1) ≤ µm2(A
⋂

K̃m2) if
m1 < m2. By considering A

⋂
K̃m1 instead of A we can assume that A ⊆ K̃m1 .

Fix an arbitrary ε > 0. Due to the regularity of the measures µm1 and µm2

(see Lemma 8.4), there exist sets U
i
,K

i ⊆ K̃mi
, i = 1, 2, such that U

i
(K

i
)

are open (closed) in the topology of K̃mi
, K

i ⊆ A ⊆ U
i

and

µmi
(U

i
) − ε < µmi

(A) < µmi
(K

i
) + ε, i = 1, 2.

Note that U
1

= U ∩ K̃m1 for some set U that is open in the topology of K̃m2 .
Let U = U ∩ U

2
and K = K

1 ∪ K
2
. Thus U ⊆ K̃m2 is open in the topology

of K̃m2 , K ⊆ K̃m1 is closed in the topology of K̃m1 , K ⊆ A ⊆ U and

µm1(U
⋂

K̃m1) − ε < µm1(A) < µm1(K) + ε, (8.3)

µm2(U) − ε < µm2(A) < µm2(K) + ε. (8.4)

Let f be a continuous function on K̃m2 such that 0 ≤ f ≤ 1, f(x) = 1 if
x ∈ K, and f(x) = 0 if x /∈ U . By (8.3) and (8.4),

|µm1(A) −
∫

�Km1

fdµm1 | < ε,

|µm2(A) −
∫

�Km2

fdµm2 | < ε.

Noting that
∫
�Kmi

fdµmi
= limk→∞

∫
�Kmi

fdPnk
, i = 1, 2, and

∫
�Km1

fdPnk
≤

∫
�Km2

fdPnk
, we conclude that

µm1(A) ≤ µm2(A) + 2ε.



116 8 Weak Convergence of Measures

Since ε was arbitrary, we obtain the desired monotonicity.
Define

P(A) = lim
m→∞

µm(A
⋂

K̃m).

Note that P(X) = limm→∞ µm(K̃m) = 1. We must show that P is σ-additive
in order to conclude that it is a probability measure. If A =

⋃∞
i=1 Ai is a union

of non-intersecting sets, then

P(A) ≥ lim
m→∞

µm(
n⋃

i=1

Ai

⋂
K̃m) =

n∑

i=1

P(Ai)

for each n, and therefore P(A) ≥
∑∞

i=1 P(Ai). If ε > 0 is fixed, then for
sufficiently large m

P(A) ≤ µm(A
⋂

K̃m) + ε =
∞∑

i=1

µm(Ai

⋂
K̃m) + ε ≤

∞∑

i=1

P(Ai) + ε.

Since ε was arbitrary, P(A) ≤
∑∞

i=1 P(Ai), and thus P is a probability mea-
sure.

It remains to show that the measures Pnk
converge to the measure P

weakly. Let A be a closed set and ε > 0. Then, by the construction of the sets
K̃m, there is a sufficiently large m such that

lim sup
k→∞

Pnk
(A) ≤ lim sup

k→∞
Pnk

(A
⋂

K̃m) + ε ≤ µm(A) + ε ≤ P(A) + ε.

By Lemma 8.3, this implies the weak convergence of measures. Therefore the
family of measures {Pα} is weakly compact. �

8.4 Problems

1. Let (X, d) be a metric space. For x ∈ X, let δx be the measure on (X,B(X))
which is concentrated at x, that is δ(A) = 1 if x ∈ A, δ(A) = 0 if x /∈ A,
A ∈ B(X). Prove that δxn

converge weakly if and only if there is x ∈ X such
that xn → x as n → ∞.

2. Prove that if Pn and P are probability measures, then Pn converges weakly
to P if and only if

lim inf
n→∞

Pn(U) ≥ P(U)

for any open set U .

3. Prove that if Pn and P are probability measures, then Pn converges to
P weakly if and only if
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lim
n→∞

Pn(A) = P(A)

for all sets A such that P(∂A) = 0, where ∂A is the boundary of the set A.

4. Let X be a metric space and B(X) the σ-algebra of its Borel sets. Let
µ1 and µ2 be two probability measures such that

∫
X

fdµ1 =
∫

X
fdµ2 for all

f ∈ Cb(X), f ≥ 0. Prove that µ1 = µ2.

5. Give an example of a family of probability measures Pn on (R,B(R)) such
that Pn ⇒ P (weakly), Pn,P are absolutely continuous with respect to the
Lebesgue measure, yet there exists a Borel set A such that Pn(A) does not
converge to P(A).

6. Assume that a sequence of random variables ξn converges to a random
variable ξ in distribution, and a numeric sequence an converges to 1. Prove
that anξn converges to ξ in distribution.

7. Suppose that ξn, ηn, n ≥ 1, and ξ are random variables defined on the
same probability space. Prove that if ξn ⇒ ξ and ηn ⇒ c, where c is a con-
stant, then ξnηn ⇒ cξ.

8. Prove that if ξn → ξ in probability, then Pξn
⇒ Pξ, that is the con-

vergence of the random variables in probability implies weak convergence of
the corresponding probability measures.

9. Let Pn, P be probability measures on (R,B(R)). Suppose that
∫

R
fdPn →∫

R
fdP as n → ∞ for every infinitely differentiable function f with compact

support. Prove that Pn ⇒ P.

10. Prove that if ξn and ξ are defined on the same probability space, ξ is
identically equal to a constant, and ξn converge to ξ in distribution, then ξn

converge to ξ in probability.

11. Consider a Markov transition function P on a compact state space X.
Prove that the corresponding Markov chain has at least one stationary mea-
sure. (Hint: Take an arbitrary initial measure µ and define µn = (P ∗)nµ, n ≥
0. Prove that the sequence of measures νn = (µ0 + ... + µn−1)/n is weakly
compact, and the limit of a subsequence is a stationary measure.)

12. Let ξ1, ξ2, ... be independent random variables uniformly distributed in
the ball

ξ2
1 + ξ2

2 + ... + ξ2
n ≤ n.

Prove that the joint distribution of (ξ1, ξ2, ξ3) converges to a three dimensional
Gaussian distribution.
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Characteristic Functions

9.1 Definition and Basic Properties

In this section we introduce the notion of a characteristic function of a prob-
ability measure. First we shall formulate the main definitions and theorems
for measures on the real line. Let P be a probability measure on B(R).

Definition 9.1. The characteristic function of a measure P is the (complex-
valued) function ϕ(λ) of the variable λ ∈ R given by

ϕ(λ) =
∫ ∞

−∞
eiλxdP(x).

If P = Pξ, we shall denote the characteristic function by ϕξ(λ) and call it
the characteristic function of the random variable ξ. The definition of the
characteristic function means that ϕξ(λ) = Eeiλξ. For example, if ξ takes
values a1, a2, ... with probabilities p1, p2, ..., then

ϕξ(λ) =
∞∑

k=1

pkeiλak .

If ξ has a probability density pξ(x), then

ϕξ(λ) =
∫ ∞

−∞
eiλxpξ(x)dx.

Definition 9.2. A complex-valued function f(λ) is said to be non-negative
definite if for any λ1, ..., λr, the matrix F with entries Fkl = f(λk − λl) is
non-negative definite, that is (Fv, v) =

∑r
k,l=1 f(λk − λl)vkvl ≥ 0 for any

complex vector (v1, ..., vr).

Lemma 9.3. (Properties of Characteristic Functions)

1. ϕ(0) = 1.
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2. |ϕ(λ)| ≤ 1.
3. If η = aξ + b, where a and b are constants, then

ϕη(λ) = eiλbϕξ(aλ).

4. If ϕξ(λ0) = e2πiα for some λ0 �= 0 and some real α, then ξ takes at most
a countable number of values. The values of ξ are of the form 2π

λ0
(α + m),

where m is an integer.
5. ϕ(λ) is uniformly continuous.
6. Any characteristic function ϕ(λ) is non-negative definite.
7. Assume that the random variable ξ has an absolute moment of order k,

that is E|ξ|k < ∞. Then ϕ(λ) is k times continuously differentiable and

ϕ
(k)
ξ (0) = ikEξk.

Proof. The first property is clear from the definition of the characteristic
function.

The second property follows from

|ϕ(λ)| = |
∫ ∞

−∞
eiλxdP(x)| ≤

∫ ∞

−∞
dP(x) = 1.

The third property follows from

ϕη(λ) = Eeiλη = Eeiλ(aξ+b) = eiλbEeiλaξ = eiλbϕξ(aλ).

In order to prove the fourth property, we define η = ξ − 2πα
λ0

. By the third
property,

ϕη(λ0) = e−2πiαϕξ(λ0) = 1.

Furthermore,

1 = ϕη(λ0) = Eeiλ0η = Ecos(λ0η) + iE sin(λ0η).

Since cos(λ0η) ≤ 1, the latter equality means that cos(λ0η) = 1 with prob-
ability one. This is possible only when η takes values of the form η = 2πm

λ0
,

where m is an integer.
The fifth property follows from the Lebesgue Dominated Convergence The-

orem, since

|ϕ(λ) − ϕ(λ′)| = |
∫ ∞

−∞
(eiλx − eiλ′x)dP(x)| ≤

∫ ∞

−∞
|ei(λ−λ′)x − 1|dP(x).

To prove the sixth property it is enough to note that

r∑

k,l=1

ϕ(λk − λl)vkvl =
r∑

k,l=1

∫ ∞

−∞
ei(λk−λl)xvkvldP(x)
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=
∫ ∞

−∞
|

r∑

k=1

vkeiλkx|2dP(x) ≥ 0.

The converse is also true. The Bochner Theorem states that any continu-
ous non-negative definite function which satisfies the normalization condition
ϕ(0) = 1 is the characteristic function of some probability measure (see Sec-
tion 15.3).

The idea of the proof of the seventh property is to use the properties of the
Lebesgue integral in order to justify the differentiation in the formal equality

ϕ
(k)
ξ (λ) =

dk

dλk

∫ ∞

−∞
eiλxdP(x) = ik

∫ ∞

−∞
xkeiλxdP(x).

The last integral is finite since E|ξ|k is finite. �

There are more general statements, of which the seventh property is a
consequence, relating the existence of various moments of ξ to the smooth-
ness of the characteristic function, with implications going in both directions.
Similarly, the rate of decay of ϕ(λ) at infinity is responsible for the smooth-
ness class of the distribution. For example, it is not difficult to show that if∫∞
−∞ |ϕ(λ)|dλ < ∞, then the distribution P has a density given by

p(x) =
1
2π

∫ ∞

−∞
e−iλxϕ(λ)dλ.

The next theorem and its corollary show that one can always recover the
measure P from its characteristic function ϕ(λ).

Theorem 9.4. For any interval (a, b)

lim
R→∞

1
2π

∫ R

−R

e−iλa − e−iλb

iλ
ϕ(λ)dλ = P((a, b)) +

1
2
P({a}) +

1
2
P({b}).

Proof. By the Fubini Theorem, since the integrand is bounded,

1
2π

∫ R

−R

e−iλa − e−iλb

iλ
ϕ(λ)dλ =

1
2π

∫ R

−R

e−iλa − e−iλb

iλ

(∫ ∞

−∞
eiλxdP(x)

)

dλ

=
1
2π

∫ ∞

−∞

(∫ R

−R

e−iλa − e−iλb

iλ
eiλxdλ

)

dP(x).

Furthermore,

∫ R

−R

e−iλa − e−iλb

iλ
eiλxdλ =

∫ R

−R

cos λ(x − a) − cos λ(x − b)
iλ

dλ
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+
∫ R

−R

sin λ(x − a) − sin λ(x − b)
λ

dλ.

The first integral is equal to zero since the integrand is an odd function of λ.
The second integrand is even, therefore

∫ R

−R

e−iλa − e−iλb

iλ
eiλxdλ = 2

∫ R

0

sin λ(x − a)
λ

dλ − 2
∫ R

0

sin λ(x − b)
λ

dλ.

Setting µ = λ(x − a) in the first integral and µ = λ(x − b) in the second
integral we obtain

2
∫ R

0

sinλ(x − a)
λ

dλ − 2
∫ R

0

sinλ(x − b)
λ

dλ = 2
∫ R(x−a)

R(x−b)

sinµ

µ
dµ.

Thus,

1
2π

∫ R

−R

e−iλa − e−iλb

iλ
ϕ(λ)dλ =

∫ ∞

−∞
dP(x)

1
π

∫ R(x−a)

R(x−b)

sinµ

µ
dµ.

Note that the improper integral
∫∞
0

sin µ
µ dµ converges to π

2 (although it does
not converge absolutely). Let us examine the limit

lim
R→∞

1
π

∫ R(x−a)

R(x−b)

sin µ

µ
dµ

for different values of x.
If x > b (or x < a) both limits of integration converge to infinity (or minus

infinity), and therefore the limit of the integral is equal to zero.
If a < x < b,

lim
R→∞

1
π

∫ R(x−a)

R(x−b)

sinµ

µ
dµ =

∫ ∞

−∞

sin µ

µ
dµ = 1.

If x = a,

lim
R→∞

1
π

∫ 0

−R(b−a)

sin µ

µ
dµ =

∫ 0

−∞

sin µ

µ
dµ =

1
2
.

If x = b,

lim
R→∞

1
π

∫ R(b−a)

0

sin µ

µ
dµ =

∫ ∞

0

sin µ

µ
dµ =

1
2
.

Since the integral 1
π

∫ R(x−a)

R(x−b)
sin µ

µ dµ is bounded in x and R, we can apply
the Lebesgue Dominated Convergence Theorem to obtain
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lim
R→∞

∫ ∞

−∞
dP(x)

1
π

∫ R(x−a)

R(x−b)

sinµ

µ
dµ

=
∫ ∞

−∞
dP(x) lim

R→∞

1
π

∫ R(x−a)

R(x−b)

sin µ

µ
dµ = P((a, b)) +

1
2
P({a}) +

1
2
P({b}).

�

Corollary 9.5. If two probability measures have equal characteristic func-
tions, then they are equal.

Proof. By Theorem 9.4, the distribution functions must coincide at all com-
mon continuity points. The set of discontinuity points for each of the dis-
tribution functions is at most countable, therefore the distribution functions
coincide on a complement to a countable set, which implies that they coincide
at all points, since they are both right-continuous. �

Definition 9.6. The characteristic function of a measure P on R
n is the

(complex-valued) function ϕ(λ) of the variable λ ∈ R
n given by

ϕ(λ) =
∫

Rn

ei(λ,x)dP(x),

where (λ, x) is the inner product of vectors λ and x in R
n.

The above properties of the characteristic function of a measure on R can be
appropriately re-formulated and remain true for measures on R

n. In partic-
ular, if two probability measures on R

n have equal characteristic functions,
then they are equal.

9.2 Characteristic Functions and Weak Convergence

One of the reasons why characteristic functions are helpful in probability
theory is the following criterion of weak convergence of probability measures.

Theorem 9.7. Let Pn be a sequence of probability measures on R with char-
acteristic functions ϕn(λ) and let P be a probability measure on R with char-
acteristic function ϕ(λ). Then Pn ⇒ P if and only if limn→∞ ϕn(λ) = ϕ(λ)
for every λ.

Proof. The weak convergence Pn ⇒ P implies that

ϕn(λ) =
∫ ∞

−∞
eiλxdPn(x) =

∫ ∞

−∞
cos λxdPn(x) + i

∫ ∞

−∞
sin λxdPn(x) →

∫ ∞

−∞
cos λxdP(x) + i

∫ ∞

−∞
sin λxdP(x) =

∫ ∞

−∞
eiλxdP(x) = ϕ(λ),

so the implication in one direction is trivial.
To prove the converse statement we need the following lemma.
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Lemma 9.8. Let P be a probability measure on the line and ϕ be its charac-
teristic function. Then for every τ > 0 we have

P([−2
τ

,
2
τ

]) ≥ |1
τ

∫ τ

−τ

ϕ(λ)dλ| − 1.

Proof. By the Fubini Theorem,

1
2τ

∫ τ

−τ

ϕ(λ)dλ =
1
2τ

∫ τ

−τ

(∫ ∞

−∞
eiλxdP(x)

)

dλ

=
1
2τ

∫ ∞

−∞

(∫ τ

−τ

eiλxdλ

)

dP(x) =
∫ ∞

−∞

eixτ − e−ixτ

2ixτ
dP(x) =

∫ ∞

−∞

sinxτ

xτ
dP(x).

Therefore,

| 1
2τ

∫ τ

−τ

ϕ(λ)dλ| = |
∫ ∞

−∞

sin xτ

xτ
dP(x)|

≤ |
∫

|x|≤ 2
τ

sinxτ

xτ
dP(x)| + |

∫

|x|> 2
τ

sin xτ

xτ
dP(x)|

≤
∫

|x|≤ 2
τ

| sin xτ

xτ
|dP(x) +

∫

|x|> 2
τ

| sinxτ

xτ
|dP(x).

Since |sin xτ/xτ | ≤ 1 for all x and |sin xτ/xτ | ≤ 1/2 for |x| > 2/τ , the last
expression is estimated from above by

∫

|x|≤ 2
τ

dP(x) +
1
2

∫

|x|> 2
τ

dP(x)

= P([−2
τ

,
2
τ

]) +
1
2
(1 − P([−2

τ
,
2
τ

])) =
1
2
P([−2

τ
,
2
τ

]) +
1
2
,

which implies the statement of the lemma. �

We now return to the proof of the theorem. Let ε > 0 and ϕn(λ) → ϕ(λ)
for each λ. Since ϕ(0) = 1 and ϕ(λ) is a continuous function, there exists
τ > 0 such that |ϕ(λ) − 1| < ε

4 when |λ| < τ . Thus

|
∫ τ

−τ

ϕ(λ)dλ| = |
∫ τ

−τ

(ϕ(λ) − 1)dλ + 2τ | ≥ 2τ − |
∫ τ

−τ

(ϕ(λ) − 1)dλ|

≥ 2τ −
∫ τ

−τ

|(ϕ(λ) − 1)|dλ ≥ 2τ − 2τ
ε

4
= 2τ(1 − ε

4
).

Therefore,

|1
τ

∫ τ

−τ

ϕ(λ)dλ| ≥ 2 − ε

2
.

Since ϕn(λ) → ϕ(λ) and |ϕn(λ)| ≤ 1, by the Lebesgue Dominated Conver-
gence Theorem,
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lim
n→∞

|1
τ

∫ τ

−τ

ϕn(λ)dλ| = |1
τ

∫ τ

−τ

ϕ(λ)dλ| ≥ 2 − ε

2
.

Thus there exists an N such that for all n ≥ N we have

|1
τ

∫ τ

−τ

ϕn(λ)dλ| ≥ 2 − ε.

By Lemma 9.8, for such n

Pn([−2
τ

,
2
τ

]) ≥ |1
τ

∫ τ

−τ

ϕn(λ)dλ| − 1 ≥ 1 − ε.

For each n < N we choose tn > 0 such that Pn([−tn, tn]) ≥ 1 − ε. If we
set K = max( 2

τ ,max1≤n<N tn), we find that Pn([−K,K]) ≥ 1 − ε for all n.
Thus the sequence of measures Pn is tight and, by the Prokhorov Theorem,
is weakly compact.

Let Pni
be a weakly convergent subsequence, Pni

⇒ P̃. We now show that
P̃ = P. Let us denote the characteristic function of P̃ by ϕ̃(λ). By the first part
of our theorem, ϕn(λ) → ϕ̃(λ) for all λ. On the other hand, by assumption
ϕn(λ) → ϕ(λ) for all λ. Therefore ϕ̃(λ) = ϕ(λ). By Corollary 9.5, P̃ = P.

It remains to establish that the entire sequence Pn converges to P. Assume
that this is not true. Then for some bounded continuous function f there exist
a subsequence {ni} and ε > 0 such that

|
∫ ∞

−∞
f(x)dPni

(x) −
∫ ∞

−∞
f(x)dP(x)| > ε.

We extract a weakly convergent subsequence Pn′
j

from the sequence Pni
, that

is Pn′
j
⇒ P. The same argument as before shows that P = P, and therefore

lim
j→∞

∫ ∞

−∞
f(x)dPn′

j
(x) =

∫ ∞

−∞
f(x)dP(x).

Hence the contradiction. �

Remark 9.9. Theorem 9.7 remains true for measures and characteristic func-
tions on R

n. In this case the characteristic functions depend on n variables
λ = (λ1, ..., λn), and the weak convergence is equivalent to the convergence of
ϕn(λ) to ϕ(λ) for every λ.

Remark 9.10. One can show that if ϕn(λ) → ϕ(λ) for every λ, then this
convergence is uniform on any compact set of values of λ.

Remark 9.11. One can show that if a sequence of characteristic functions
ϕn(λ) converges to a continuous function ϕ(λ), then the sequence of prob-
ability measures Pn converges weakly to some probability measure P.
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Let us consider a collection of n random variables ξ1, ..., ξn with charac-
teristic functions ϕ1, ..., ϕn. Let ϕ be the characteristic function of the ran-
dom vector (ξ1, ..., ξn). The condition of independence of ξ1, ..., ξn is easily
expressed in terms of characteristic functions.

Lemma 9.12. The random variables ξ1, ..., ξn are independent if and only if
ϕ(λ1, ..., λn) = ϕ1(λ1) · ... · ϕn(λn) for all (λ1, ..., λn).

Proof. If ξ1, ..., ξn are independent, then by Theorem 4.8

ϕ(λ1, ..., λn) = Eei(λ1ξ1+...+λnξn) = Eeiλ1ξ1 · ... ·Eeiλnξn = ϕ1(λ1) · ... ·ϕn(λn).

Conversely, assume that ϕ(λ1, ..., λn) = ϕ1(λ1) · ... · ϕn(λn). Let ξ̃1, ..., ξ̃n be
independent random variables, which have the same distributions as ξ1, ..., ξn

respectively, and therefore have the same characteristic functions. Then the
characteristic function of the vector (ξ̃1, ..., ξ̃n) is equal to ϕ1(λ1) · ... · ϕn(λn)
by the first part of the lemma. Therefore, by Remark 9.9, the measure on R

n

induced by the vector (ξ̃1, ..., ξ̃n) is the same as the measure induced by the
vector (ξ1, ..., ξn). Thus the random variables ξ1, ..., ξn are also independent. �

9.3 Gaussian Random Vectors

Gaussian random vectors appear in a large variety of problems, both in pure
mathematics and in applications. Their distributions are limits of distributions
of normalized sums of independent or weakly correlated random variables.

Recall that a random variable is called Gaussian with parameters (0, 1) if
it has the density p(x) = 1√

2π
e−

x2
2 . Let η = (η1, ..., ηn) be a random vector

defined on a probability space (Ω,F ,P). Note that the Gaussian property of
the vector is defined in terms of the distribution of the vector (the measure
on R

n, which is induced by η).

Definition 9.13. A random vector η = (η1, ..., ηn) on (Ω,F ,P) is called
Gaussian if there is a vector ξ = (ξ1, ..., ξn) of independent Gaussian random
variables with parameters (0, 1) which may be defined on a different probability
space (Ω̃, F̃ , P̃), an n×n matrix A, and a vector a = (a1, ..., an) such that the
vectors η and Aξ + a have the same distribution.

Remark 9.14. It does not follow from this definition that the random vector ξ
can be defined on the same probability space, or that η can be represented
in the form η = Aξ + a. Indeed, as a pathological example we can consider
the space Ω which consists of one element ω, and define η(ω) = 0. This is a
Gaussian random variable, since we can take a Gaussian random variable ξ
with parameters (0, 1) defined on a different probability space, and take A = 0,
a = 0. On the other hand, a Gaussian random variable with parameters (0, 1)
cannot be defined on the space Ω itself.
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The covariance matrix of a random vector, its density, and the character-
istic function can be expressed in terms of the distribution that the vector
induces on R

n. Therefore, in the calculations below, we can assume without
loss of generality that η = Aξ + a.

Remark 9.15. Here we discuss only real-valued Gaussian vectors. Some of the
formulas below need to be modified if we allow complex matrices A and vec-
tors a. Besides, the distribution of a complex-valued Gaussian vector is not
determined uniquely by its covariance matrix.

Let us examine expectations and the covariances of different components
of a Gaussian random vector η = Aξ + a. Since Eξi = 0 for all i, it is clear
that Eηi = ai. Regarding the covariance,

Cov(ηi, ηj) = E(ηi − ai)(ηj − aj) = E(
∑

k

Aikξk

∑

l

Ajlξl)

=
∑

k

∑

l

AikAjlE(ξkξl) =
∑

k

AikAjk = (AA∗)ij .

We shall refer to the matrix B = AA∗ as the covariance matrix of the Gaussian
vector η.

Note that the matrix A is not determined uniquely by the covariance
matrix, that is, there are pairs of square matrices A1, A2 such that A1A

∗
1 =

A2A
∗
2. The distribution of a Gaussian random vector, however, is determined

by the expectation and the covariance matrix (see below). The distribution of
a Gaussian random vector with expectation a and covariance matrix B will
be denoted by N(a,B).

If detB �= 0, then there is a density corresponding to the distribution of η
in R

n. Indeed, the multi-dimensional density corresponding to the vector ξ is
equal to

pξ(x1, ..., xn) = (2π)−
n
2 e−

||x||2
2 .

Let µξ and µη be the measures on R
n induced by the random vectors ξ and η

respectively. The random vector η can be obtained from ξ by a composition
with an affine transformation of the space R

n, that is η = Lξ, where Lx =
Ax + a. Therefore µη is the same as the push-forward of the measure µξ by
the map L : R

n → R
n (see Section 3.2). The Jacobian J(x) of L is equal to

(det B)
1
2 for all x. Therefore the density corresponding to the random vector

η is equal to

pη(x) = J−1(x)pξ(L−1x) = (det B)−
1
2 (2π)−

n
2 e−

||A−1(x−a)||2
2

= (det B)−
1
2 (2π)−

n
2 e−

(B−1(x−a),(x−a))
2 .

Let us now examine the characteristic function of a Gaussian random vector.
For a Gaussian variable ξ with parameters (0, 1),
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ϕ(λ) = Eeiλξ =
1√
2π

∫ ∞

−∞
eiλxe−

x2
2 dx =

1√
2π

∫ ∞

−∞
e−

(x−iλ)2

2 −λ2
2 dx

= e−
λ2
2

1√
2π

∫ ∞

−∞
e−

u2
2 du = e−

λ2
2 .

Therefore, in the multi-dimensional case,

ϕ(λ) = Eei(λ,η) = Eei
�

i λi(
�

k Aikξk+ai) = ei(λ,a)
∏

k

Eei(
�

i λiAik)ξk =

ei(λ,a)
∏

k

e−
(
�

i λiAik)2

2 = ei(λ,a)e−
�

k(
�

i λiAik)2

2 = ei(λ,a)− 1
2 (Bλ,λ).

Since the characteristic function determines the distribution of the random
vector uniquely, this calculation shows that the distribution of a Gaussian
random vector is uniquely determined by its expectation and covariance ma-
trix.

The property that the characteristic function of a random vector is

ϕ(λ) = ei(λ,a)− 1
2 (Bλ,λ)

for some vector a and a non-negative definite matrix B can be taken as a defi-
nition of a Gaussian random vector equivalent to Definition 9.13 (see Problem
11).

Recall that for two independent random variables with finite variances the
covariance is equal to zero. For random variables which are components of a
Gaussian vector the converse implication is also valid.

Lemma 9.16. If (η1, ..., ηn) is a Gaussian vector, and Cov(ηi, ηj) = 0 for
i �= j, then the random variables η1, ..., ηn are independent.

Proof. Let ei denote the vector whose i-th component is equal to one and the
rest of the components are equal to zero. If Cov(ηi, ηj) = 0 for i �= j, then
the covariance matrix B is diagonal, while Cov(ηi, ηi) = Bii. Therefore the
characteristic function of the random vector η is ϕ(λ) = ei(λ,a)− 1

2

�
i Biiλ

2
i ,

while the characteristic function of ηi is equal to

ϕi(λi) = Eeiλiηi = Eei(λiei,η) = ϕ(λiei) = eiλiai− 1
2 Bii .

This implies the independence of the random variables by Lemma 9.12. �

9.4 Problems

1. Is ϕ(λ) = cos(λ2) a characteristic function of some distribution?
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2. Find the characteristic functions of the following distributions: 1) ξ = ±1
with probabilities 1

2 ; 2) binomial distribution; 3) Poisson distribution with
parameter λ; 4) exponential distribution; 5) uniform distribution on [a, b].

3. Let ξ1, ξ2, ... be a sequence of random variables on a probability space
(Ω,F ,P), and G be a σ-subalgebra of F . Assume that ξn is independent of G
for each n, and that limn→∞ ξn = ξ almost surely. Prove that ξ is independent
of G.

4. Prove that if the measure P is discrete, then its characteristic function
ϕ(λ) does not tend to zero as λ → ∞.

5. Prove that if the characteristic function ϕ(λ) is analytic in a neighbor-
hood of λ = 0, then there exist constants c1, c2 > 0 such that for every x > 0
we have P((−∞,−x)) ≤ c1e

−c2x, and P((x,∞)) ≤ c1e
−c2x.

6. Assume that ξ1 and ξ2 are Gaussian random variables. Does this imply
that (ξ1, ξ2) is a Gaussian random vector?

7. Prove that if (ξ1, ..., ξn) is a Gaussian vector, then ξ = a1ξ1 + ... + anξn is
a Gaussian random variable. Find its expectation and variance.

8. Let ξ be a Gaussian random variable and a0, a1, ..., an some real num-
bers. Prove that the characteristic function of the random variable η =
a0 + a1ξ + ... + anξn is infinitely differentiable.

9. Let ξ1, ..., ξn be independent Gaussian random variables with N(0, 1) dis-
tribution. Find the density and the characteristic function of ξ2

1 + ... + ξ2
n.

10. Let ξ1, ξ2, ... be a sequence of independent identically distributed ran-
dom variables with N(0, 1) distribution. Let 0 < λ < 1 and η0 be independent
of ξ1, ξ2, .... Let ηn, n ≥ 1, be defined by ηn = ληn−1 + ξn. Show that ηn is a
Markov chain. Find its stationary distribution.

11. Let a random vector η have the characteristic function

ϕ(λ) = ei(λ,a)− 1
2 (Bλ,λ)

for some vector a and a non-negative definite matrix B. Prove that there are
a vector ξ = (ξ1, ..., ξn) of independent Gaussian random variables with para-
meters (0, 1) defined on some probability space (Ω̃, F̃ , P̃), and an n×n matrix
A such that the vectors η and Aξ + a have the same distribution.

12. Prove that, for Gaussian vectors, convergence of covariance matrices im-
plies convergence in distribution.
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13. Let (ξ1, ..., ξ2n) be a Gaussian vector. Assuming that Eξi = 0, 1 ≤ i ≤ 2n,
prove that

E(ξ1...ξ2n) =
∑

σ

E(ξσ1ξσ2)...E(ξσ2n−1ξσ2n
),

where σ = ((σ1, σ2), ..., (σ2n−1, σ2n)), 1 ≤ σi ≤ 2n, is a partition of the set
{1, ..., 2n} into n pairs, and the summation extends over all the partitions.
(The permutation of elements of a pair is considered to yield the same parti-
tion.)

14. Let (ξ1, ..., ξ2n−1) be a random vector with the density

p(x1, ..., x2n−1) = cn exp(−1
2
(x2

1 +
2n−2∑

i=1

(xi+1 − xi)2 + x2
2n−1)),

where cn is a normalizing constant. Prove that this is a Gaussian vector and
find the value of the normalizing constant. Prove that there is a constant a
which does not depend on n such that Var(ξn) ≥ an for all n ≥ 1.
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Limit Theorems

10.1 Central Limit Theorem, the Lindeberg Condition

Limit Theorems describe limiting distributions of appropriately scaled sums
of a large number of random variables. It is usually assumed that the random
variables are either independent, or almost independent, in some sense. In the
case of the Central Limit Theorem that we prove in this section, the random
variables are independent and the limiting distribution is Gaussian. We first
introduce the definitions.

Let ξ1, ξ2, ... be a sequence of independent random variables with finite
variances, mi = Eξi, σ2

i = Var(ξi), ζn =
∑n

i=1 ξi, Mn = Eζn =
∑n

i=1 mi,
D2

n = Var(ζn) =
∑n

i=1 σ2
i . Let Fi = Fξi

be the distribution function of the
random variable ξi.

Definition 10.1. The Lindeberg condition is said to be satisfied if

lim
n→∞

1
D2

n

n∑

i=1

∫

{x:|x−mi|≥εDn}
(x − mi)2dFi(x) = 0

for every ε > 0.

Remark 10.2. The Lindeberg condition easily implies that limn→∞ Dn = ∞
(see formula (10.5) below).

Theorem 10.3. (Central Limit Theorem, Lindeberg Condition) Let
ξ1, ξ2, ... be a sequence of independent random variables with finite variances.
If the Lindeberg condition is satisfied, then the distributions of (ζn − Mn)/Dn

converge weakly to N(0, 1) distribution as n → ∞.

Proof. We may assume that mi = 0 for all i. Otherwise we can consider a new
sequence of random variables ξ̃i = ξi −mi, which have zero expectations, and
for which the Lindeberg condition is also satisfied. Let ϕi(λ) and ϕτn

(λ) be the
characteristic functions of the random variables ξi and τn = ζn

Dn
respectively.

By Theorem 9.7, it is sufficient to prove that for all λ ∈ R



132 10 Limit Theorems

ϕτn
(λ) → e−

λ2
2 as n → ∞. (10.1)

Fix λ ∈ R and note that the left-hand side of (10.1) can be written as follows:

ϕτn
(λ) = Eeiλτn = Eei( λ

Dn
)(ξ1+...+ξn) =

n∏

i=1

ϕi(
λ

Dn
).

We shall prove that

ϕi(
λ

Dn
) = 1 − λ2σ2

i

2D2
n

+ an
i (10.2)

for some an
i = an

i (λ) such that for any λ

lim
n→∞

n∑

i=1

|an
i | = 0. (10.3)

Assuming (10.2) for now, let us prove the theorem. By Taylor’s formula, for
any complex number z with |z| < 1

4

ln(1 + z) = z + θ(z)|z|2, (10.4)

with |θ(z)| ≤ 1, where ln denotes the principal value of the logarithm (the
analytic continuation of the logarithm from the positive real semi-axis to the
half-plane Re(z) > 0).

We next show that

lim
n→∞

max
1≤i≤n

σ2
i

D2
n

= 0. (10.5)

Indeed, for any ε > 0,

max
1≤i≤n

σ2
i

D2
n

≤ max
1≤i≤n

∫
{x:|x|≥εDn} x2dFi(x)

D2
n

+ max
1≤i≤n

∫
{x:|x|≤εDn} x2dFi(x)

D2
n

.

The first term on the right-hand side of this inequality tends to zero by the
Lindeberg condition. The second term does not exceed ε2, since the integrand
does not exceed ε2D2

n on the domain of integration. This proves (10.5), since ε
was arbitrary.

Therefore, when n is large enough, we can put z = −λ2σ2
i

2D2
n

+ an
i in (10.4)

and obtain
n∑

i=1

ln ϕi(
λ

Dn
) =

n∑

i=1

−λ2σ2
i

2D2
n

+
n∑

i=1

an
i +

n∑

i=1

θi|
−λ2σ2

i

2D2
n

+ an
i |2

with |θi| ≤ 1. The first term on the right-hand side of this expression is equal
to −λ2

2 . The second term tends to zero due to (10.3). The third term tends
to zero since
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n∑

i=1

θi|
−λ2σ2

i

2D2
n

+ an
i |2 ≤ max

1≤i≤n
{λ2σ2

i

2D2
n

+ |an
i |}

n∑

i=1

(
λ2σ2

i

2D2
n

+ |an
i |)

≤ c(λ) max
1≤i≤n

{λ2σ2
i

2D2
n

+ |an
i |},

where c(λ) is a constant, while the second factor converges to zero by (10.3)
and (10.5). We have thus demonstrated that

lim
n→∞

n∑

i=1

ln ϕi(
λ

Dn
) = −λ2

2
,

which clearly implies (10.1). It remains to prove (10.2). We use the following
simple relations:

eix = 1 + ix +
θ1(x)x2

2
,

eix = 1 + ix − x2

2
+

θ2(x)x3

6
,

which are valid for all real x, with |θ1(x)| ≤ 1 and |θ2(x)| ≤ 1. Then

ϕi(
λ

Dn
) =

∫ ∞

−∞
e

iλ
Dn

xdFi(x) =
∫

|x|≥εDn

(1 +
iλ

Dn
x +

θ1(x)(λx)2

2D2
n

)dFi(x)

+
∫

|x|<εDn

(1 +
iλx

Dn
− λ2x2

2D2
n

+
θ2(x)|λx|3

6D3
n

)dFi(x)

= 1 − λ2σ2
i

2D2
n

+
λ2

2D2
n

∫

|x|≥εDn

(1 + θ1(x))x2dFi(x)

+
|λ|3
6D3

n

∫

|x|<εDn

θ2(x)|x|3dFi(x).

Here we have used that
∫ ∞

−∞
xdFi(x) = Eξi = 0.

In order to prove (10.2), we need to show that

n∑

i=1

λ2

2D2
n

∫

|x|≥εDn

(1+θ1(x))x2dFi(x)+
n∑

i=1

|λ|3
6D3

n

∫

|x|<εDn

θ2(x)|x|3dFi(x) → 0.

(10.6)
The second sum in (10.6) can be estimated as

|
n∑

i=1

|λ|3
6D3

n

∫

|x|<εDn

θ2(x)|x|3dFi(x)|
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≤ |
n∑

i=1

|λ|3ε
6D3

n

∫

|x|<εDn

θ2(x)x2DndFi(x)| ≤
n∑

i=1

|λ|3εσ2
i

6D2
n

=
ε|λ|3

6
,

which can be made arbitrarily small by selecting a sufficiently small ε. The
first sum in (10.6) tends to zero by the Lindeberg condition. �

Remark 10.4. The proof can be easily modified to demonstrate that the con-
vergence in (10.1) is uniform on any compact set of values of λ. We shall need
this fact in the next section.

The Lindeberg condition is clearly satisfied for every sequence of indepen-
dent identically distributed random variables with finite variances. We there-
fore have the following Central Limit Theorem for independent identically
distributed random variables.

Theorem 10.5. Let ξ1, ξ2, ... be a sequence of independent identically distrib-
uted random variables with m = Eξ1 and 0 < σ2 = Var(ξ1) < ∞. Then
the distributions of (ζn − nm)/

√
nσ converge weakly to N(0, 1) distribution

as n → ∞.

Theorem 10.3 also implies the Central Limit Theorem under the following
Lyapunov condition.

Definition 10.6. The Lyapunov condition is said to be satisfied if there is
a δ > 0 such that

lim
n→∞

1
D2+δ

n

n∑

i=1

E(|ξi − mi|2+δ) = 0.

Theorem 10.7. (Central Limit Theorem, Lyapunov Condition) Let
ξ1, ξ2, ... be a sequence of independent random variables with finite variances.
If the Lyapunov condition is satisfied, then the distributions of (ζn − Mn)/Dn

converge weakly to N(0, 1) distribution as n → ∞.

Proof. Let ε, δ > 0. Then,
∫
{x:|x−mi|≥εDn}(x − mi)2dFi(x)

D2
n

≤
∫
{x:|x−mi|≥εDn}(x − mi)2+δdFi(x)

D2
n(εDn)δ

≤ ε−δ E(|ξi − mi|2+δ)
D2+δ

n

.

Therefore, a sequence of random variables satisfying the Lyapunov condition
also satisfies the Lindeberg condition. �

If condition (10.5) is satisfied, then the Lindeberg condition is not only
sufficient, but also necessary for the Central Limit Theorem to hold. We state
the following theorem without providing a proof.
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Theorem 10.8. (Lindeberg-Feller) Let ξ1, ξ2, ... be a sequence of indepen-
dent random variables with finite variances such that the condition (10.5) is
satisfied. Then the Lindeberg condition is satisfied if and only if the Cen-
tral Limit Theorem holds, that is the distributions of (ζn − Mn)/Dn converge
weakly to N(0, 1) distribution as n → ∞.

There are various generalizations of the Central Limit Theorem, not pre-
sented here, where the condition of independence of random variables is re-
placed by conditions of weak dependence in some sense. Other important
generalizations concern vector-valued random variables.

10.2 Local Limit Theorem

The Central Limit Theorem proved in the previous section states that the
measures on R induced by normalized sums of independent random variables
converge weakly to the Gaussian measure N(0, 1). Under certain additional
conditions this statement can be strengthened to include the point-wise con-
vergence of the densities. In the case of integer-valued random variables (where
no densities exist) the corresponding statement is the following Local Central
Limit Theorem, which is a generalization of the de Moivre-Laplace Theorem.

Let ξ be an integer-valued random variable. Let X = {x1, x2, ...} be the
finite or countable set consisting of those values of ξ for which pj = P(ξ =
xj) �= 0. We shall say that ξ spans the set of integers Z if the greatest common
divisor of all the elements of X equals 1.

Lemma 10.9. If ξ spans Z, and ϕ(λ) = Eeiξλ is the characteristic function
of the variable ξ, then for any δ > 0

sup
δ≤|λ|≤π

|ϕ(λ)| < 1 . (10.7)

Proof. Suppose that xλ0 ∈ {2kπ, k ∈ Z} for some λ0 and all x ∈ X. Then
λ0 ∈ {2kπ, k ∈ Z}, since 1 is the largest common divisor of all the elements
of X. Therefore, if δ ≤ |λ| ≤ π, then xλ /∈ {2kπ, k ∈ Z} for some x ∈ X. This
in turn implies that eiλx �= 1. Recall that

ϕ(λ) =
∑

xj∈X

pje
iλxj .

Since
∑

xj∈X pj = 1 and pj > 0, the relation eiλx �= 1 for some x ∈ X implies
that |ϕ(λ)| < 1. Since |ϕ(λ)| is continuous,

sup
δ≤|λ|≤π

|ϕ(λ)| < 1 .

�
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Let ξ1, ξ2, ... be a sequence of integer-valued independent identically dis-
tributed random variables. Let m = Eξ1, σ2 = Var(ξ1) < ∞, ζn =

∑n
i=1 ξi,

Mn = Eζn = nm, D2
n = Var(ζn) = nσ2. We shall be interested in the proba-

bility of the event that ζn takes an integer value k. Let Pn(k) = P(ζn = k),
z = z(n, k) = k−Mn

Dn
.

Theorem 10.10. (Local Limit Theorem) Let ξ1, ξ2, ... be a sequence of
independent identically distributed integer-valued random variables with finite
variances such that ξ1 spans Z. Then

lim
n→∞

(DnPn(k) − 1√
2π

e−
z2
2 ) = 0 (10.8)

uniformly in k.

Proof. We shall prove the theorem for the case m = 0, since the general case
requires only trivial modifications. Let ϕ(λ) be the characteristic function
of each of the variables ξi. Then the characteristic function of the random
variable ζn is

ϕζn
(λ) = ϕn(λ) =

∞∑

k=−∞
Pn(k)eiλk.

Thus ϕn(λ) is the Fourier series with coefficients Pn(k), and we can use the
formula for Fourier coefficients to find Pn(k):

2πPn(k) =
∫ π

−π

ϕn(λ)e−iλkdλ =
∫ π

−π

ϕn(λ)e−iλzDndλ.

Therefore, after a change of variables we obtain

2πDnPn(k) =
∫ πDn

−πDn

e−iλzϕn(
λ

Dn
)dλ.

From the formula for the characteristic function of the Gaussian distribution

1√
2π

e−
z2
2 =

1
2π

∫ ∞

−∞
eiλz−λ2

2 dλ =
1
2π

∫ ∞

−∞
e−iλz−λ2

2 dλ.

We can write the difference in (10.8) multiplied by 2π as a sum of four inte-
grals:

2π(DnPn(k) − 1√
2π

e−
z2
2 ) = I1 + I2 + I3 + I4,

where

I1 =
∫ T

−T

e−iλz(ϕn(
λ

Dn
) − e−

λ2
2 )dλ,

I2 = −
∫

|λ|>T

e−iλz−λ2
2 dλ,
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I3 =
∫

δDn≤|λ|≤πDn

e−iλzϕn(
λ

Dn
)dλ,

I4 =
∫

T≤|λ|<δDn

e−iλzϕn(
λ

Dn
)dλ,

where the positive constants T < δDn and δ < π will be selected later. By
Remark 10.4, the convergence limn→∞ ϕn( λ

Dn
) = e−

λ2
2 is uniform on the

interval [−T, T ]. Therefore limn→∞ I1 = 0 for any T .
The second integral can be estimated as follows:

|I2| ≤
∫

|λ|>T

|e−iλz−λ2
2 |dλ =

∫

|λ|>T

e−
λ2
2 dλ,

which can be made arbitrarily small by selecting T large enough, since the
improper integral

∫∞
−∞ e−

λ2
2 dλ converges.

The third integral is estimated as follows:

|I3| ≤
∫

δDn≤|λ|≤πDn

|e−iλzϕn(
λ

Dn
)|dλ ≤ 2πσ

√
n( sup

δ≤|λ|≤π

|ϕ(λ)|)n,

which tends to zero as n → ∞ due to (10.7).
In order to estimate the fourth integral, we note that the existence of

the variance implies that the characteristic function is a twice continuously
differentiable complex-valued function with ϕ′(0) = im = 0 and ϕ′′(0) = −σ2.
Therefore, applying the Taylor formula to the real and imaginary parts of ϕ,
we obtain

ϕ(λ) = 1 − σ2λ2

2
+ o(λ2) as λ → 0.

For |λ| ≤ δ and δ sufficiently small, we obtain

|ϕ(λ)| ≤ 1 − σ2λ2

4
≤ e−

σ2λ2
4 .

If |λ| ≤ δDn, then

|ϕ(
λ

Dn
)|n ≤ e

−nσ2λ2

4D2
n = e−

λ2
4 .

Therefore,

|I4| ≤ 2
∫ δDn

T

e−
λ2
4 dλ ≤ 2

∫ ∞

T

e−
λ2
4 dλ.

This can be made arbitrarily small by selecting sufficiently large T . This com-
pletes the proof of the theorem. �

When we studied the recurrence and transience of random walks on Z
d

(Section 6) we needed to estimate the probability that a path returns to the
origin after 2n steps:
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u2n = P(
2n∑

j=1

ωj = 0).

Here ωj are independent identically distributed random variables with values
in Z

d with the distribution py, y ∈ Z
d, where py = 1

2d if y = ±es, 1 ≤ s ≤ d,
and 0 otherwise.

Let us use the characteristic functions to study the asymptotics of u2n as
n → ∞. The characteristic function of ωj is equal to

Eei(λ,ωi) =
1
2d

(eiλ1 + e−iλ1 + ... + eiλd + e−iλd) =
1
d
(cos(λ1) + ... + cos(λd)),

where λ = (λ1, ..., λd) ∈ R
d. Therefore, the characteristic function of the sum

∑2n
j=1 ωj is equal to ϕ2n(λ) = 1

d2n (cos(λ1) + ... + cos(λd))2n. On the other
hand,

ϕ2n(λ) =
∑

k∈Zd

Pn(k)ei(λ,k),

where Pn(k) = P(
∑2n

j=1 ωj = k). Integrating both sides of the equality
∑

k∈Zd

Pn(k)ei(λ,k) =
1

d2n
(cos(λ1) + ... + cos(λd))2n

over λ, we obtain

(2π)du2n =
1

d2n

∫ π

−π

...

∫ π

−π

(cos(λ1) + ... + cos(λd))2ndλ1...dλd.

The asymptotics of the latter integral can be treated with the help of the so-
called Laplace asymptotic method. The Laplace method is used to describe
the asymptotic behavior of integrals of the form

∫

D

f(λ)esg(λ)dλ,

where D is a domain in R
d, f and g are smooth functions, and s → ∞ is a large

parameter. The idea is that if f(λ) > 0 for λ ∈ D, then the main contribution
to the integral comes from arbitrarily small neighborhoods of the maxima
of the function g. Then the Taylor formula can be used to approximate the
function g in small neighborhoods of its maxima. In our case the points of the
maxima are λ1 = ... = λd = 0 and λ1 = ... = λd = ±π. We state the result
for the problem at hand without going into further detail:

∫ π

−π

...

∫ π

−π

(cos(λ1) + ... + cos(λd))2ndλ1...dλd

=
∫ π

−π

...

∫ π

−π

e2n ln | cos(λ1)+...+cos(λd)|dλ1...dλd

∼ c sup(| cos(λ1) + ... + cos(λd)|)2nn− d
2 = cd2nn− d

2 ,

which implies that u2n ∼ cn− d
2 as n → ∞ with another constant c.
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10.3 Central Limit Theorem and Renormalization Group
Theory

The Central Limit Theorem states that Gaussian distributions can be ob-
tained as limits of distributions of properly normalized sums of independent
random variables. If the random variables ξ1, ξ2, ... forming the sum are in-
dependent and identically distributed, then it is enough to assume that they
have a finite second moment.

In this section we shall take another look at the mechanism of convergence
of normalized sums, which may help explain why the class of distributions
of ξi, for which the central limit theorem holds, is so large. We shall view the
densities (assuming that they exist) of the normalized sums as iterations of a
certain non-linear transformation applied to the common density of ξi. The
method presented below is called the renormalization group method. It can be
generalized in several ways (for example, to allow the variables to be weakly
dependent). We do not strive for maximal generality, however. Instead, we
consider again the case of independent random variables.

Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables with zero expectation and finite variance. We define the random
variables

ζn = 2−
n
2

2n
∑

i=1

ξi, n ≥ 0.

Then
ζn+1 =

1√
2
(ζ ′n + ζ ′′n),

where

ζ ′n = 2−
n
2

2n
∑

i=1

ξi, ζ ′′n = 2−
n
2

2n+1
∑

i=2n+1

ξi.

Clearly, ζ ′n and ζ ′′n are independent identically distributed random variables.
Let us assume that ξi have a density, which will be denoted by p0. Note that
ζ0 = ξ1, and thus the density of ζ0 is also p0. Let us denote the density of ζn

by pn and its distribution by Pn. Then

pn+1(x) =
√

2
∫ ∞

−∞
pn(

√
2x − u)pn(u)du.

Thus the sequence pn can be obtained from p0 by iterating the non-linear
operator T , which acts on the space of densities according to the formula

Tp(x) =
√

2
∫ ∞

−∞
p(
√

2x − u)p(u)du, (10.9)

that is pn+1 = Tpn and pn = Tnp0. Note that if p is the density of a random
variable with zero expectation, then so is Tp. In other words,
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∫ ∞

−∞
x(Tp)(x)dx = 0 if

∫ ∞

−∞
xp(x)dx = 0. (10.10)

Indeed, if ζ ′ and ζ ′′ are independent identically distributed random variables
with zero mean and density p, then 1√

2
(ζ ′+ζ ′′) has zero mean and density Tp.

Similarly, for a density p such that
∫∞
−∞ xp(x)dx = 0, the operator T preserves

the variance, that is
∫ ∞

−∞
x2(Tp)(x)dx =

∫ ∞

−∞
x2p(x)dx. (10.11)

Let pG(x) = 1√
2π

e−
x2
2 be the density of the Gaussian distribution and µG the

Gaussian measure on the real line (the measure with the density pG). It is
easy to check that pG is a fixed point of T , that is pG = TpG. The fact that
the convergence Pn ⇒ µG holds for a wide class of initial densities is related
to the stability of this fixed point.

In the general theory of non-linear operators the investigation of the sta-
bility of a fixed point starts with an investigation of its stability with respect
to the linear approximation. In our case it is convenient to linearize not the
operator T itself, but a related operator, as explained below.

Let H = L2(R,B, µG) be the Hilbert space with the inner product

(f, g) =
1√
2π

∫ ∞

−∞
f(x)g(x) exp(−x2

2
)dx.

Let h be an element of H, that is a measurable function such that

||h||2 =
1√
2π

∫ ∞

−∞
h2(x) exp(−x2

2
)dx < ∞.

Assume that ||h|| is small. We perturb the Gaussian density as follows:

ph(x) = pG(x) +
h(x)√

2π
exp(−x2

2
) =

1√
2π

(1 + h(x)) exp(−x2

2
).

In order for ph to be a density of a probability measure, we need to assume
that ∫ ∞

−∞
h(x) exp(−x2

2
)dx = 0. (10.12)

Moreover, in order for ph to correspond to a random variable with zero ex-
pectation, we assume that

∫ ∞

−∞
xh(x) exp(−x2

2
)dx = 0. (10.13)

Let us define a non-linear operator L̃ by the implicit relation
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Tph(x) =
1√
2π

exp(−x2

2
)(1 + (L̃h)(x)). (10.14)

Thus,

Tnph(x) =
1√
2π

exp(−x2

2
)(1 + (L̃nh)(x)).

This formula shows that in order to study the behavior of Tnph(x) for large n,
it is sufficient to study the behavior of L̃nh for large n. We can write

Tph(x) =

1√
2π

∫ ∞

−∞
(1 + h(

√
2x − u)) exp(− (

√
2x − u)2

2
)(1 + h(u)) exp(−u2

2
)du

=
1√
2π

∫ ∞

−∞
exp(− (

√
2x − u)2

2
− u2

2
)du

+
1√
2π

∫ ∞

−∞
exp(− (

√
2x − u)2

2
− u2

2
)(h(

√
2x − u) + h(u))du + O(||h||2)

=
1√
2π

exp(−x2

2
) +

√
2

π

∫ ∞

−∞
exp(−x2 +

√
2xu − u2)h(u)du + O(||h||2)

=
1√
2π

exp(−x2

2
)(1 + (Lh)(x)) + O(||h||2),

where the linear operator L is given by the formula

(Lh)(x) =
2√
π

∫ ∞

−∞
exp(−x2

2
+
√

2xu − u2)h(u)du. (10.15)

It is referred to as the Gaussian integral operator. Comparing two expressions
for Tph(x), the one above and the one given by (10.14), we see that

L̃h = Lh + O(||h||2),

that is L is the linearization of L̃ at zero.
It is not difficult to show that (10.15) defines a bounded self-adjoint op-

erator on H. It has a complete set of eigenvectors, which are the Hermite
polynomials

hk(x) = exp(
x2

2
)(

d

dx
)k exp(−x2

2
), k ≥ 0.

The corresponding eigenvalues are λk = 21− k
2 , k ≥ 0. We see that λ0, λ1 > 1,

λ2 = 1, while 0 < λk ≤ 1/
√

2 for k ≥ 3. Let Hk, k ≥ 0, be one-dimensional
subspaces of H spanned by hk. By (10.12) and (10.13) the initial vector h is
orthogonal to H0 and H1, and thus h ∈ H � (H0 ⊕ H1).
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If h ⊥ H0, then L̃(h) ⊥ H0 follows from (10.14), since (10.12) holds and
ph is a density. Similarly, if h ⊥ H0 ⊕ H1, then L̃(h) ⊥ H0 ⊕ H1 follows from
(10.10) and (10.14). Thus the subspace H�(H0⊕H1) is invariant not only for
L, but also for L̃. Therefore we can restrict both operators to this subspace,
which can be further decomposed as follows:

H � (H0 ⊕ H1) = H2 ⊕ [H � (H0 ⊕ H1 ⊕ H2)].

Note that for an initial vector h ∈ H � (H0 ⊕ H1), by (10.11) the operator L̃
preserves its projection to H2, that is

∫ ∞

−∞
(x2 − 1)h(x) exp(−x2

2
) =

∫ ∞

−∞
(x2 − 1)(L̃h)(x) exp(−x2

2
).

Let U be a small neighborhood of zero in H, and Hh the set of vectors whose
projection to H2 is equal to the projection of h onto H2. Let Uh = U ∩Hh. It
is not difficult to show that one can choose U such that L̃ leaves Uh invariant
for all sufficiently small h. Note that L̃ is contracting on Uh for small h, since
L is contracting on H�(H0⊕H1⊕H2). Therefore it has a unique fixed point.
It is easy to verify that this fixed point is the function

fh(x) =
1

σ(ph)
exp(

x2

2
− x2

2σ2(ph)
) − 1,

where σ2(ph) is the variance of a random variable with density ph,

σ2(ph) =
1√
2π

∫ ∞

−∞
x2(1 + h(x)) exp(−x2

2
)dx.

Therefore, by the contracting mapping principle,

L̃nh → fh as n → ∞,

and consequently

Tnph(x) =
1√
2π

exp(−x2

2
)(1 + (L̃nh)(x)) →

1√
2π

exp(−x2

2
)(1 + fh(x)) =

1√
2πσ(ph)

exp(− x2

2σ2(ph)
).

We see that Tnph(x) converges in the space H to the density of the Gaussian
distribution with variance σ2(ph). This easily implies the convergence of dis-
tributions.

It is worth stressing again that the arguments presented in this section
were based on the assumption that h is small, thus allowing us to state the
convergence of the normalized sums ζn to the Gaussian distribution, provided
the distribution of ξi is a small perturbation of the Gaussian distribution. The
proof of the Central Limit Theorem in Section 10.1 went through regardless
of this assumption.
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10.4 Probabilities of Large Deviations

In the previous chapters we considered the probabilities

P(|
n∑

i=1

ξi −
n∑

i=1

mi| ≥ t)

with mi = Eξi for sequences of independent random variables ξ1, ξ2, ..., and
we estimated these probabilities using the Chebyshev Inequality

P(|
n∑

i=1

ξi −
n∑

i=1

mi| ≥ t) ≤
∑n

i=1 di

t2
, di = Var(ξi).

In particular, if the random variables ξi are identically distributed, then for
some constant c which does not depend on n, and with d = d1:

a) for t = c
√

n we have d
c2 on the right-hand side of the inequality;

b) for t = cn we have d
c2n on the right-hand side of the inequality.

We know from the Central Limit Theorem that in the case a) the corre-
sponding probability converges to a positive limit as n → ∞. This limit can
be calculated using the Gaussian distribution. This means that in the case
a) the order of magnitude of the estimate obtained from the Chebyshev In-
equality is correct. On the other hand, in the case b) the estimate given by
the Chebyshev Inequality is very crude. In this section we obtain more precise
estimates in the case b).

Let us consider a sequence of independent identically distributed random
variables. We denote their common distribution function by F . We make the
following assumption about F

R(λ) =
∫ ∞

−∞
eλxdF (x) < ∞ (10.16)

for all λ, −∞ < λ < ∞. This condition is automatically satisfied if all the ξi

are bounded. It is also satisfied if the probabilities of large values of ξi decay
faster than exponentially.

We now note several properties of the function R(λ). From the finiteness
of the integral in (10.16) for all λ, it follows that the derivatives

R′(λ) =
∫ ∞

−∞
xeλxdF (x), R′′(λ) =

∫ ∞

−∞
x2eλxdF (x)

exist for all λ. Let us consider m(λ) = R′(λ)
R(λ) . Then

m′(λ) =
R′′(λ)
R(λ)

− (
R′(λ)
R(λ)

)2 =
∫ ∞

−∞

x2

R(λ)
eλxdF (x) − (

∫ ∞

−∞

x

R(λ)
eλxdF (x))2.

We define a new distribution function Fλ(x) = 1
R(λ)

∫
(−∞,x]

eλtdF (t) for each
λ. Then m(λ) =

∫∞
−∞ xdFλ(x) is the expectation of a random variable with



144 10 Limit Theorems

this distribution, and m′(λ) is the variance. Therefore m′(λ) > 0 if F is a non-
trivial distribution, that is it is not concentrated at a point. We exclude the
latter case from further consideration. Since m′(λ) > 0, m(λ) is a monotoni-
cally increasing function.

We say that M+ is an upper limit in probability for a random variable ξ
if P(ξ > M+) = 0, and P(M+ − ε ≤ ξ ≤ M+) > 0 for every ε > 0. One can
define the lower limit in probability in the same way. If P(ξ > M) > 0 (P(ξ <
M) > 0) for any M , then M+ = ∞ (M− = −∞). In all the remaining cases
M+ and M− are finite. The notion of the upper (lower) limit in probability
can be recast in terms of the distribution function as follows:

M+ = sup{x : F (x) < 1}, M− = inf{x : F (x) > 0}.

Lemma 10.11. Under the assumption (10.16) on the distribution function,
the limits for m(λ) are as follows:

lim
λ→∞

m(λ) = M+, lim
λ→−∞

m(λ) = M−.

Proof. We shall only prove the first statement since the second one is proved
analogously. If M+ < ∞, then from the definition of Fλ

∫

(M+,∞)

dFλ(x) =
1

R(λ)

∫

(M+,∞)

eλxdF (x) = 0

for each λ. Note that
∫
(M+,∞)

dFλ(x) = 0 implies that

m(λ) =
∫

(−∞,M+]

xdFλ(x) ≤ M+,

and therefore limλ→∞ m(λ) ≤ M+. It remains to prove the opposite inequal-
ity.

Let M+ ≤ ∞. If M+ = 0, then m(λ) ≤ 0 for all λ. Therefore, we can
assume that M+ �= 0. Take M ∈ (0,M+) if M+ > 0 and M ∈ (−∞,M+) if
M+ < 0. Choose a finite segment [A,B] such that M < A < B ≤ M+ and∫
[A,B]

dF (x) > 0. Then
∫

(−∞,M ]

eλxdF (x) ≤ eλM ,

while ∫

(M,∞)

eλxdF (x) ≥ eλA

∫

[A,B]

dF (x),

which implies that
∫

(−∞,M ]

eλxdF (x) = o(
∫

(M,∞)

eλxdF (x)) as λ → ∞.
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Similarly, ∫

(−∞,M ]

xeλxdF (x) = O(eλM ),

while

|
∫

(M,∞)

xeλxdF (x)| = |
∫

(M,M+]

xeλxdF (x)| ≥ min(|A|, |B|)eλA

∫

[A,B]

dF (x),

which implies that
∫

(−∞,M ]

xeλxdF (x) = o(
∫

(M,∞)

xeλxdF (x)) as λ → ∞.

Therefore,

lim
λ→∞

m(λ) = lim
λ→∞

∫
(−∞,∞)

xeλxdF (x)
∫
(−∞,∞)

eλxdF (x)
= lim

λ→∞

∫
(M,∞)

xeλxdF (x)
∫
(M,∞)

eλxdF (x)
≥ M.

Since M can be taken to be arbitrary close to M+, we conclude that
limλ→∞ m(λ) = M+. �

We now return to considering the probabilities of the deviations of sums of
independent identically distributed random variables from the sums of their
expectations. Consider c such that m = Eξi < c < M+. We shall be interested
in the probability Pn,c = P(ξ1 + ... + ξn > cn). Since c > m, this is the
probability of the event that the sum of the random variables takes values
which are far away from the mathematical expectation of the sum. Such values
are called large deviations (from the expectation). We shall describe a method
for calculating the asymptotics of these probabilities which is usually called
Kramer’s method.

Let λ0 be such that m(λ0) = c. Such λ0 exists by Lemma 10.11 and is
unique since m(λ) is strictly monotonic. Note that m = m(0) < c. Therefore
λ0 > 0 by the monotonicity of m(λ).

Theorem 10.12. Pn,c ≤ Bn(R(λ0)e−λ0c)n, where limn→∞ Bn = 1
2 .

Proof. We have

Pn,c =
∫

...

∫

x1+...+xn>cn

dF (x1)...dF (xn)

≤ (R(λ0))ne−λ0cn

∫

...

∫

x1+...+xn>cn

eλ0(x1+...+xn)

(R(λ0))n
dF (x1)...dF (xn)

= (R(λ0)e−λ0c)n

∫

...

∫

x1+...+xn>cn

dFλ0(x1)...dFλ0(xn).
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To estimate the latter integral, we can consider independent identically dis-
tributed random variables ξ̃1, ..., ξ̃n with distribution Fλ0 . The expectation of
such random variables is equal to

∫
R

xdFλ0(x) = m(λ0) = c. Therefore
∫

...

∫

x1+...+xn>cn

dFλ0(x1)...dFλ0(xn) = P(ξ̃1 + ... + ξ̃n > cn)

= P(ξ̃1 + ... + ξ̃n − nm(λ0) > 0)

= P(
ξ̃1 + ... + ξ̃n − nm(λ0)√

nd(λ0)
> 0) → 1

2

as n → ∞. Here d(λ0) is the variance of the random variables ξ̃i, and the con-
vergence of the probability to 1

2 follows from the Central Limit Theorem. �

The lower estimate turns out to be somewhat less elegant.

Theorem 10.13. For any b > 0 there exists p(b, λ0) > 0 such that

Pn,c ≥ (R(λ0)e−λ0c)ne−λ0b
√

npn,

with limn→∞ pn = p(b, λ0) > 0.

Proof. As in Theorem 10.12,

Pn,c ≥
∫

...

∫

cn<x1+...+xn<cn+b
√

n

dF (x1)...dF (xn)

≥ (R(λ0))ne−λ0(cn+b
√

n)

∫

...

∫

cn<x1+...+xn<cn+b
√

n

dFλ0(x1)...dFλ0(xn).

The latter integral, as in the case of Theorem 10.12, converges to a positive
limit by the Central Limit Theorem. �

In Theorems 10.12 and 10.13 the number R(λ0)e−λ0c = r(λ0) is involved.
It is clear that r(0) = 1. Let us show that r(λ0) < 1. We have

ln r(λ0) = lnR(λ0) − λ0c = ln R(λ0) − ln R(0) − λ0c.

By Taylor’s formula,

ln R(λ0) − ln R(0) = λ0(ln R)′(λ0) −
λ2

0

2
(ln R)′′(λ1),

where λ1 is an intermediate point between 0 and λ0. Furthermore,

(ln R)′(λ0) =
R′(λ0)
R(λ0)

= m(λ0) = c, and (ln R)′′(λ1) > 0,

since it is the variance of the distribution Fλ1 . Thus

ln r(λ0) = −λ2
0

2
(ln R)′′(λ1) < 0.

From Theorems 10.12 and 10.13 we obtain the following corollary.
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Corollary 10.14.

lim
n→∞

1
n

ln Pn,c = ln r(λ0) < 0.

Proof. Indeed, let b = 1 in Theorem 10.13. Then

ln r(λ0) −
λ0√
n
− ln pn

n
≤ ln Pn,c

n
≤ ln r(λ0) +

1
n

ln Bn.

We complete the proof by taking the limit as n → ∞. �

This corollary shows that the probabilities Pn,c decay exponentially in n.
In other words, they decay much faster than suggested by the Chebyshev
Inequality.

10.5 Other Limit Theorems

The Central Limit Theorem applies to sums of independent identically dis-
tributed random variables when the variances of these variables are finite.
When the variances are infinite, different Limit Theorems may apply, giving
different limiting distributions.

As an example, we consider a sequence of independent identically distrib-
uted random variables ξ1, ξ2, ..., whose distribution is given by a symmetric
density p(x), p(x) = p(−x), such that

p(x) ∼ c

|x|α+1
as |x| → ∞, (10.17)

where 0 < α < 2 and c is a constant. The condition of symmetry is imposed
for the sake of simplicity. Consider the normalized sum

ηn =
ξ1 + ... + ξn

n
1
α

.

Theorem 10.15. As n → ∞, the distributions of ηn converge weakly to a
limiting distribution whose characteristic function is ψ(λ) = e−c1|λ|α , where
c1 is a function of c.

Remark 10.16. For α = 2, the convergence to the Gaussian distribution is also
true, but the normalization of the sum is different:

ηn =
ξ1 + ... + ξn

n
1
2 ln n

.

Remark 10.17. For α = 1 we have the convergence to the Cauchy distribution.

In order to prove Theorem 10.15, we shall need the following lemma.
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Lemma 10.18. Let ϕ(λ) be the characteristic function of the random vari-
ables ξ1, ξ2, .... Then,

ϕ(λ) = 1 − c1|λ|α + o(|λ|α) as λ → 0.

Remark 10.19. This is a particular case of the so-called Tauberian Theorems,
which relate the behavior of a distribution at infinity to the behavior of the
characteristic function near λ = 0.

Proof. Take a constant M large enough, so that the density p(x) can be
represented as p(x) = c(1+g(x))

|x|α+1 for |x| ≥ M , where g(x) is a bounded function,
g(x) → 0 as |x| → ∞. For simplicity of notation, assume that λ → 0+. For
λ < 1/M we break the integral defining ϕ(λ) into five parts:

ϕ(λ) =
∫ − 1

λ

−∞
p(x)eiλxdx +

∫ −M

− 1
λ

p(x)eiλxdx +
∫ M

−M

p(x)eiλxdx

+
∫ 1

λ

M

p(x)eiλxdx +
∫ ∞

1
λ

p(x)eiλxdx

= I1(λ) + I2(λ) + I3(λ) + I4(λ) + I5(λ).

The integral I3(λ) is a holomorphic function of λ equal to
∫ M

−M
p(x)dx at

λ = 0. The derivative I ′3(0) is equal to
∫ M

−M
p(x)ixdx = 0, since p(x) is an

even function. Therefore, for any fixed M

I3(λ) =
∫ M

−M

p(x)dx + O(λ2) as λ → 0.

Using a change of variables and the Dominated Convergence Theorem, we
obtain

I1(λ) =
∫ − 1

λ

−∞
p(x)eiλxdx =

∫ − 1
λ

−∞

c(1 + g(x))
|x|α+1

eiλxdx

= cλα

∫ −1

−∞

(1 + g( y
λ ))

|y|α+1
eiydy ∼ cλα

∫ −1

−∞

eiy

|y|α+1
dy.

Similarly,

I5(λ) ∼ cλα

∫ ∞

1

eiy

|y|α+1
dy.

Next, since p(x) is an even function,

I2(λ) + I4(λ) =
∫ −M

− 1
λ

p(x)(eiλx − 1 − iλx)dx +
∫ 1

λ

M

p(x)(eiλx − 1 − iλx)dx
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+
∫ −M

− 1
λ

p(x)dx +
∫ 1

λ

M

p(x)dx. (10.18)

The third term on the right-hand side is equal to

∫ −M

− 1
λ

p(x)dx =
∫ −M

−∞
p(x)dx −

∫ − 1
λ

−∞

c(1 + g(x))
|x|α+1

dx

=
∫ −M

−∞
p(x)dx + c0λ

α + o(λα) ,

where c0 is some constant. Similarly,

∫ 1
λ

M

p(x)dx =
∫ ∞

M

p(x)dx + c0λ
α + o(λα).

The first two terms on the right-hand side of (10.18) can be treated with the
help of the same change of variables that was used to find the asymptotics of
I1(λ). Therefore, taking into account the asymptotic behavior of each term,
we obtain

I1(λ) + I2(λ) + I3(λ) + I4(λ) + I5(λ)

=
∫ ∞

−∞
p(x)dx − c1λ

α + o(λα) = 1 − c1λ
α + o(λα),

where c1 is another constant. �

Proof of Theorem 10.15. The characteristic function of ηn has the form

ϕηn
(λ) = Ee

iλ
ξ1+...+ξn

n1/α = (ϕ(
λ

n1/α
))n.

In our case, λ is fixed and n → ∞. Therefore we can use Lemma 10.18 to
conclude

(ϕ(
λ

n1/α
))n = (1 − c1|λ|α

n
+ o(

1
n

))n → e−c1|λ|α .

By remark 9.11, the function e−c1|λ|α is a characteristic function of some dis-
tribution. �

Consider a sequence of independent identically distributed random vari-
ables ξ1, ξ2, ... with zero expectation. While both Theorem 10.15 and the Cen-
tral Limit Theorem state that the normalized sums of the random variables
converge weakly, there is a crucial difference in the mechanisms of convergence.
Let us show that, in the case of the Central Limit Theorem, the contribution
of each individual term to the sum is negligible. This is not so in the situation
described by Theorem 10.15. For random variables with distributions of the
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form (10.17), the largest term of the sum is commensurate with the entire
sum.

First consider the situation described by the Central Limit Theorem. Let
F (x) be the distribution function of each of the random variables ξ1, ξ2, ...,
which have finite variance. Then, for each a > 0, we have

nP(|ξ1| ≥ a
√

n) = n

∫

|x|≥a
√

n

dF (x) ≤ 1
a2

∫

|x|≥a
√

n

x2dF (x).

The last integral converges to zero as n → ∞ since
∫

R
x2dF (x) is finite.

The Central Limit Theorem states that the sum ξ1 + ... + ξn is of order√
n for large n. We can estimate the probability that the largest term in the

sum is greater than a
√

n for a > 0. Due to the independence of the random
variables,

P( max
1≤i≤n

|ξi| ≥ a
√

n) ≤ nP(|ξ1| ≥ a
√

n) → 0 as n → ∞.

Let us now assume that the distribution of each random variable is given
by a symmetric density p(x) for which (10.17) holds. Theorem 10.15 states
that the sum ξ1 + ...+ ξn is of order n

1
α for large n. For a > 0 we can estimate

from below the probability that the largest term in the sum is greater than
an

1
α . Namely,

P( max
1≤i≤n

|ξi| ≥ an
1
α ) = 1 − P( max

1≤i≤n
|ξi| < an

1
α ) = 1 − (P(|ξ1| < an

1
α ))n

= 1 − (1 − P(|ξ1| ≥ an
1
α ))n.

By (10.17),

P(|ξ1| ≥ an
1
α ) ∼

∫

|x|≥an
1
α

c

|x|α+1
dx =

2c

αaαn
.

Therefore,

lim
n→∞

P( max
1≤i≤n

|ξi| ≥ an
1
α ) = lim

n→∞
(1 − (1 − 2c

αaαn
)n) = 1 − exp(− 2c

αaα
) > 0.

This justifies our remarks on the mechanism of convergence of sums of random
variables with densities satisfying (10.17).

Consider an arbitrary sequence of independent identically distributed ran-
dom variables ξ1, ξ2, .... Assume that for some An, Bn the distributions of the
normalized sums

ξ1 + ... + ξn − An

Bn
(10.19)

converge weakly to a non-trivial limit.

Definition 10.20. A distribution which can appear as a limit of normalized
sums (10.19) for some sequence of independent identically distributed random
variables ξ1, ξ2, ... and some sequences An, Bn is called a stable distribution.
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There is a general formula for characteristic functions of stable distribu-
tions. It is possible to show that the sequences An, Bn cannot be arbitrary.
They are always products of power functions and the so-called “slowly chang-
ing” functions, for which a typical example is any power of the logarithm.

Finally, we consider a Limit Theorem for a particular problem in one-
dimensional random walks. It provides another example of a proof of a Limit
Theorem with the help of characteristic functions. Let ξ1, ξ2, ... be the consec-
utive moments of return of a simple symmetric one-dimensional random walk
to the origin. In this case ξ1, ξ2 − ξ1, ξ3 − ξ2, ... are independent identically
distributed random variables. We shall prove that the distributions of ξn/n2

converge weakly to a non-trivial distribution.
Let us examine the characteristic function of the random variable ξ1. Recall

that in Section 6.2 we showed that the generating function of ξ1 is equal to

F (z) = Ezξ1 = 1 −
√

1 − z2.

This formula holds for |z| < 1, and can be extended by continuity to the unit
circle |z| = 1. Here, the branch of the square root with the non-negative real
part is selected. Now

ϕ(λ) = Eeiλξ1 = E(eiλ)ξ1 = 1 −
√

1 − e2iλ.

Since ξn is a sum of independent identically distributed random variables, the
characteristic function of ξn

n2 is equal to

(ϕ(
λ

n2
))n = (1 −

√

1 − e
2iλ
n2 )n = (1 −

√
−2iλ

n
+ o(

1
n

))n ∼ e
√
−2iλ.

By Remark 9.11, this implies that the distribution of ξn

n2 converges weakly to
the distribution with the characteristic function e

√
−2iλ.

10.6 Problems

1. Prove the following Central Limit Theorem for independent identically
distributed random vectors. Let ξ1 = (ξ(1)

1 , ..., ξ
(k)
1 ), ξ2 = (ξ(1)

2 , ..., ξ
(k)
2 ), ... be

a sequence of independent identically distributed random vectors in R
k. Let

m and D be the expectation and the covariance matrix, respectively, of the
random vector ξ1. That is,

m = (m1, ...,mk), mi = Eξ
(i)
1 , and D = (dij)1≤i,j≤k, dij = Cov(ξ(i)

1 , ξ
(j)
1 ).

Assume that |dij | < ∞ for all i, j. Prove that the distributions of

(ξ1 + .. + ξn − nm)/
√

n
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converge weakly to N(0,D) distribution as n → ∞.

2. Two people are playing a series of games against each other. In each game
each player either wins a certain amount of money or loses the same amount
of money, both with probability 1/2. With each new game the stake increases
by a dollar. Let Sn denote the change of the fortune of the first player by the
end of the first n games.

(a) Find a function f(n) such that the random variables Sn/f(n) converge
in distribution to some limit which is not a distribution concentrated at zero
and identify the limiting distribution.

(b) If Rn denotes the change of the fortune of the second player by the end
of the first n games, what is the limit, in distribution, of the random vectors
(Sn/f(n), Rn/f(n))?

3. Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables with Eξ1 = 0 and 0 < σ2 = Var(ξ1) < ∞. Prove that the distrib-
utions of (

∑n
i=1 ξi)/(

∑n
i=1 ξ2

i )1/2 converge weakly to N(0, 1) distribution as
n → ∞.

4. Let ξ1, ξ2, ... be independent identically distributed random variables such
that P(ξn = −1) = P(ξn = 1) = 1/2. Let ζn =

∑n
i=1 ξi. Prove that

lim
n→∞

P(ζn = k2 for some k ∈ N) = 0.

5. Let ω = (ω0, ω1, ...) be a trajectory of a simple symmetric random walk
on Z

3. Prove that for any ε > 0

P( lim
n→∞

(nε− 1
6 ||ωn||) = ∞) = 1.

6. Let ξ1, ξ2, ... be independent identically distributed random variables such
that P(ξn = −1) = P(ξn = 1) = 1/2. Let ζn =

∑n
i=1 ξi. Find the limit

lim
n→∞

ln P((ζn/n) > ε)
n

.

7. Let ξ1, ξ2, ... be independent identically distributed random variables with
the Cauchy distribution. Prove that

lim inf
n→∞

P(max(ξ1, ..., ξn) > xn) ≥ exp(−πx).

for any x ≥ 0.

8. Let ξ1, ξ2, ... be independent identically distributed random variables with
the uniform distribution on the interval [−1/2, 1/2]. What is the limit (in
distribution) of the sequence
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ζn = (
n∑

i=1

1/ξi)/n.

9. Let ξ1, ξ2, ... be independent random variables with uniform distribution
on [0, 1]. Given α ∈ R, find an and bn such that the sequence

(
n∑

i=1

iαξi − an)/bn

converges in distribution to a limit which is different from zero.

10. Let ξ1, ξ2, ... be independent random variables with uniform distribution
on [0,1]. Show that for any continuous function f(x, y, z) on [0, 1]3

1√
n

(
n∑

j=1

f(ξj , ξj+1, ξj+2) − n

∫ 1

0

∫ 1

0

∫ 1

0

f(x, y, z)dxdydz)

converges in distribution.
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Several Interesting Problems1

In this chapter we describe three applications of probability theory. The ex-
position is more difficult and more concise than in previous chapters.

11.1 Wigner Semicircle Law for Symmetric
Random Matrices

There are many mathematical problems which are related to eigenvalues of
large matrices. When the matrix elements are random, the eigenvalues are also
random. Let A be a real n×n symmetric matrix with eigenvalues λ

(n)
1 , ..., λ

(n)
n .

Since the matrix is symmetric, all the eigenvalues are real. We can consider
the discrete measure µn (we shall call it the eigenvalue measure) which assigns
the weight 1

n to each of the eigenvalues, that is for any Borel set B ∈ B(R),
the measure µn is defined by

µn(B) =
1
n

�{1 ≤ i ≤ n : λ
(n)
i ∈ B}.

In this section we shall study the asymptotic behavior of the measures µn or,
more precisely, their moments, as the size n of the matrix goes to infinity. The
following informal discussion serves to justify our interest in this problem.

If, for a sequence of measures ηn, all their moments converge to the cor-
responding moments of some measure η, then (under certain additional con-
ditions on the growth rate of the moments of the measures ηn) the measures
themselves converge weakly to η. In our case, the k-th moment of the eigen-
value measure Mn

k =
∫∞
−∞ λkdµn(λ) is a random variable. We shall demon-

strate that for a certain class of random matrices, the moments Mn
k converge

in probability to the k-th moment of the measure whose density is given by
the semicircle law
1 This chapter can be omitted during the first reading
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p(λ) =
{

2
π

√
1 − λ2 if −1 ≤ λ ≤ 1,

0 otherwise.

Thus the eigenvalue measures converge, in a certain sense, to a non-random
measure on the real line with the density given by the semicircle law. This is
a part of the statement proved by E. Wigner in 1951.

Let us introduce the appropriate notations. Let ξn
ij , 1 ≤ i, j ≤ n,

n = 1, 2, ..., be a collection of identically distributed random variables (with
distributions independent of i, j, and n) such that:

1. For each n the random variables ξn
ij , 1 ≤ i ≤ j ≤ n, are independent.

2. The matrix (An)ij = 1
2
√

n
(ξn

ij) is symmetric, that is ξn
ij = ξn

ji.
3. The random variables ξn

ij have symmetric distributions, that is for any
Borel set B ∈ B(R) we have P(ξn

ij ∈ B) = P(ξn
ij ∈ −B).

4. All the moments of ξn
ij are finite, that is E(ξn

ij)
k < ∞ for all k ≥ 1, while

the variance is equals one, Var(ξn
ij) = 1.

Let mk = 2
π

∫ 1

−1
λk

√
1 − λ2dλ be the moments of the measure with the density

given by the semicircle law. In this section we prove the following.

Theorem 11.1. Let ξn
ij, 1 ≤ i, j ≤ n, n = 1, 2, ..., be a collection of identically

distributed random variables for which the conditions 1-4 above are satisfied.
Let Mn

k be the k-th moment of the eigenvalue measure µn for the matrix An,
that is

Mn
k =

1
n

n∑

i=1

(λ(n)
i )k.

Then
lim

n→∞
EMn

k = mk

and
lim

n→∞
Var(Mn

k ) = 0.

Proof. We shall prove the first statement by reducing it to a combinatorial
problem. The second one can be proved similarly and we shall not discuss it
in detail.

Our first observation is

Mn
k =

1
n

n∑

i=1

(λ(n)
i )k =

1
n

Tr((An)k), (11.1)

where λ
(n)
i are the eigenvalues of the matrix An, and Tr((An)k) is the trace

of its k-th power. Thus we need to analyze the quantity

EMn
k =

1
n

ETr((An)k) =
1
n

(
1

2
√

n
)kE(

n∑

i1,...,ik=1

ξn
i1i2ξ

n
i2i3 ...ξ

n
iki1).
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Recall that ξn
ij = ξn

ji, and that the random variables ξn
ij , 1 ≤ i ≤ j ≤ n,

are independent for each n. Therefore each of the terms Eξn
i1i2

ξn
i2i3

...ξn
iki1

is
equal to the product of factors of the form E(ξn

ij)
p(i,j), where 1 ≤ i ≤ j ≤ n,

1 ≤ p(i, j) ≤ k, and
∑

p(i, j) = k. If k is odd, then at least one of the factors
is the expectation of an odd power of ξn

ij , which is equal to zero, since the
distributions of ξn

ij are symmetric. Thus EMn
k = 0 if k is odd. The fact that

mk = 0 if k is odd is obvious.
Let k = 2r be even. Then

EMn
2r =

1
22rnr+1

E(
n∑

i1,...,i2r=1

ξn
i1i2ξ

n
i2i3 ...ξ

n
i2ri1).

Observe that we can identify an expression of the form ξn
i1i2

ξn
i2i3

...ξn
i2ri1

with a
closed path of length 2r on the set of n points {1, 2, ..., n}, which starts at i1,
next goes to i2, etc., and finishes at i1. The transitions from a point to itself
are allowed, for example if i1 = i2.

We shall say that a path (i1, ..., i2r, i2r+1) goes through a pair (i, j), if for
some s either is = i and is+1 = j, or is = j and is+1 = i. Here 1 ≤ i ≤ j ≤ n,
and 1 ≤ s ≤ 2r. Note that i and j are not required to be distinct.

As in the case of odd k, the expectation Eξn
i1i2

ξn
i2i3

...ξn
i2ri1

is equal to zero,
unless the path passes through each pair (i, j), 1 ≤ i ≤ j ≤ n, an even number
of times. Otherwise the expectation Eξn

i1i2
ξn
i2i3

...ξn
i2ri1

would contain a factor
E(ξn

ij)
p(i,j) with an odd p(i, j).

There are four different types of closed paths of length 2r which pass
through each pair (i, j), 1 ≤ i ≤ j ≤ n, an even number of times:

1. A path contains an elementary loop (is = is+1 for some s).
2. A path does not contain elementary loops, but passes through some pair

(i, j) at least four times.
3. A path does not contain elementary loops, nor passes through any pair

more than two times, but forms at least one loop. That is the sequence
(i1, ..., i2r) contains a subsequence (is1 , is2 , ..., isq

, is1) made out of consec-
utive elements of the original sequence, where q > 2, and all the elements
of the subsequence other than the first and the last one are different.

4. A path spans a tree with r edges, and every edge is passed twice.

Note that any closed path of length 2r of types 1, 2 or 3 passes through at
most r points. This is easily seen by induction on r, once we recall that the
path passes through each pair an even number of times.

The total number of ways to select q ≤ r points out of a set of n points is
bounded by nq. With q points fixed, there are at most cq,r ways to select a path
of length 2r on the set of these q points, where cq,r is some constant. Therefore,
the number of paths of types 1, 2 and 3 is bounded by

∑r
q=1 cq,rn

q ≤ Crn
r,

where Cr is some constant.
Since we assumed that all the moments of the random variables ξn

ij are
finite, and r is fixed, the expressions Eξn

i1i2
ξn
i2i3

...ξn
i2ri1

are bounded uniformly
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in n,
|Eξn

i1i2ξ
n
i2i3 ...ξ

n
i2ri1 | < kr.

Therefore, the contribution to EMn
2r from all the paths of types 1, 2 and

3 is bounded from above by 1
22rnr+1 Crn

rkr, which tends to zero as n → ∞.
For a path which has the property that for each pair it either passes

through the pair twice or does not pass through it at all, the expression
Eξn

i1i2
ξn
i2i3

...ξn
i2ri1

is equal to a product of r expressions of the form E(ξn
ij)

2.
Since the expectation of each of the variables ξn

ij is zero and the variance
is equal to one, we obtain Eξn

i1i2
ξn
i2i3

...ξn
i2ri1

= 1. It remains to estimate the
number of paths of length 2r which span a tree whose every edge is passed
twice. We shall call them eligible paths.

With each eligible path we can associate a trajectory of one-dimensional
simple symmetric random walk ω = (ω0, ..., ω2r), where ω0 = ω2r = 0, and ωi

is the number of edges that the path went through only once during the first
i steps. The trajectory ω has the property that ωi ≥ 0 for all 0 ≤ i ≤ 2r. Note
that if the trajectory (ω0, ..., ω2r) is fixed, there are exactly n(n− 1)...(n− r)
corresponding eligible paths. Indeed, the starting point for the path can be
selected in n different ways. The first step can be taken to any of the n − 1
remaining points, the next time when the path does not need to retract along
its route (that is ωi > ωi−1) there will be n − 2 points where the path can
jump, etc.

We now need to calculate the number of trajectories (ω0, ..., ω2r) for which
ω0 = ω2r = 0 and ωi ≥ 0 for all 0 ≤ i ≤ 2r. The proof of Lemma 6.7 contains
an argument based on the Reflection Principle which shows that the number
of such trajectories is (2r)!

r!(r+1)! . Thus, there are n!(2r)!
(n−r−1)!r!(r+1)! eligible paths

of length 2r. We conclude that

lim
n→∞

EMn
2r = lim

n→∞

1
22rnr+1

n!(2r)!
(n − r − 1)!r!(r + 1)!

=
(2r)!

22rr!(r + 1)!
. (11.2)

The integral defining m2r can be calculated explicitly, and the value of m2r

is seen to be equal to the right-hand side of (11.2). This completes the proof
of the theorem. �

Remark 11.2. The Chebyshev Inequality implies that for any ε > 0

P(|Mn
k − EMn

k | ≥ ε) ≤ (Var(Mn
k )/ε2) → 0 as n → ∞.

Since EMn
k → mk as n → ∞, this implies that

lim
n→∞

Mn
k = mk in probability

for any k ≥ 1.
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11.2 Products of Random Matrices

In this section we consider the limiting behavior of products of random ma-
trices g ∈ SL(2, R), where SL(2, R) is the group of two-dimensional matrices

with determinant 1. Each matrix g =
(

a b
c d

)

satisfies the relation ad− bc = 1

and therefore SL(2, R) can be considered as a three-dimensional submanifold
in R

4. Assume that a probability distribution on SL(2, R) is given. We define

g(n) = g(n)g(n − 1)...g(2)g(1),

where g(k) are independent elements of SL(2, R) with distribution P. Denote
the distribution of g(n) by P(n). We shall discuss statements of the type of the
Law of Large Numbers and the Central Limit Theorem for the distribution
P(n). We shall see that for the products of random matrices, the corresponding
statements differ from the statements for sums of independent identically
distributed random variables.

A detailed treatment would require some notions from hyperbolic geome-
try, which would be too specific for this book. We shall use a more elementary
approach and obtain the main conclusions from the “first order approxima-
tion”. We assume that P has a density (in natural coordinates) which is a
continuous function with compact support.

The subgroup O of orthogonal matrices

o = o(ϕ) =
(

cos ϕ sin ϕ
− sin ϕ cos ϕ

)

, 0 ≤ ϕ < 2π,

will play a special role. It is clear that

o(ϕ1)o(ϕ2) = o((ϕ1 + ϕ2) (mod 2π)).

Lemma 11.3. Each matrix g ∈ SL(2, R) can be represented as g =

o(ϕ)d(λ)o(ψ), where o(ϕ), o(ψ) ∈ O and d(λ) =
(

λ 0
0 λ−1

)

is a diagonal ma-

trix for which λ ≥ 1. Such a representation is unique if λ �= 1.

Proof. If ϕ and ψ are the needed values of the parameters, then o(−ϕ)go(−ψ)
is a diagonal matrix. Since

o(−ϕ)go(−ψ) =
(

cos ϕ − sin ϕ
sin ϕ cos ϕ

)(
a b
c d

)(
cos ψ − sin ψ
sin ψ cos ψ

)

, (11.3)

we have the equations

a tan ϕ + b tan ϕ tan ψ + c + d tan ψ = 0, (11.4)

a tan ψ − b − c tan ϕ tan ψ + d tan ϕ = 0. (11.5)
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Multiplying (11.4) by c, (11.5) by b, and summing up the results, we obtain
the following expression for tanϕ:

tan ϕ = −ab + cd

ac + bd
tan ψ +

b2 − c2

ac + bd
.

The substitution of this expression into (11.4) gives us a quadratic equation
for tan ψ. It is easy to check that it always has two solutions, one of which
corresponds to λ ≥ 1. �

We can now write

g(n) = o(ϕ(n))d(λ(n))o(ψ(n)).

We shall derive, in some approximation, the recurrent relations for ϕ(n), ψ(n),
and λ(n), which will imply that ψ(n) converges with probability one to a
random limit, ϕ(n) is a Markov chain with compact state space, and ln λ(n)

n
converges with probability one to a non-random positive limit a such that the
distribution of ln λ(n)−na√

n
converges to a Gaussian distribution. We have

g(n + 1) = o(ϕ(n + 1))d(λ(n + 1))o(ψ(n + 1))

and
g(n+1) = g(n + 1)g(n)

= o(ϕ(n + 1))d(λ(n + 1))o(ψ(n + 1))o(ϕ(n))d(λ(n))o(ψ(n))

= o(ϕ(n + 1))d(λ(n + 1))o(ϕ(n))d(λ(n))o(ψ(n)),

where o(ϕ(n)) = o(ψ(n + 1))o(ϕ(n)), ϕ(n) = ψ(n + 1) + ϕ(n)(mod 2π). Note
that {ϕ(n + 1), ψ(n + 1), λ(n + 1)} for different n are independent identically
distributed random variables whose joint probability distribution has a density
with compact support. By Lemma 11.3, we can write

d(λ(n + 1))o(ϕ(n))d(λ(n)) = o(ϕ(n))d(λ(n+1))o(ψ
(n)

).

This shows that

ϕ(n+1) = ϕ(n + 1) + ϕ
(n) (mod 2π), ψ(n+1) = ψ(n + 1) + ψ

(n)
(mod 2π).

Our next step is to derive more explicit expressions for o(ϕ(n)), d(λ(n+1)), and

o(ψ
(n)

). We have
d(λ(n))o(ϕ(n))d(λ(n))

=
(

λ(n) 0
0 λ−1(n)

)(
cos ϕ(n) sin ϕ(n)

− sin ϕ(n) cos ϕ(n)

)(
λ(n) 0
0 (λ(n))−1

)

(11.6)
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=
(

λ(n)λ(n) cos ϕ(n) λ(n)(λ(n))−1 sin ϕ(n)

−λ−1(n)λ(n) sin ϕ(n) λ−1(n)(λ(n))−1 cos ϕ(n)

)

.

As was previously mentioned, all λ(n) are bounded from above. Therefore,
all λ−1(n) are bounded from below. Assume now that λ(n) >> 1. Then from
(11.4), and with a, b, c, d taken from (11.3)

tan ϕ
(n) = − c

a
+ O(

1
λ(n)

) = λ−2(n) tan ϕ(n) + O(
1

λ(n)
),

where tan ϕ = O(1), tan ψ = O(1). Therefore, in the main order of magnitude

ϕ(n+1) = ϕ(n + 1) + ϕ
(n) = ϕ(n + 1) + f(g(n+1), ϕ(n)),

which shows that, with the same precision, {ϕ(n)} is a Markov chain with
compact state space. Since the transition probabilities have densities, this
Markov chain has a stationary distribution. From (11.5)

tan ψ
(n)

(1 − c

a
tan ϕ

(n)) =
b

a
− d

a
tan ϕ

(n)

or

tan ψ
(n)

(1 +
c2

a2
+ O((λ(n))−1)) =

b

a
+

dc

a2
+ O((λ(n))−2),

which shows that tan ψ
(n)

= O((λ(n))−1), that is ψ
(n)

= O((λ(n))−1). There-

fore ψ(n+1) = ψ(n) + ψ
(n)

, and the limit limn→∞ ψ(n) exists with probability
one, since we will show that λ(n) grows exponentially with probability one.

From (11.3) and (11.6) it follows easily that λ(n+1) = λ(n)λ(n)(1 +
O((λ(n))−1)). Since λ(n) > 1 and λ(n) are independent random variables,
λ(n) grow exponentially with n. As previously mentioned, we do not provide
accurate estimates of all the remainders.

11.3 Statistics of Convex Polygons

In this section we consider a combinatorial problem with an unusual space
Ω and a quite unexpected “Law of Large Numbers”. The problem was first
studied in the works of A. Vershik and I. Baranyi.

For each n ≥ 1, introduce the space Ωn(1, 1) of convex polygons ω which go
out from (0, 0), end up at (1, 1), are contained inside the unit square {(x1, x2) :
0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1} and have the vertices of the form (n1

n , n2
n ). Here n1

and n2 are integers such that 0 ≤ ni ≤ n, i = 1, 2. The vertices belong to
the lattice 1

nZ
2. The space Ωn(1, 1) is finite and we can consider the uniform

probability distribution Pn on Ωn(1, 1), for which

Pn(ω) =
1

|Ωn(1, 1)| ,
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ω ∈ Ωn(1, 1). Let L be the curve on the (x1, x2)-plane given by the equation

L = {(x1, x2) : (x1 + x2)2 = 4x2}.

Clearly, L is invariant under the map

(x1, x2) �→ (1 − x2, 1 − x1).

For ε > 0 let Uε be the ε-neighborhood around L. The main result of this
section is the following theorem.

Theorem 11.4. For each ε > 0,

Pn {ω ∈ Uε } → 1

as n → ∞.

In other words, the majority (in the sense of probability distribution Pn)
of convex polygons ω ∈ Ωn(1, 1) is concentrated in a small neighborhood Uε.
We shall provide only a sketch of the proof.

Proof. We enlarge the space Ωn(1, 1) by introducing a countable space Ωn

of all convex polygons ω which go out from (0, 0) and belong to the half-
plane x2 ≥ 0. Now it is not necessary for polygons to end up at (1, 1), but
the number of vertices must be finite, and the vertices must be of the form
(n1

n , n2
n ).

Let M be the set of pairs of mutually coprime positive integers m =
(m1,m2). It is convenient to include the pairs (1, 0) and (0, 1) in M . Set
τ(m) = m2

m1
so that τ(1, 0) = 0 and τ(0, 1) = ∞. If m �= m′, then τ(m) �=

τ(m′).

Lemma 11.5. The space Ωn can be represented as the space C0(M) of non-
negative integer-valued functions defined on M which are different from zero
only on a finite non-empty subset of M .

Proof. For any ν ∈ C0(M) take m(j) = (m(j)
1 ,m

(j)
2 ) with ν(m(j)) > 0. Choose

the ordering so that τ(m(j)) > τ(m(j+1)). Thus the polygon ω whose consec-
utive sides are made of the vectors 1

nν(m(j))m(j) is convex. The converse can
be proved in the same way. �

It is clear that the coordinates of the last point of ω are

x1 =
1
n

∑

j

ν(m(j))m(j)
1 =

1
n

∑

m∈M

ν(m)m1,

x2 =
1
n

∑

j

ν(m(j))m(j)
2 =

1
n

∑

m∈M

ν(m)m2.
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Denote by Ωn(x1, x2) the set of ω ∈ Ωn with given (x1, x2) and Nn(x1, x2) =
|Ωn(x1, x2)|.

We shall need a probability distribution Qn on Ωn for which

qn(ω) =
∏

m=(m1,m2)∈M

(zm1
1 zm2

2 )ν(m)(1 − zm1
1 zm2

2 ),

where ν(m) ∈ C0(M) is the function corresponding to the polygon ω. Here 0 <
zi < 1, i = 1, 2, are parameters which can depend on n and will be chosen later.
It is clear that, with respect to Qn, each ν(m) has the exponential distribution
with parameter zm1

1 zm2
2 , and the random variables ν(m) are independent. We

can write
Qn(Ωn(x1, x2)) =

∑

ω∈Ωn(x1,x2)

q(ω)

= znx1
1 znx2

2 Nn(x1, x2)
∏

(m1,m2)∈M

(1 − zm1
1 zm2

2 ). (11.7)

Theorem 11.6.

ln Nn(1, 1) = n
2
3

[

3
(

ζ(3)
ζ(2)

) 1
3

+ o(1)

]

as n → ∞. Here ζ(r) is the Riemann zeta-function, ζ(r) =
∑

k≥1
1
kr .

Proof. By (11.7), for any 0 < z1, z2 < 1,

Nn(1, 1) = z−n
1 z−n

2

∏

m=(m1,m2)∈M

(1 − zm1
1 zm2

2 )−1Qn(Ωn(1, 1)). (11.8)

The main step in the proof is the choice of z1, z2, so that

Ez1,z2

(
1
n

∑

m∈M

ν(m)m1

)

= Ez1,z2

(
1
n

∑

m∈M

ν(m)m2

)

= 1. (11.9)

The expectations with respect to the exponential distribution can be writ-
ten explicitly:

Ez1,z2ν(m) =
zm1
1 zm2

2

1 − zm1
1 zm2

2

.

Therefore (11.9) takes the form

Ez1,z2

(
1
n

∑

m∈M

ν(m)m1

)

=
∑

m∈M

m1z
m1
1 zm2

2

n(1 − zm1
1 zm2

2 )
= 1, (11.10)

Ez1,z2

(
1
n

∑

m∈M

ν(m)m2

)

=
∑

m∈M

m2z
m1
1 zm2

2

n(1 − zm1
1 zm2

2 )
= 1. (11.11)
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The expressions (11.10) and (11.11) can be considered as equations for
z1 = z1(n), z2 = z2(n).

We shall look for the solutions z1, z2 in the form z1 = 1− α1
n1/3 , z2 = 1− α2

n1/3 ,
where α1 and α2 vary within fixed boundaries, 0 <const≤ α1, α2 ≤ const. The
fact that such solutions exist needs a separate justification, which we do not
provide. For z1 and z2 as above, we have

zn
1 =

(
1 − α1

n1/3

)n

= exp{−α1 n2/3 (1 + o1(1))},

zn
2 =

(
1 − α2

n1/3

)n

= exp{−α2 n2/3 (1 + o2(1))},

where o1(1) and o2(1) tend to zero as n → ∞ uniformly over all considered
values of α1, α2.

Set mi = n1/3ti, for i = 1, 2. Then ti belongs to the lattice 1
n1/3 Z, i = 1, 2,

and it should not be forgotten that m1,m2 are coprime. Thus,

∏

m∈M

(1−zm1
1 zm2

2 ) = exp

⎧
⎨

⎩

∑

(t1,t2)

ln
(

1 −
(
1 − α1

n1/3

)t1n1/3 (
1 − α2

n1/3

)t2n1/3)
⎫
⎬

⎭

= exp
{

n2/3

ζ(2)

∫ ∞

0

∫ ∞

0

ln
(
1 − e−α1t1−α2t2

)
(1 + o(1)) dt1dt2

}

,

where o(1) tends to zero as n → ∞ uniformly for all considered values of
α1, α2.

The factor 1
ζ(2) enters the above expression due to the fact that the density

of coprime pairs m = (m1,m2) among all pairs m = (m1,m2) equals exactly
1

ζ(2) (see Section 1.3).
The integral

∫∞
0

∫∞
0

ln (1 − e−α1t1−α2t2) dt1dt2 can be computed explic-
itly. The change of variables αiti = t′i, i = 1, 2, shows that it is equal to

1
α1α2

∫ ∞

0

∫ ∞

0

ln
(
1 − e−t1−t2

)
dt1dt2.

The last integral equals −ζ(3). To see this, one should write down the Taylor
expansion for the logarithm and integrate each term separately. Returning to
(11.10), (11.11), we obtain

Ez1,z2

(
1
n

∑

m∈M

ν(m)m1

)

=
∑

m∈M

m1z
m1
1 zm2

2

n(1 − zm1
1 zm2

2 )

=
∑

t1,t2

t1
(
1 − α1

n1/3

)t1n1/3 (
1 − α2

n1/3

)t2n1/3

n−2/3

1 −
(
1 − α1

n1/3

)t1n1/3 (
1 − α2

n1/3

)t2n1/3
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=
1

ζ(2)

∫ ∞

0

∫ ∞

0

t1e
−α1t1−α2t2

1 − e−α1t1−α2t2
dt1dt2 (1 + o(1))

=
1

ζ(2)
∂

∂α1

(∫ ∞

0

∫ ∞

0

ln(1 − e−α1t1−α2t2) dt1dt2

)

(1 + o(1))

=
ζ(3)

ζ(2)α2
1α2

(1 + o(1)),

or

α2
1α2 =

ζ(3)
ζ(2)

(1 + o(1)).

In an analogous way, from (11.11) we obtain

α1α
2
2 =

ζ(3)
ζ(2)

(1 + o(1)).

This gives

α1 =
(

ζ(3)
ζ(2)

)1/3

(1 + o(1)), α2 =
(

ζ(3)
ζ(2)

)1/3

(1 + o(1)),

and

z1 = 1 −
(

ζ(3)
ζ(2)n

)1/3

(1 + o(1)), z2 = 1 −
(

ζ(3)
ζ(2)

)1/3

(1 + o(1)). (11.12)

The sums

η1 =
∑

m∈M

ν(m)m1, η2 =
∑

m∈M

ν(m)m2,

with respect to the probability distribution Qn, are sums of independent ran-
dom variables which are not identically distributed. It is possible to check that
their variances Dη1, Dη2 grow as n4/3. The same method as in the proof of
the Local Central Limit Theorem in Section 10.2 can be used to prove that

Qn(η1 = n, η2 = n) ∼ const√
Dη1Dη2

as n → ∞. Returning to (11.8), we see that

ln Nn(1, 1) ∼ n2/3

[

α1 + α2 −
1

ζ(2)

∫ ∞

0

∫ ∞

0

ln(1 − e−α1t1−α2t2) dt1dt2

]
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∼ n2/3 3
(

ζ(3)
ζ(2)

)1/3

.

This completes the proof of Theorem 11.6. �

Now we shall prove Theorem 11.4. We assume that the values of z1 and z2

are chosen as in the proof of Theorem 11.6, and we shall find the “mathemati-
cal expectation” of a convex polygon in the limit n → ∞. The statement of the
theorem will follow from the usual arguments in the Law of Large Numbers
based on the Chebyshev Inequality.

For the convex polygons we consider, it is convenient to use the para-
metrization x1 = f1(τ), x2 = f2(τ), where τ is the slope of m(j) which is
considered as an independent parameter, 0 ≤ τ ≤ ∞. Clearly, τ = dx2

dx1
. Let

us fix two numbers τ ′, τ ′′, so that τ ′′ − τ ′ is small. The coordinates of the
increment of a random curve on the interval [τ ′, τ ′′] on the τ axis have the
form

ηk =
∑

m:τ ′≤m2
m1

≤τ ′′

mk

n
ν(m), k = 1, 2,

and the expectation

Eη1 =
∑

τ ′≤ t2
t1

≤τ ′′

t1

(
1 − α1

n1/3

)t1n1/3 (
1 − α2

n1/3

)t2n1/3

n−2/3

1 −
(
1 − α1

n1/3

)t1n1/3 (
1 − α2

n1/3

)t2n1/3

∼ 1
ζ(2)

∫ ∫

τ ′≤ t2
t1

≤τ ′′

t1e
−α1t1−α2t2

1 − e−α1t1−α2t2
dt1dt2

∼ τ ′′ − τ ′

ζ(2)

∫
t21e

−α1t1−α2τ ′t1

1 − e−α1t1−α2τ ′t1
dt1.

One can compute Eη2 in an analogous way.
The last integral can be computed explicitly as before, and it equals
C1

(α1+α2τ ′)3 , where C1 is an absolute constant whose exact value plays no role.

When n → ∞, we have α1 = α2 = α = ζ(3)
ζ(2) . As τ ′′ − τ ′ → 0, we get the

differential equation
dx1

d
(

dx2
dx1

) =
C1

α3
(
1 + dx2

dx1

)3 ,

or equivalently
d

dx1

(
dx2

dx1

)

= α3C−1
1

(

1 +
dx2

dx1

)3

,



11.3 Statistics of Convex Polygons 167

or
1

(
1 + dx2

dx1

)2 =
1

(
d

dx1
(x1 + x2)

)2 = C−1
2 (x1 + C3),

for some constants C2, C3. Thus

d

dx1
(x1 + x2) =

√
C2

x1 + C3
,

or
x1 + x2 = 2

√
C2

√
x1 + C3,

so that
(x1 + x2)2 = 4C2(x1 + C3).

The value of C3 must be zero, since our curve goes through (0, 0), while
the value of C2 must be one, since our curve goes through (1, 1). Therefore,
(x1 + x2)2 = 4x1. �
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12

Basic Concepts

12.1 Definitions of a Random Process and a Random
Field

Consider a family of random variables Xt defined on a common probability
space (Ω,F ,P) and indexed by a parameter t ∈ T . If the parameter set T is
a subset of the real line (most commonly Z, Z

+, R, or R
+), we refer to the

parameter t as time, and to Xt as a random process. If T is a subset of a
multi-dimensional space, then Xt called a random field.

All the random variables Xt are assumed to take values in a common
measurable space, which will be referred to as the state space of the random
process or field. We shall always assume that the state space is a metric space
with the σ-algebra of Borel sets. In particular, we shall encounter real and
complex-valued processes, processes with values in R

d, and others with values
in a finite or countable set.

Let us discuss the relationship between random processes with values in a
metric space S and probability measures on the space of S-valued functions
defined on the parameter set T . For simplicity of notation, we shall assume
that S = R. Consider the set Ω̃ of all functions ω̃ : T → R. Given a finite
collection of points t1, ..., tk ∈ T and a Borel set A ∈ B(Rk), we define a
finite-dimensional cylinder (or simply a cylindrical set or a cylinder) as

{ω̃ : (ω̃(t1), ..., ω̃(tk)) ∈ A}.

The collection of all cylindrical sets, for which t1, ..., tk are fixed and A ∈ B(Rk)
is allowed to vary, is a σ-algebra, which will be denoted by Bt1,...,tk

. Let B
be the smallest σ-algebra containing all Bt1,...,tk

for all possible choices of
k, t1, ..., tk. Thus (Ω̃,B) is a measurable space.

If we fix ω ∈ Ω, and consider Xt(ω) as a function of t, then we get a
realization (also called a sample path) of a random process. The mapping
ω → Xt(ω) from Ω to Ω̃ is measurable, since the pre-image of any cylindrical
set is measurable,
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{ω : (Xt1(ω), ...,Xtk
(ω)) ∈ A} ∈ F .

Therefore, a random process induces a probability measure P̃ on the space
(Ω̃,B).

Definition 12.1. Two processes Xt and Yt, which need not be defined on the
same probability space, are said to have the same finite-dimensional distribu-
tions if the vectors (Xt1 , ...,Xtk

) and (Yt1 , ..., Ytk
) have the same distributions

for any k and any t1, ..., tk ∈ T .

By Lemma 4.14, if two processes Xt and Yt have the same finite-dimensional
distributions, then they induce the same measure on (Ω̃,B).

If we are given a probability measure P̃ on (Ω̃,B), we can consider the
process X̃t on (Ω̃,B, P̃) defined via X̃t(ω̃) = ω̃(t). If P̃ is induced by a ran-
dom process Xt, then the processes Xt and X̃t clearly have the same finite-
dimensional distributions.

We shall use the notations Xt and Xt(ω) for a random process and a
realization of a process, respectively, often without specifying explicitly the
underlying probability space or probability measure.

Let Xt be a random process defined on a probability space (Ω,F ,P) with
parameter set either R or R

+.

Definition 12.2. A random process Xt is said to be measurable if Xt(ω),
considered as a function of the two variables ω and t, is measurable with
respect to the product σ-algebra F × B(T ), where B(T ) is the σ-algebra of
Borel subsets of T .

Lemma 12.3. If every realization of a process is right-continuous, or every
realization of a process is left-continuous, then the process is measurable.

Proof. Let every realization of a process Xt be right-continuous. (The left-
continuous case is treated similarly.) Define a sequence of processes Y n

t by

Y n
t (ω) = X(k+1)/2n(ω)

for k/2n < t ≤ (k+1)/2n, where t ∈ T , k ∈ Z. The mapping (ω, t) → Y n
t (ω) is

clearly measurable with respect to the product σ-algebra F ×B(T ). Further-
more, due to right-continuity of Xt, we have limn→∞ Y n

t (ω) = Xt(ω) for all
ω ∈ Ω, t ∈ T . By Theorem 3.1, the mapping (ω, t) → Xt(ω) is measurable. �

Definition 12.4. Let Xt and Yt be two random processes defined on the same
probability space (Ω,F ,P). A process Yt is said to be a modification of Xt

if P(Xt = Yt) = 1 for every t ∈ T .

It is clear that if Yt is a modification of Xt, then they have the same finite-
dimensional distributions.
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Definition 12.5. Two processes Xt and Yt, t ∈ T , are indistinguishable if
there is a set Ω′ of full measure such that

Xt(ω) = Yt(ω) for all t ∈ T, ω ∈ Ω′.

If the parameter set is countable, then two processes are indistinguishable
if and only if they are modifications of one another. If the parameter set is
uncountable, then two processes may be modifications of one another, yet fail
to be indistinguishable (see Problem 4).

Lemma 12.6. Let the parameter set for the processes Xt and Yt be either R

or R
+. If Yt is a modification of Xt and both processes have right-continuous

realizations (or both processes have left-continuous realizations), then they are
indistinguishable.

Proof. Let S be a dense countable subset in the parameter set T . Then there
is a set Ω′ of full measure such that

Xt(ω) = Yt(ω) for all t ∈ S, ω ∈ Ω′,

since Yt is a modification of Xt. Due to right-continuity (or left-continuity),
we then have

Xt(ω) = Yt(ω) for all t ∈ T, ω ∈ Ω′.

�

Let Xt be a random process defined on a probability space (Ω,F ,P). Then
FX = σ(Xt, t ∈ T ) is called the σ-algebra generated by the process.

Definition 12.7. The processes X1
t , ...,Xd

t defined on a common probability
space are said to be independent, if the σ-algebras FX1

, ...,FXd

are indepen-
dent.

12.2 Kolmogorov Consistency Theorem

The correspondence between random processes and probability measures on
(Ω̃,B) is helpful when studying the existence of random processes with pre-
scribed finite-dimensional distributions. Namely, given a probability measure
Pt1,...,tk

on each of the σ-algebras Bt1,...,tk
, we would like to check whether

there exists a measure P̃ on (Ω̃,B) whose restriction to Bt1,...,tk
coincides with

Pt1,...,tk
. If such a measure exists, then the process X̃t(ω̃) = ω̃(t) defined on

(Ω̃,B, P̃) has the prescribed finite-dimensional distributions.
We shall say that a collection of probability measures {Pt1,...,tk

} satisfies
the consistency conditions if it has the following two properties:

(a) For every permutation π, every t1, ..., tk and A ∈ B(Rk),
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Pt1,...,tk
((ω̃(t1), ..., ω̃(tk)) ∈ A) = Pπ(t1,...,tk)((ω̃(t1), ..., ω̃(tk)) ∈ A).

(b) For every t1, ..., tk, tk+1 and A ∈ B(Rk), we have

Pt1,...,tk
((ω̃(t1), ..., ω̃(tk)) ∈ A) = Pt1,...,tk+1((ω̃(t1), ..., ω̃(tk+1)) ∈ A × R).

Note that if the measures {Pt1,...,tk
} are induced by a common probability

measure P̃ on (Ω̃,B), then they automatically satisfy the consistency condi-
tions. The converse is also true.

Theorem 12.8. (Kolmogorov). Assume that we are given a family of finite-
dimensional probability measures {Pt1,...,tk

} satisfying the consistency condi-
tions. Then there exists a unique σ-additive probability measure P̃ on B whose
restriction to each Bt1,...,tk

coincides with Pt1,...,tk
.

Proof. The collection of all cylindrical sets is an algebra. Given a cylindrical
set B ∈ Bt1,...,tk

, we denote m(B) = Pt1,...,tk
(B). While the same set B may

belong to different σ-algebras Bt1,...,tk
and Bs1,...,sk′ , the consistency condi-

tions guarantee that m(B) is defined correctly. We would like to apply the
Caratheodory Theorem (Theorem 3.19) to show that m can be extended in
a unique way, as a measure, to the σ-algebra B. Thus, in order to satisfy
the assumptions of the Caratheodory Theorem, we need to show that m is a
σ-additive function on the algebra of all cylindrical sets.

First, note that m is additive. Indeed, if B,B1, ..., Bn are cylindrical sets,
B ∈ Bt01,...,t0k0

, B1 ∈ Bt11,...,t1k1
, ..., Bn ∈ Btn

1 ,...,tn
kn

, then we can find a σ-algebra
Bt1,...,tk

such that all of these sets belong to Bt1,...,tk
(it is sufficient to take

t1 = t01, ..., tk = tnkn
). If, in addition, B = B1 ∪ ... ∪Bn, where Bi ∩Bj = ∅ for

i �= j, then the relation

m(B) = Pt1,...,tk
(B) =

n∑

i=1

Pt1,...,tk
(Bi) =

n∑

i=1

m(Bi)

holds since Pt1,...,tk
is a measure.

Next, let us show that m is σ-subadditive. That is, for any cylindrical
sets B,B1, B2, ..., the relation B ⊆ ∪∞

i=1Bi implies that m(B) ≤
∑∞

i=1 m(Bi).
This, together with the finite additivity of m, will immediately imply that m
is σ-additive (see Remark 1.19). Assume that m is not σ-subadditive, that is,
there are cylindrical sets B,B1, B2, ... and a positive ε such that B ⊆ ∪∞

i=1Bi,
and at the same time m(B) =

∑∞
i=1 m(Bi) + ε. Let A,A1, ... be Borel sets

such that

B = {ω̃ : (ω̃(t01), ..., ω̃(t0k0
)) ∈ A}, Bi = {ω̃ : (ω̃(ti1), ..., ω̃(tiki

)) ∈ Ai}, i ≥ 1.

For each set of indices t1, ..., tk, we can define the measure P′
t1,...,tk

on R
k via

P′
t1,...,tk

(A) = Pt1,...,tk
({ω̃ : (ω̃(t1), ..., ω̃(tk)) ∈ A}), A ∈ B(Rk).



12.2 Kolmogorov Consistency Theorem 175

By Lemma 8.4, each of the measures P′
t1,...,tk

is regular. Therefore, we can
find a closed set A′ and open sets A′

1, A
′
2, ... such that A′ ⊆ A, Ai ⊆ A′

i, i ≥ 1,
and

P′
t01,...,t0k0

(A \ A′) < ε/4, P′
ti
1,...,ti

ki

(A′
i \ Ai) < ε/2i+1 for i ≥ 1.

By taking the intersection of A′ with a large enough closed ball, we can ensure
that A′ is compact and P′

t01,...,t0k0
(A \ A′) < ε/2. Let us define

B′ = {ω̃ : (ω̃(t01), ..., ω̃(t0k0
)) ∈ A′}, B′

i = {ω̃ : (ω̃(ti1), ..., ω̃(tiki
)) ∈ A′

1}, i ≥ 1.

Therefore, B′ ⊆ ∪∞
i=1B

′
i with m(B′) >

∑∞
i=1 m(B′

i).
We can consider Ω̃ as a topological space with product topology (the

weakest topology for which all the projections π(t) : ω̃ → ω̃(t) are continuous).
Then the sets B′

i, i ≥ 1 are open, and B′ is closed in the product topology.
Furthermore, we can use Tychonoff’s Theorem to show that B′ is compact.
Tychonoff’s Theorem can be formulated as follows.

Theorem 12.9. Let {Kt}t∈T be a family of compact spaces. Let K̃ be the
product space, that is the family of all {kt}t∈T with kt ∈ Kt. Then K̃ is
compact in the product topology.

The proof of Tychonoff’s Theorem can be found in the book “Functional
Analysis”, volume I, by Reed and Simon. In order to apply it, we define
K̃ as the space of all functions from T to R, where R = R ∪ {∞} is the
compactification of R, with the natural topology. Then K̃ is a compact set.
Furthermore, Ω̃ ⊂ K̃, and every set which is open in Ω̃ is also open in K̃.

The set B′ is compact in K̃, since it is a closed subset of a compact set.
Since every covering of B′ with sets which are open in Ω̃ can be viewed as an
open covering in K̃, it admits a finite subcovering. Therefore, B′ is compact in
Ω̃. By extracting a finite subcovering from the sequence B′

1, B
′
2, ..., we obtain

B′ ⊆ ∪n
i=1B

′
i with m(B′) >

∑n
i=1 m(B′

i) for some n. This contradicts the finite
additivity of m. We have thus proved that m is σ-additive on the algebra of
cylindrical sets, and can be extended to the measure P̃ on the σ-algebra B.

The uniqueness part of the theorem follows from the uniqueness of the
extension in the Caratheodory Theorem. �

Remark 12.10. We did not impose any requirements on the set of parame-
ters T . The Kolmogorov Consistency Theorem applies, therefore, to families
of finite-dimensional distributions indexed by elements of an arbitrary set.
Furthermore, after making trivial modifications in the proof, we can claim
the same result for processes whose state space is R

d, C, or any metric space
with a finite or countable number of elements.

Unfortunately, the σ-algebra B is not rich enough for certain properties of
a process to be described in terms of a measure on (Ω̃,B). For example, the set
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{ω̃ : |ω̃(t)| < C for all t ∈ T} does not belong to B if T = R
+ or R (see Problem

2). Similarly, the set of all continuous functions does not belong to B. At the
same time, it is often important to consider random processes, whose typical
realizations are bounded (or continuous, differentiable, etc.). The Kolmogorov
Theorem alone is not sufficient in order to establish the existence of a process
with properties beyond the prescribed finite-dimensional distributions.

We shall now consider several examples, where the existence of a random
process is guaranteed by the Kolmogorov Theorem.
1. Homogeneous Sequences of Independent Random Trails. Let the
parameter t be discrete. Given a probability measure P on R, define the finite-
dimensional measures Pt1,...,tk

as product measures:

Pt1,...,tk
((ω̃(t1), ..., ω̃(tk)) ∈ A1 × ... × Ak) =

k∏

i=1

P(Ai).

This family of measures clearly satisfies the consistency conditions.
2. Markov Chains. Assume that t ∈ Z

+. Let P (x,C) be a Markov transition
function and µ0 a probability measure on R. We shall specify all the finite-
dimensional measures Pt0,...,tk

, where t0 = 0, ..., tk = k,

Pt0,...,tk
((ω̃(t0), ω̃(t1), ..., ω̃(tk)) ∈ A0 × A1 × ... × Ak) =

∫

A0

dµ0(x0)
∫

A1

P (x0, dx1)
∫

A2

P (x1, dx2)...
∫

Ak

P (xk−1, dxk).

Again, it can be seen that this family of measures satisfies the consistency
conditions.
3. Gaussian Processes. A random process Xt is called Gaussian if for any
t1, t2, . . . , tk the joint probability distribution of Xt1 ,Xt2 , ...,Xtk

is Gaussian.
As shown in Section 9.3, such distributions are determined by the moments
of the first two orders, that is by the expectation vector m(ti) = EXti

and
the covariance matrix B(ti, tj) = E(Xti

− mi)(Xtj
− mj). Thus the finite-

dimensional distributions of any Gaussian process are determined by a func-
tion of one variable m(t) and a symmetric function of two variables B(t, s).

Conversely, given a function m(t) and a symmetric function of two vari-
ables B(t, s) such that the k × k matrix B(ti, tj) is non-negative definite for
any t1, ..., tk, we can define the finite-dimensional measure Pt1,...,tk

by

Pt1,...,tk
({ω̃ : (ω̃(t1), ..., ω̃(tk)) ∈ A}) = P′

t1,...,tk
(A), (12.1)

where P′
t1,...,tk

is a Gaussian measure with the expectation vector m(ti) and
the covariance matrix B(ti, tj). The family of such measures satisfies the con-
sistency conditions (see Problem 6).

12.3 Poisson Process

Let λ > 0. A process Xt is called a Poisson process with parameter λ if it has
the following properties:
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1. X0 = 0 almost surely.
2. Xt is a process with independent increments, that is for 0 ≤ t1 ≤ ... ≤ tk

the variables Xt1 ,Xt2 − Xt1 ,...,Xtk
− Xtk−1 are independent.

3. For any 0 ≤ s < t < ∞ the random variable Xt −Xs has Poisson distrib-
ution with parameter λ(t − s).

Let us use the Kolmogorov Consistency Theorem to demonstrate the ex-
istence of a Poisson process with parameter λ.

For 0 ≤ t1 ≤ ... ≤ tk, let η1, η2, ..., ηk be independent Poisson random
variables with parameters λt1, λ(t2 − t1), ..., λ(tk − tk−1), respectively. Define
P′

t1,...,tk
to be the measure on R

k induced by the random vector

η = (η1, η1 + η2, ..., η1 + η2 + ... + ηk).

Now we can define the family of finite-dimensional measures Pt1,...,tk
by

Pt1,...,tk
({ω̃ : (ω̃(t1), ..., ω̃(tk)) ∈ A}) = P′

t1,...,tk
(A).

It can be easily seen that this family of measures satisfies the consistency
conditions. Thus, by the Kolmogorov Theorem, there exists a process Xt with
such finite-dimensional distributions. For 0 ≤ t1 ≤ ... ≤ tk the random vector
(Xt1 , ...,Xtk

) has the same distribution as η. Therefore, the random vector
(Xt1 ,Xt2−Xt1 , ...,Xtk

−Xtk−1) has the same distribution as (η1, ..., ηk), which
shows that Xt is a Poisson process with parameter λ.

A Poisson process can be constructed explicitly as follows. Let ξ1, ξ2, ...
be a sequence of independent identically distributed random variables. The
distribution of each ξi is assumed to be exponential with parameter λ, that is
ξi have the density

p(u) =
{

λe−λu u ≥ 0,
0 u < 0.

Define the process Xt, t ≥ 0, as follows

Xt(ω) = sup{n :
∑

i≤n

ξi(ω) ≤ t}. (12.2)

Here, a sum over an empty set of indices is assumed to be equal to zero. The
process defined by (12.2) is a Poisson process (see Problem 8). In Section 14.3
we shall prove a similar statement for Markov processes with a finite number
of states.

Now we shall discuss an everyday situation where a Poisson process ap-
pears naturally. Let us model the times between the arrival of consecutive
customers to a store by random variables ξi. Thus, ξ1 is the time between
the opening of the store and the arrival of the first customer, ξ2 is the time
between the arrival of the first customer and the arrival of the second one,
etc. It is reasonable to assume that ξi are independent identically distributed
random variables.
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It is also reasonable to assume that if no customers showed up by time t,
then the distribution of the time remaining till the next customer shows up
is the same as the distribution of each of ξi. More rigorously,

P(ξi − t ∈ A|ξi > t) = P(ξi ∈ A). (12.3)

for any Borel set A ⊆ R. If an unbounded random variable satisfies (12.3),
then it has exponential distribution (see Problem 2 of Chapter 4). Therefore,
the process Xt defined by (12.2) models the number of customers that have
arrived to the store by time t.

12.4 Problems

1. Let Ω̃R be the set of all functions ω̃ : R → R and BR be the minimal
σ-algebra containing all the cylindrical subsets of Ω̃R. Let Ω̃Z+ be the set of
all functions from Z

+ to R, and BZ+ be the minimal σ-algebra containing all
the cylindrical subsets of Ω̃Z+ .

Show that a set S ⊆ Ω̃R belongs to BR if and only if one can find a set
B ∈ BZ+ and an infinite sequence of real numbers t1, t2, ... such that

S = {ω̃ : (ω̃(t1), ω̃(t2), ...) ∈ B}.

2. Let Ω̃ be the set of all functions ω̃ : R → R and B the minimal
σ-algebra containing all the cylindrical subsets of Ω̃. Prove that the sets
{ω̃ ∈ Ω̃ : |ω̃(t)| < C for all t ∈ R} and {ω̃ ∈ Ω̃ : ω̃ is continuous for all t ∈ R}
do not belong to B. (Hint: use Problem 1.)

3. Let Ω̃ be the space of all functions from R to R and B the σ-algebra
generated by cylindrical sets. Prove that the mapping (ω̃, t) → ω̃(t) from the
product space Ω̃ × R to R is not measurable. (Hint: use Problem 2.)

4. Prove that two processes with a countable parameter set are indistinguish-
able if and only if they are modifications of one another. Give an example of
two processes defined on an uncountable parameter set which are modifica-
tions of one another, but are not indistinguishable.

5. Assume that the random variables Xt, t ∈ R, are independent and iden-
tically distributed with the distribution which is absolutely continuous with
respect to the Lebesgue measure. Prove that the realizations of the process
Xt, t ∈ R, are discontinuous almost surely.

6. Prove that the family of measures defined by (12.1) satisfies the consis-
tency conditions.
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7. Let X1
t and X2

t be two independent Poisson processes with parameters
λ1 and λ2 respectively. Prove that X1

t + X2
t is a Poisson process with para-

meter λ1 + λ2.

8. Prove that the process Xt defined by (12.2) is a Poisson process.

9. Let X1
t ,...,Xn

t be independent Poisson processes with parameters λ1,...,λn.
Let

Xt = c1X
1
t + ... + cnXn

t ,

where c1,...,cn are positive constants. Find the probability distribution of the
number of discontinuities of Xt on the segment [0, 1].

10. Assume that the time intervals between the arrival of consecutive cus-
tomers to a store are independent identically distributed random variables
with exponential distribution with parameter λ. Let τn be the time of the
arrival of the n-th customer. Find the distribution of τn.

If customers arrive at the rate of 3 a minute, what is the probability that
the number of customers arriving in the first 2 minutes is equal to 3.
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13

Conditional Expectations and Martingales

13.1 Conditional Expectations

For two events A,B ∈ F in a probability space (Ω,F ,P), we previously
defined the conditional probability of A given B as

P(A|B) =
P(A

⋂
B)

P(B)
.

Similarly, we can define the conditional expectation of a random variable f
given B as

E(f |B) =

∫
B

f(ω)dP(ω)
P(B)

,

provided that the integral on the right-hand side is finite and the denominator
is different from zero.

We now introduce an important generalization of this notion by defining
the conditional expectation of a random variable given a σ-subalgebra G ⊆ F .

Definition 13.1. Let (Ω,F ,P) be a probability space, G a σ-subalgebra of F ,
and f ∈ L1(Ω,F ,P). The conditional expectation of f given G, denoted by
E(f |G), is the random variable g ∈ L1(Ω,G,P) such that for any A ∈ G

∫

A

fdP =
∫

A

gdP . (13.1)

Note that for fixed f , the left-hand side of (13.1) is a σ-additive function
defined on the σ-algebra G. Therefore, the existence and uniqueness (up to a
set of measure zero) of the function g are guaranteed by the Radon-Nikodym
Theorem. Here are several simple examples.

If f is measurable with respect to G, then clearly E(f |G) = f . If f is
independent of the σ-algebra G, then E(f |G) = Ef , since

∫
A

fdP = P(A)Ef in
this case. Thus the conditional expectation is reduced to ordinary expectation
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if f is independent of G. This is the case, in particular, when G is the trivial
σ-algebra, G = {∅, Ω}.

If G = {B,Ω\B, ∅, Ω}, where 0 < P(B) < 1, then

E(f |G) = E(f |B)χB + E(f |(Ω\B))χΩ\B .

Thus, the conditional expectation of f with respect to the smallest σ-algebra
containing B is equal to the constant E(f |B) on the set B.

Concerning the notations, we shall often write E(f |g) instead of E(f |σ(g)),
if f and g are random variables on (Ω,F ,P). Likewise, we shall often write
P(A|G) instead of E(χA|G) to denote the conditional expectation of the indi-
cator function of a set A ∈ F . The function P(A|G) will be referred to as the
conditional probability of A given the σ-algebra G.

13.2 Properties of Conditional Expectations

Let us list several important properties of conditional expectations. Note that
since the conditional expectation is defined up to a set of measure zero, all
the equalities and inequalities below hold almost surely.

1. If f1, f2 ∈ L1(Ω,F ,P) and a, b are constants, then

E(af1 + bf2|G) = aE(f1|G) + bE(f2|G).

2. If f ∈ L1(Ω,F ,P), and G1 and G2 are σ-subalgebras of F such that
G2 ⊆ G1 ⊆ F , then

E(f |G2) = E(E(f |G1)|G2).

3. If f1, f2 ∈ L1(Ω,F ,P) and f1 ≤ f2, then E(f1|G) ≤ E(f2|G).
4. E(E(f |G)) = Ef .
5. (Conditional Dominated Convergence Theorem) If a sequence of measur-

able functions fn converges to a measurable function f almost surely, and

|fn| ≤ ϕ,

where ϕ is integrable on Ω, then limn→∞ E(fn|G) = E(f |G) almost surely.
6. If g, fg ∈ L1(Ω,F ,P), and f is measurable with respect to G, then

E(fg|G) = fE(g|G).

Properties 1-3 are clear. To prove property 4, it suffices to take A = Ω in the
equality

∫
A

fdP =
∫

A
E(f |G)dP defining the conditional expectation.

To prove the Conditional Dominated Convergence Theorem, let us first
assume that fn is a monotonic sequence. Without loss of generality we may
assume that fn is monotonically non-decreasing (the case of a non-increasing
sequence is treated similarly). Thus the sequence of functions E(fn|G) satisfies
the assumptions of the Levi Convergence Theorem (see Section 3.5). Let g =
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limn→∞ E(fn|G). Then g is G-measurable and
∫

A
gdP =

∫
A

fdP for any A ∈ G,
again by the Levi Theorem.

If the sequence fn is not necessarily monotonic, we can consider the aux-
iliary sequences fn = infm≥n fm and fn = supm≥n fm. These sequences are
already monotonic and satisfy the assumptions placed on the sequence fn.
Therefore,

lim
n→∞

E(fn|G) = lim
n→∞

E(fn|G) = E(f |G).

Since fn ≤ fn ≤ fn, the Dominated Convergence Theorem follows from the
monotonicity of the conditional expectation (property 3).

To prove the last property, first we consider the case when f is the indicator
function of a set B ∈ G. Then for any A ∈ G

∫

A

χBE(g|G)dP =
∫

A
�

B

E(g|G)dP =
∫

A
�

B

gdP =
∫

A

χBgdP,

which proves the statement for f = χB . By linearity, the statement is also
true for simple functions taking a finite number of values. Next, without loss
of generality, we may assume that f, g ≥ 0. Then we can find a non-decreasing
sequence of simple functions fn, each taking a finite number of values such
that limn→∞ fn = f almost surely. We have fng → fg almost surely, and the
Dominated Convergence Theorem for conditional expectations can be applied
to the sequence fng to conclude that

E(fg|G) = lim
n→∞

E(fng|G) = lim
n→∞

fnE(g|G) = fE(g|G).

We now state Jensen’s Inequality and the Conditional Jensen’s Inequality,
essential to our discussion of conditional expectations and martingales. The
proofs of these statements can be found in many other textbooks, and we
shall not provide them here (see “Real Analysis and Probability” by R. M.
Dudley).

We shall consider a random variable f with values in R
d defined on a

probability space (Ω,F ,P). Recall that a function g : R
d → R is called convex

if g(cx + (1 − c)y) ≤ cg(x) + (1 − c)g(y) for all x, y ∈ R
d, 0 ≤ c ≤ 1.

Theorem 13.2. (Jensen’s Inequality) Let g be a convex (and consequently
continuous) function on R

d and f a random variable with values in R
d such

that E|f | < ∞. Then, either Eg(f) = +∞, or

g(Ef) ≤ Eg(f) < ∞.

Theorem 13.3. (Conditional Jensen’s Inequality) Let g be a convex
function on R

d and f a random variable with values in R
d such that

E|f |,E|g(f)| < ∞.

Let G be a σ-subalgebra of F . Then almost surely

g(E(f |G)) ≤ E(g(f)|G) .
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Let G be a σ-subalgebra of F . Let H = L2(Ω,G,P) be the closed linear
subspace of the Hilbert space L2(Ω,F ,P). Let us illustrate the use of the
Conditional Jensen’s Inequality by proving that for a random variable f ∈
L2(Ω,F ,P), taking the conditional expectation E(f |G) is the same as taking
the projection on H.

Lemma 13.4. Let f ∈ L2(Ω,F ,P) and PH be the projection operator on the
space H. Then

E(f |G) = PHf.

Proof. The function E(f |G) is square-integrable by the Conditional Jensen’s
Inequality applied to g(x) = x2. Thus, E(f |G) ∈ H. It remains to show that
f − E(f |G) is orthogonal to any h ∈ H. Since h is G-measurable,

E((f − E(f |G))h) = EE((f − E(f |G))h|G) = E(hE((f − E(f |G))|G)) = 0.

�

13.3 Regular Conditional Probabilities

Let f and g be random variables on a probability space (Ω,F ,P). If g takes
a finite or countable number of values y1, y2, ..., and the probabilities of the
events {ω : g(ω) = yi} are positive, we can write, similarly to (4.1), the
formula of full expectation

Ef =
∑

i

E(f |g = yi)P(g = yi).

Let us derive an analogue to this formula, which will work when the number
of values of g is not necessarily finite or countable. The sets Ωy = {ω : g(ω) =
y}, where y ∈ R, still form a partition of the probability space Ω, but the
probability of each Ωy may be equal to zero. Thus, we need to attribute
meaning to the expression E(f |Ωy) (also denoted by E(f |g = y)). One way
to do this is with the help of the concept of a regular conditional probability,
which we introduce below.

Let (Ω,F ,P) be a probability space and G ⊆ F a σ-subalgebra. Let h be
a measurable function from (Ω,F) to a measurable space (X,B). To motivate
the formal definition of a regular conditional probability, let us first assume
that G is generated by a finite or countable partition A1, A2, ... such that
P(Ai) > 0 for all i. In this case, for a fixed B ∈ B, the conditional probability
P(h ∈ B|G) is constant on each Ai equal to P(h ∈ B|Ai), as follows from the
definition of the conditional probability. As a function of B, this expression is
a probability measure on (X,B). The concept of a regular conditional proba-
bility allows us to view P(h ∈ B|G)(ω), for fixed ω, as a probability measure,
even without the assumption that G is generated by a finite or countable
partition.
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Definition 13.5. A function Q : B×Ω → [0, 1] is called a regular conditional
probability of h given G if:

1. For each ω ∈ Ω, the function Q(·, ω) : B → [0, 1] is a probability measure
on (X,B).

2. For each B ∈ B, the function Q(B, ·) : Ω → [0, 1] is G-measurable.
3. For each B ∈ B, the equality P(h ∈ B|G)(ω) = Q(B,ω) holds almost

surely.

We have the following theorem, which guarantees the existence and uniqueness
of a regular conditional probability when X is a complete separable metric
space. (The proof of this theorem can be found in “Real Analysis and Prob-
ability” by R. M. Dudley.)

Theorem 13.6. Let (Ω,F ,P) be a probability space and G ⊆ F a σ-subalgebra.
Let X be a complete separable metric space and B the σ-algebra of Borel sets
of X. Take a measurable function h from (Ω,F) to (X,B). Then there exists
a regular conditional probability of h given G. It is unique in the sense that if
Q and Q′ are regular conditional probabilities, then the measures Q(·, ω) and
Q′(·, ω) coincide for almost all ω.

The next lemma states that when the regular conditional probability exists,
the conditional expectation can be written as an integral with respect to the
measure Q(·, ω).

Lemma 13.7. Let the assumptions of Theorem 13.6 hold, and f : X → R be
a measurable function such that E(f(h(ω)) is finite. Then, for almost all ω,
the function f is integrable with respect to Q(·, ω), and

E(f(h)|G)(ω) =
∫

X

f(x)Q(dx, ω) for almost all ω. (13.2)

Proof. First, let f be an indicator function of a measurable set, that is f = χB

for B ∈ B. In this case, the statement of the lemma is reduced to

P(h ∈ B|G)(ω) = Q(B,ω),

which follows from the definition of the regular conditional probability.
Since both sides of (13.2) are linear in f , the lemma also holds when f

is a simple function with a finite number of values. Now, let f be a non-
negative measurable function such that E(f(h(ω)) is finite. One can find a
sequence of non-negative simple functions fn, each taking a finite number of
values, such that fn → f monotonically from below. Thus, E(fn(h)|G)(ω) →
E(f(h)|G)(ω) almost surely by the Conditional Dominated Convergence The-
orem. Therefore, the sequence

∫
X

fn(x)Q(dx, ω) is bounded almost surely, and∫
X

fn(x)Q(dx, ω) →
∫

X
f(x)Q(dx, ω) for almost all ω by the Levi Monotonic

Convergence Theorem. This justifies (13.2) for non-negative f .
Finally, if f is not necessarily non-negative, it can be represented as a

difference of two non-negative functions. �
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Example. Assume that Ω is a complete separable metric space, F is the
σ-algebra of its Borel sets, and (X,B) = (Ω,F). Let P be a probability mea-
sure on (Ω,F), and f and g be random variables on (Ω,F ,P). Let h be the
identity mapping from Ω to itself, and let G = σ(g). In this case, (13.2) takes
the form

E(f |g)(ω) =
∫

Ω

f(ω̃)Q(dω̃, ω) for almost all ω. (13.3)

Let Pg be the measure on R induced by the mapping g : Ω → R. For any B ∈
B, the function Q(B, ·) is constant on each level set of g, since it is measurable
with respect to σ(g). Therefore, for almost all y (with respect to the measure
Pg), we can define measures Qy(·) on (Ω,F) by putting Qg(ω)(B) = Q(B,ω).

The function E(f |g) is constant on each level set of g. Therefore, we can
define E(f |g = y) = E(f |g)(ω), where ω is such that g(ω) = y. This function
is defined up to a set of measure zero (with respect to the measure Pg). In
order to calculate the expectation of f , we can write

Ef = E(E(f |g)) =
∫

R

E(f |g = y)dPg(y) =
∫

R

(
∫

Ω

f(ω̃)dQy(ω̃))dPg(y),

where the second equality follows from the change of variable formula in the
Lebesgue integral. It is possible to show that the measure Qy is supported on
the event Ωy = {ω : g(ω) = y} for Pg−almost all y (we do not prove this
statement here). Therefore, we can write the expectation as a double integral

Ef =
∫

R

(
∫

Ωy

f(ω̃)dQy(ω̃))dPg(y).

This is the formula of the full mathematical expectation.

Example. Let h be a random variable with values in R, f the identity map-
ping on R, and G = σ(g). Then Lemma 13.7 states that

E(h|g)(ω) =
∫

R

xQ(dx, ω) for almost all ω,

where Q is the regular conditional probability of h given σ(g). Assume that h
and g have a joint probability density p(x, y), which is a continuous function
satisfying 0 <

∫
R

p(x, y)dx < ∞ for all y. It is easy to check that

Q(B,ω) =
∫

B

p(x, g(ω))dx(
∫

R

p(x, g(ω))dx)−1

has the properties required of the regular conditional probability. Therefore,

E(h|g)(ω) =
∫

R

xp(x, g(ω))dx(
∫

R

p(x, g(ω))dx)−1 for almost all ω,
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and

E(h|g = y) =
∫

R

xp(x, y)dx(
∫

R

p(x, y)dx)−1 for Pg−almost all y.

13.4 Filtrations, Stopping Times, and Martingales

Let (Ω,F) be a measurable space and T a subset of R or Z.

Definition 13.8. A collection of σ-subalgebras Ft ⊆ F , t ∈ T , is called a
filtration if Fs ⊆ Ft for all s ≤ t.

Definition 13.9. A random variable τ with values in the parameter set T is
a stopping time of the filtration Ft if {τ ≤ t} ∈ Ft for each t ∈ T .

Remark 13.10. Sometimes it will be convenient to allow τ to take values in
T ∪ {∞}. In this case, τ is still called a stopping time if {τ ≤ t} ∈ Ft for
each t ∈ T .

Example. Let T = N and Ω be the space of all functions ω : N → {−1, 1}.
(In other words, Ω is the space of infinite sequences made of −1’s and 1’s.)
Let Fn be the smallest σ-algebra which contains all the sets of the form

{ω : ω(1) = a1, ..., ω(n) = an},

where a1, ..., an ∈ {−1, 1}. Let F be the smallest σ-algebra containing all Fn,
n ≥ 1. The space (Ω,F) can be used to model an infinite sequence of games,
where the outcome of each game is either a loss or a gain of one dollar. Let

τ(ω) = min{n :
n∑

i=1

ω(i) = 3}.

Thus, τ is the first time when a gambler playing the game accumulates three
dollars in winnings. (Note that τ(ω) = ∞ for some ω.) It is easy to demon-
strate that τ is a stopping time. Let

σ(ω) = min{n : ω(n + 1) = −1}.

Thus, a gambler stops at time σ if the next game will result in a loss. Follow-
ing such a strategy involves looking at the outcome of a future game before
deciding whether to play it. Indeed, it is easy to check that σ does not satisfy
the definition of a stopping time.

Remark 13.11. Recall the following notation: if x and y are real numbers, then
x ∧ y = min(x, y) and x ∨ y = max(x, y).

Lemma 13.12. If σ and τ are stopping times of a filtration Ft, then σ ∧ τ is
also a stopping time.
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Proof. We need to show that {σ ∧ τ ≤ t} ∈ Ft for any t ∈ T , which immedi-
ately follows from

{σ ∧ τ ≤ t} = {σ ≤ t}
⋃

{τ ≤ t} ∈ Ft.

�

In fact, if σ and τ are stopping times, then σ ∨ τ is also a stopping time.
If, in addition, σ, τ ≥ 0, then σ + τ is also a stopping time (see Problem 7).

Definition 13.13. Let τ be a stopping time of the filtration Ft. The σ-algebra
of events determined prior to the stopping time τ , denoted by Fτ , is the col-
lection of events A ∈ F for which A

⋂
{τ ≤ t} ∈ Ft for each t ∈ T .

Clearly, Fτ is a σ-algebra. Moreover, τ is Fτ -measurable since

{τ ≤ c}
⋂

{τ ≤ t} = {τ ≤ c ∧ t} ∈ Ft,

and therefore {τ ≤ c} ∈ Fτ for each c. If σ and τ are two stopping times such
that σ ≤ τ , then Fσ ⊆ Fτ . Indeed, if A ∈ Fσ, then

A
⋂

{τ ≤ t} = (A
⋂

{σ ≤ t})
⋂

{τ ≤ t} ∈ Ft.

Now let us consider a process Xt together with a filtration Ft defined on a
common probability space.

Definition 13.14. A random process Xt is called adapted to a filtration Ft if
Xt is Ft-measurable for each t ∈ T .

An example of a stopping time is provided by the first time when a continuous
process hits a closed set.

Lemma 13.15. Let Xt be a continuous R
d-valued process adapted to a filtra-

tion Ft, where t ∈ R
+. Let K be a closed set in R

d and s ≥ 0. Let

τ s(ω) = inf{t ≥ s,Xt(ω) ∈ K}

be the first time, following s, when the process hits K. Then τs is a stopping
time.

Proof. For an open set U , define

τ s
U (ω) = inf{t ≥ s,Xt(ω) ∈ U},

where the infimum of the empty set is +∞. First, we show that the set {ω :
τs
U (ω) < t} belongs to Ft for any t ∈ R

+. Indeed, from the continuity of the
process it easily follows that

{τ s
U < t} =

⋃

u∈Q,s<u<t

{Xu ∈ U},
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and the right-hand side of this equality belongs to Ft. Now, for the set K,
we define the open sets Un = {x ∈ R

d : dist(x,K) < 1/n}. We claim that for
t > s,

{τs ≤ t} =
∞⋂

n=1

{τs
Un

< t}. (13.4)

Indeed, if τs(ω) ≤ t, then for each n the trajectory Xu(ω) enters the open
set Un for some u, s < u < t, due to the continuity of the process. Thus ω
belongs to the event on the right-hand side of (13.4).

Conversely, if ω belongs to the event on the right-hand side of (13.4), then
there is a non-decreasing sequence of times un such that s < un < t and
Xun

(ω) ∈ Un. Taking u = limn→∞ un, we see that u ≤ t and Xu(ω) ∈ K,
again due to the continuity of the process. This means that τs(ω) ≤ t, which
justifies (13.4).

Since the event on the right-hand side of (13.4) belongs to Ft, we see that
{τs ≤ t} belongs to Ft for t > s. Furthermore, {τs ≤ s} = {Xs ∈ K} ∈ Fs.
We have thus proved that τ s is a stopping time. �

For a given random process, a simple example of a filtration is that gen-
erated by the process itself:

FX
t = σ(Xs, s ≤ t).

Clearly, Xt is adapted to the filtration FX
t .

Definition 13.16. A family (Xt,Ft)t∈T is called a martingale if the process
Xt is adapted to the filtration Ft, Xt ∈ L1(Ω,F ,P) for all t, and

Xs = E(Xt|Fs) for s ≤ t.

If the equal sign is replaced by ≤ or ≥, then (Xt,Ft)t∈T is called a submartin-
gale or supermartingale respectively.

We shall often say that Xt is a martingale, without specifying a filtration, if
it is clear from the context what the parameter set and the filtration are.

If one thinks of Xt as the fortune of a gambler at time t, then a martingale
is a model of a fair game (any information available by time s does not affect
the fact that the expected increment in the fortune over the time period from
s to t is equal to zero). More precisely, E(Xt − Xs|Fs) = 0.

If (Xt,Ft)t∈T is a martingale and f is a convex function such that f(Xt)
is integrable for all t, then (f(Xt),Ft)t∈T is a submartingale. Indeed, by the
Conditional Jensen’s Inequality,

f(Xs) = f(E(Xt|Fs)) ≤ E(f(Xt)|Fs).

For example, if (Xt,Ft)t∈T is a martingale, then (|Xt|,Ft)t∈T is a submartin-
gale, If, in addition, Xt is square-integrable, then (X2

t ,Ft)t∈T is a submartin-
gale.
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13.5 Martingales with Discrete Time

In this section we study martingales with discrete time (T = N). In the next
section we shall state the corresponding results for continuous time martin-
gales, which will lead us to the notion of an integral of a random process with
respect to a continuous martingale.

Our first theorem states that any submartingale can be decomposed, in a
unique way, into a sum of a martingale and a non-decreasing process adapted
to the filtration (Fn−1)n≥2.

Theorem 13.17. (Doob Decomposition) If (Xn,Fn)n∈N is a submartin-
gale, then there exist two random processes, Mn and An, with the following
properties:

1. Xn = Mn + An for n ≥ 1.
2. (Mn,Fn)n∈N is a martingale.
3. A1 = 0, An is Fn−1-measurable for n ≥ 2.
4. An is non-decreasing, that is

An(ω) ≤ An+1(ω)

almost surely for all n ≥ 1.

If another pair of processes Mn, An has the same properties, then Mn =
Mn, An = An almost surely.

Proof. Assuming that the processes Mn and An with the required properties
exist, we can write for n ≥ 2

Xn−1 = Mn−1 + An−1,

Xn = Mn + An.

Taking the difference and then the conditional expectation with respect to
Fn−1, we obtain

E(Xn|Fn−1) − Xn−1 = An − An−1.

This shows that An is uniquely defined by the process Xn and the random
variable An−1. The random variable Mn is also uniquely defined, since Mn =
Xn − An. Since M1 = X1 and A1 = 0, we see, by induction on n, that the
pair of processes Mn, An with the required properties is unique.

Furthermore, given a submartingale Xn, we can use the relations

M1 = X1, A1 = 0,

An = E(Xn|Fn−1) − Xn−1 + An−1, Mn = Xn − An, n ≥ 2,

to define inductively the processes Mn and An. Clearly, they have properties
1, 3 and 4. In order to verify property 2, we write
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E(Mn|Fn−1) = E(Xn − An|Fn−1) = E(Xn|Fn−1) − An

= Xn−1 − An−1 = Mn−1, n ≥ 2,

which proves that (Mn,Fn)n∈N is a martingale. �

If (Xn,Fn) is an adapted process and τ is a stopping time, then Xτ(ω)(ω)
is a random variable measurable with respect to the σ-algebra Fτ . Indeed,
one needs to check that {Xτ ∈ B}

⋂
{τ ≤ n} ∈ Fn for any Borel set B of

the real line and each n. This is true since τ takes only integer values and
{Xm ∈ B} ∈ Fn for each m ≤ n.

In order to develop an intuitive understanding of the next theorem, one
can again think of a martingale as a model of a fair game. In a fair game, a
gambler cannot increase or decrease the expectation of his fortune by entering
the game at a point of time σ(ω), and then quitting the game at τ(ω), provided
that he decides to enter and leave the game based only on the information
available by the time of the decision (that is, without looking into the future).

Theorem 13.18. (Optional Sampling Theorem) If (Xn,Fn)n∈N is a sub-
martingale and σ and τ are two stopping times such that σ ≤ τ ≤ k for some
k ∈ N, then

Xσ ≤ E(Xτ |Fσ).

If (Xn,Fn)n∈N is a martingale or a supermartingale, then the same statement
holds with the ≤ sign replaced by = or ≥ respectively.

Proof. The case of (Xn,Fn)n∈N being a supermartingale is equivalent to con-
sidering the submartingale (−Xn,Fn)n∈N. Thus, without loss of generality,
we may assume that (Xn,Fn)n∈N is a submartingale.

Let A ∈ Fσ. For 1 ≤ m ≤ n we define

Am = A
⋂

{σ = m}, Am,n = Am

⋂
{τ = n},

Bm,n = Am

⋂
{τ > n}, Cm,n = Am

⋂
{τ ≥ n}.

Note that Bm,n ∈ Fn, since {τ > n} = Ω\{τ ≤ n} ∈ Fn. Therefore, by
definition of a submartingale,

∫

Bm,n

XndP ≤
∫

Bm,n

Xn+1dP.

Since Cm,n = Am,n

⋃
Bm,n,

∫

Cm,n

XndP ≤
∫

Am,n

XndP +
∫

Bm,n

Xn+1dP,

and thus, since Bm,n = Cm,n+1,
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∫

Cm,n

XndP −
∫

Cm,n+1

Xn+1dP ≤
∫

Am,n

XndP.

By taking the sum from n = m to k, and noting that we have a telescopic
sum on the left-hand side, we obtain

∫

Am

XmdP ≤
∫

Am

XτdP,

were we used that Am = Cm,m. By taking the sum from m = 1 to k, we
obtain ∫

A

XσdP ≤
∫

A

XτdP.

Since A ∈ Fσ was arbitrary, this completes the proof of the theorem. �

Definition 13.19. A set of random variables {fs}s∈S is said to be uniformly
integrable if

lim
λ→∞

sup
s∈S

∫

{|fs|>λ}
|fs|dP = 0.

Remark 13.20. The Optional Sampling Theorem is, in general, not true for
unbounded stopping times σ and τ . If, however, we assume that the random
variables Xn, n ∈ N, are uniformly integrable, then the theorem remains valid
even for unbounded σ and τ .

Remark 13.21. There is an equivalent way to define uniform integrability (see
Problem 9). Namely, a set of random variables {fs}s∈S is uniformly integrable
if

(1) there is a constant K such that
∫

Ω
|fs|dP ≤ K for all s ∈ S, and

(2) for any ε > 0 one can find δ > 0 such that
∫

A
|fs(ω)|dP(ω) ≤ ε for all

s ∈ S, provided that P(A) ≤ δ.

For a random process Xn and a constant λ > 0, we define the event
A(λ, n) = {ω : max1≤i≤n Xi(ω) ≥ λ}. From the Chebyshev Inequality it
follows that λP({Xn ≥ λ}) ≤ E max(Xn, 0). If (Xn,Fn) is a submartingale,
we can make a stronger statement. Namely, we shall now use the Optional
Sampling Theorem to show that the event {Xn ≥ λ} on the left-hand side
can be replaced by A(λ, n).

Theorem 13.22. (Doob Inequality) If (Xn,Fn) is a submartingale, then
for any n ∈ N and any λ > 0,

λP(A(λ, n)) ≤
∫

A(λ,n)

XndP ≤ E max(Xn, 0).



13.6 Martingales with Continuous Time 193

Proof. We define the stopping time σ to be the first moment when Xi ≥ λ
if maxi≤n Xi ≥ λ and put σ = n if maxi≤n Xi < λ. The stopping time τ is
defined simply as τ = n. Since σ ≤ τ , the Optional Sampling Theorem can be
applied to the pair of stopping times σ and τ . Note that A(λ, n) ∈ Fσ since

A(λ, n)
⋂

{σ ≤ m} = {max
i≤m

Xi ≥ λ} ∈ Fm.

Therefore, since Xσ ≥ λ on A(λ, n),

λP(A(λ, n)) ≤
∫

A(λ,n)

XσdP ≤
∫

A(λ,n)

XndP ≤ E max(Xn, 0),

where the second inequality follows from the Optional Sampling Theorem. �

Remark 13.23. Suppose that ξ1, ξ2, ... is a sequence of independent random
variables with finite mathematical expectations and variances, mi = Eξi, Vi =
Varξi. One can obtain the Kolmogorov Inequality of Section 7.1 by applying
Doob’s Inequality to the submartingale ζn = (ξ1 + ... + ξn − m1 − ... − mn)2.

13.6 Martingales with Continuous Time

In this section we shall formulate the statements of the Doob Decomposition,
the Optional Sampling Theorem, and the Doob Inequality for continuous time
martingales. The proofs of these results rely primarily on the corresponding
statements for the case of martingales with discrete time. We shall not provide
additional technical details, but interested readers may refer to “Brownian
Motion and Stochastic Calculus” by I. Karatzas and S. Shreve for the complete
proofs.

Before formulating the results, we introduce some new notations and def-
initions.

Given a filtration (Ft)t∈R+ on a probability space (Ω,F ,P), we define the
filtration (Ft+)t∈R+ as follows: A ∈ Ft+ if and only if A ∈ Ft+δ for any δ > 0.
We shall say that (Ft)t∈R+ is right-continuous if Ft = Ft+ for all t ∈ R

+.
Recall that a set A ⊆ Ω is said to be P-negligible if there is an event

B ∈ F such that A ⊆ B and P(B) = 0.
We shall often impose the following technical assumption on our filtration.

Definition 13.24. A filtration (Ft)t∈R+ is said to satisfy the usual conditions
if it is right-continuous and all the P-negligible events from F belong to F0.

We shall primarily be interested in processes whose every realization is
right-continuous (right-continuous processes), or every realization is continu-
ous (continuous processes). It will be clear that in the results stated below the
assumption that a process is right-continuous (continuous) can be replaced by
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the assumption that the process is indistinguishable from a right-continuous
(continuous) process.

Later we shall need the following lemma, which we state now without a
proof. (A proof can be found in “Brownian Motion and Stochastic Calculus”
by I. Karatzas and S. Shreve.)

Lemma 13.25. Let (Xt,Ft)t∈R+ be a submartingale with filtration which sat-
isfies the usual conditions. If the function f : t → EXt from R

+ to R is right-
continuous, then there exists a right-continuous modification of the process Xt

which is also adapted to the filtration Ft (and therefore is also a submartin-
gale).

We formulate the theorem on the decomposition of continuous submartingales.

Theorem 13.26. (Doob-Meyer Decomposition) Let (Xt,Ft)t∈R+ be a
continuous submartingale with filtration which satisfies the usual conditions.
Let Sa be the set of all stopping times bounded by a. Assume that for every
a > 0 the set of random variables {Xτ}τ∈Sa

is uniformly integrable. Then
there exist two continuous random processes Mt and At such that:

1. Xt = Mt + At for all t ≥ 0 almost surely.
2. (Mt,Ft)t∈R+ is a martingale.
3. A0 = 0, At is adapted to the filtration Ft.
4. At is non-decreasing, that is As(ω) ≤ At(ω) if s ≤ t for every ω.

If another pair of processes M t, At has the same properties, then Mt is indis-
tinguishable from M t and At is indistinguishable from At.

We can also formulate the Optional Sampling Theorem for continuous time
submartingales. If τ is a stopping time of a filtration Ft, and the process Xt

is adapted to the filtration Ft and right-continuous, then it is not difficult to
show that Xτ is Fτ -measurable (see Problems 1 and 2 in Chapter 20).

Theorem 13.27. (Optional Sampling Theorem) If (Xt,Ft)t∈R+ is a
right-continuous submartingale, and σ and τ are two stopping times such that
σ ≤ τ ≤ r for some r ∈ R

+, then

Xσ ≤ E(Xτ |Fσ).

If (Xt,Ft)t∈R+ is a either martingale or a supermartingale, then the same
statement holds with the ≤ sign replaced by = or ≥ respectively.

Remark 13.28. As in the case of discrete time, the Optional Sampling Theorem
remains valid even for unbounded σ and τ if the random variables Xt, t ∈ R

+,
are uniformly integrable.

The proof of the following lemma relies on a simple application of the
Optional Sampling Theorem.

Lemma 13.29. If (Xt,Ft)t∈R+ is a right-continuous (continuous) martin-
gale, τ is a stopping time of the filtration Ft, and Yt = Xt∧τ , then (Yt,Ft)t∈R+

is also a right-continuous (continuous) martingale.
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Proof. Let us show that E(Yt − Ys|Fs) = 0 for s ≤ t. We have

E(Yt − Ys|Fs) = E(Xt∧τ − Xs∧τ |Fs) = E((X(t∧τ)∨s − Xs)|Fs).

The expression on the right-hand side of this equality is equal to zero by the
Optional Sampling Theorem. Since t ∧ τ is a continuous function of t, the
right-continuity (continuity) of Yt follows from the right-continuity (continu-
ity) of Xt. �

Finally, we formulate the Doob Inequality for continuous time submartin-
gales.

Theorem 13.30. (Doob Inequality) If (Xt,Ft) is a right-continuous sub-
martingale, then for any t ∈ R

+ and any λ > 0

λP(A(λ, t)) ≤
∫

A(λ,t)

XtdP ≤ E max(Xt, 0),

where A(λ, t) = {ω : sup0≤s≤t Xs(ω) ≥ λ}.

13.7 Convergence of Martingales

We first discuss convergence of martingales with discrete time.

Definition 13.31. A martingale (Xn,Fn)n∈N is said to be right-closable if
there is a random variable X∞ ∈ L1(Ω,F ,P) such that E(X∞|Fn) = Xn for
all n ∈ N.

The random variable X∞ is sometimes referred to as the last element of the
martingale.

We can define F∞ as the minimal σ-algebra containing Fn for all n. For
a right-closable martingale we can define X ′

∞ = E(X∞|F∞). Then X ′
∞ also

serves as the last element since

E(X ′
∞|Fn) = E(E(X∞|F∞)|Fn) = E(X∞|Fn) = Xn.

Therefore, without loss of generality, we shall assume from now on that, for a
right-closable martingale, the last element X∞ is F∞-measurable.

Theorem 13.32. A martingale is right-closable if and only if it is uniformly
integrable (that is the sequence of random variables Xn, n ∈ N, is uniformly
integrable).

We shall only prove that a right-closable martingale is uniformly integrable.
The proof of the converse statement is slightly more complicated, and we omit
it here. Interested readers may find it in “Real Analysis and Probability” by
R. M. Dudley.
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Proof. We need to show that

lim
λ→∞

sup
n∈N

∫

{|Xn|>λ}
|Xn|dP = 0.

Since | · | is a convex function,

|Xn| = |E(X∞|Fn)| ≤ E(|X∞||Fn)

by the Conditional Jensen’s Inequality. Therefore,
∫

{|Xn|>λ}
|Xn|dP ≤

∫

{|Xn|>λ}
|X∞|dP.

Since |X∞| is integrable and the integral is absolutely continuous with respect
to the measure P, it is sufficient to prove that

lim
λ→∞

sup
n∈N

P{|Xn| > λ} = 0.

By the Chebyshev Inequality,

lim
λ→∞

sup
n∈N

P{|Xn| > λ} ≤ lim
λ→∞

sup
n∈N

E|Xn|/λ ≤ lim
λ→∞

E|X∞|/λ = 0,

which proves that a right-closable martingale is uniformly integrable. �

The fact that a martingale is right-closable is sufficient to establish con-
vergence in probability and in L1.

Theorem 13.33. (Doob) Let (Xn,Fn)n∈N be a right-closable martingale.
Then

lim
n→∞

Xn = X∞

almost surely and in L1(Ω,F ,P).

Proof. (Due to C.W. Lamb.) Let K =
⋃

n∈N
Fn. Let G be the collection of

sets which can be approximated by sets from K. Namely, A ∈ G if for any
ε > 0 there is B ∈ K such that P(A∆B) < ε. It is clear that K is a π-system,
and that G is a Dynkin system. Therefore, F∞ = σ(K) ⊆ G by Lemma 4.13.

Let F be the set of functions which are in L1(Ω,F ,P) and are measurable
with respect to Fn for some n < ∞. We claim that F is dense in L1(Ω,F∞,P).
Indeed, any indicator function of a set from F∞ can be approximated by
elements of F , as we just demonstrated. Therefore, the same is true for fi-
nite linear combinations of indicator functions which, in turn, are dense in
L1(Ω,F∞,P).

Since X∞ is F∞-measurable, for any ε > 0 we can find Y∞ ∈ F such
that E|X∞ − Y∞| ≤ ε2. Let Yn = E(Y∞|Fn). Then (Xn − Yn,Fn)n∈N is a
martingale. Therefore, (|Xn − Yn|,Fn)n∈N is a submartingale, as shown in
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Section 13.4, and E|Xn − Yn| ≤ E|X∞ − Y∞|, by the Conditional Jensen’s
Inequality. By Doob’s Inequality (Theorem 13.22),

P(sup
n∈N

|Xn − Yn| > ε) ≤ sup
n∈N

E|Xn − Yn|/ε ≤ E|X∞ − Y∞|/ε ≤ ε.

Note that Yn = Y∞ for large enough n, since Y∞ is Fn measurable for some
finite n. Therefore,

P(lim sup
n→∞

Xn − Y∞ > ε) ≤ ε and P(lim inf
n→∞

Xn − Y∞ < −ε) ≤ ε.

Also, by the Chebyshev Inequality, P(|X∞ − Y∞| > ε) ≤ ε. Therefore,

P(lim sup
n→∞

Xn − X∞ > 2ε) ≤ 2ε and P(lim inf
n→∞

Xn − X∞ < −2ε) ≤ 2ε.

Since ε > 0 was arbitrary, this implies that limn→∞ Xn = X∞ almost surely.
It remains to prove the convergence in L1(Ω,F ,P). Let ε > 0 be fixed.

Since Xn, n ∈ N, are uniformly integrable, by Remark 13.21 we can find δ > 0
such that for any event A with P(A) ≤ δ

sup
n∈N

∫

A

|Xn|dP < ε and
∫

A

|X∞|dP < ε.

Since Xn converges to X∞ almost surely, and convergence almost surely im-
plies convergence in probability, we have P(|Xn − X∞| > ε) ≤ δ for all suffi-
ciently large n. Therefore, for all sufficiently large n

E|Xn − X∞| ≤ E(|Xn|χ{|Xn−X∞|>ε}) + E(|X∞|χ{|Xn−X∞|>ε})+

E(|Xn − X∞|χ{|Xn−X∞|≤ε}) ≤ 3ε.

Since ε > 0 was arbitrary, this implies the L1 convergence. �

Example (Polya Urn Scheme). Consider an urn containing one black and
one white ball. At time step n we take a ball randomly out of the urn and
replace it with two balls of the same color.

More precisely, consider two processes An (number of black balls) and Bn

(number of white balls). Then A0 = B0 = 1, and An, Bn, n ≥ 1, are defined
inductively as follows: An = An−1 + ξn, Bn = Bn−1 + (1 − ξn), where ξn is a
random variable such that

P(ξn = 1|Fn−1) =
An−1

An−1 + Bn−1
, and P(ξn = 0|Fn−1) =

Bn−1

An−1 + Bn−1
,

and Fn−1 is the σ-algebra generated by all Ak, Bk with k ≤ n − 1. Let Xn =
An/(An +Bn) be the proportion of black balls. Let us show that (Xn,Fn)n≥0

is a martingale. Indeed,
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E(Xn − Xn−1|Fn−1) = E(
An

An + Bn
− An−1

An−1 + Bn−1
|Fn−1) =

E(
(An−1 + Bn−1)ξn − An−1

(An + Bn)(An−1 + Bn−1)
|Fn−1) =

1
An + Bn

E(ξn − An−1

An−1 + Bn−1
)|Fn−1) = 0,

as is required of a martingale. Here we used that An +Bn = An−1 +Bn−1 +1,
and is therefore Fn−1-measurable. The martingale (Xn,Fn)n≥0 is uniformly
integrable, simply because Xn are bounded by one. Therefore, by Theo-
rem 13.33, there is a random variable X∞ such that limn→∞ Xn = X∞ almost
surely.

We can actually write the distribution of X∞ explicitly. The variable An

can take integer values between 1 and n + 1. We claim that P(An = k) =
1/(n + 1) for all 1 ≤ k ≤ n + 1. Indeed, the statement is obvious for n = 0.
For n ≥ 1, by induction,

P(An = k) = P(An−1 = k − 1; ξn = 1) + P(An−1 = k; ξn = 0) =

1
n
· k − 1
n + 1

+
1
n
· n − k + 1

n + 1
=

1
n + 1

.

This means that P(Xn = k/(n + 2)) = 1/(n + 1) for 1 ≤ k ≤ n + 1. Since the
sequence Xn converges to X∞ almost surely, it also converges in distribution.
Therefore, the distribution of X∞ is uniform on the interval [0, 1].

If (Xn,Fn)n∈N is bounded in L1(Ω,F ,P) (that is E|Xn| ≤ c for some
constant c and all n), we cannot claim that it is right-closable. Yet, the L1-
boundedness still guarantees almost sure convergence, although not neces-
sarily to the last element of the martingale (which does not exist unless the
martingale is uniformly integrable). We state the following theorem without
a proof.

Theorem 13.34. (Doob) Let (Xn,Fn)n∈N be a L1(Ω,F ,P)-bounded mar-
tingale. Then

lim
n→∞

Xn = Y

almost surely, where Y is some random variable from L1(Ω,F ,P).

Remark 13.35. Although the random variable Y belongs to L1(Ω,F ,P), the
sequence Xn need not converge to Y in L1(Ω,F ,P).

Let us briefly examine the convergence of submartingales. Let (Xn,Fn)n∈N

be an L1(Ω,F ,P)-bounded submartingale, and let Xn = Mn+An be its Doob
Decomposition. Then EAn = E(Xn − Mn) = E(Xn − M1). Thus, An is a
monotonically non-decreasing sequence of random variables which is bounded
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in L1(Ω,F ,P). By the Levi Monotonic Convergence Theorem, there exists
the almost sure limit A = limn→∞ An ∈ L1(Ω,F ,P).

Since An are bounded in L1(Ω,F ,P), so too are Mn. Since An are non-
negative random variables bounded from above by A, they are uniformly
integrable. Therefore, if (Xn,Fn)n∈N is a uniformly integrable submartingale,
then (Mn,Fn)n∈N is a uniformly integrable martingale. Upon gathering the
above arguments, and applying Theorems 13.33 and 13.34, we obtain the
following lemma.

Lemma 13.36. Let a submartingale (Xn,Fn)n∈N be bounded in L1(Ω,F ,P).
Then

lim
n→∞

Xn = Y

almost surely, where Y is some random variable from L1(Ω,F ,P). If Xn are
uniformly integrable, then the convergence is also in L1(Ω,F ,P).

Although our discussion of martingale convergence has been focused so
far on martingales with discrete time, the same results carry over to the case
of right-continuous martingales with continuous time. In Definition 13.31 and
Theorems 13.33 and 13.34 we only need to replace the parameter n ∈ N by
t ∈ R

+. Since the proof of Lemma 13.36 in the continuous time case relies on
the Doob-Meyer Decomposition, in order to make it valid in the continuous
time case, we must additionally assume that the filtration satisfies the usual
conditions and that the submartingale is continuous.

13.8 Problems

1. Let g : R → R be a measurable function which is not convex. Show that
there is a random variable f on some probability space such that E|f | < ∞
and −∞ < Eg(f) < g(Ef) < ∞.

2. Let ξ and η be two random variables with finite expectations such that
E(ξ|η) ≥ η and E(η|ξ) ≥ ξ. Prove that ξ = η almost surely.

3. Suppose that two random variables f and g defined on a common probabil-
ity space (Ω,F ,P) have a joint probability density p(x, y). Find an expression
for E(f |g = y) and an expression for the distribution of E(f |g) in terms of p.

4. Let (ξ1, ..., ξn) be a Gaussian vector with zero mean and covariance ma-
trix B. Find the distribution of the random variable E(ξ1|ξ2, ..., ξn).

5. Let A = {(x, y) ∈ R
2 : |x − y| < a, |x + y| < b}, where a, b > 0. As-

sume that the random vector (ξ1, ξ2) is uniformly distributed on A. Find the
distribution of E(ξ1|ξ2).
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6. Let ξ1, ξ2, ξ3 be independent identically distributed bounded random vari-
ables with density p(x). Find the distribution of

E(max(ξ1, ξ2, ξ3)|min(ξ1, ξ2, ξ3))

in terms of the density p.

7. Prove that if σ and τ are stopping times of a filtration Ft, then so is
σ ∨ τ . If, in addition, σ, τ ≥ 0, then σ + τ is a stopping time.

8. Let ξ1, ξ2, ... be independent N(0, 1) distributed random variables. Let
Sn = ξ1 + ... + ξn and Xn = eSn−n/2. Let FX

n be the σ-algebra generated
by X1, ...,Xn. Prove that (Xn,FX

n )n∈N is a martingale.

9. Prove that the definition of uniform integrability given in Remark 13.21 is
equivalent to Definition 13.19.

10. A man tossing a coin wins one point for heads and five points for tails.
The game stops when the man accumulates at least 1000 points. Estimate
with an accuracy ±2 the expectation of the length of the game.

11. Let Xn be a process adapted to a filtration Fn, n ∈ N. Let M > 0
and τ(ω) = min(n : |Xn(ω)| ≥ M) (where τ(ω) = ∞ if |Xn(ω)| < M for all
n). Prove that τ is a stopping time of the filtration Fn.

12. Let a martingale (Xn,Fn)n∈N be uniformly integrable. Let the stopping
time τ be defined as in the previous problem. Prove that (Xn∧τ ,Fn∧τ )n∈N is
a uniformly integrable martingale.

13. Let Nn, n ≥ 1, be the size of a population of bacteria at time step n.
At each time step each bacteria produces a number of offspring and dies.
The number of offspring is independent for each bacteria and is distrib-
uted according to the Poisson law with parameter λ = 2. Assuming that
N1 = a > 0, find the probability that the population will eventually die,
that is find P (Nn = 0 for some n ≥ 1). (Hint: find c such that exp(−cNn) is
a martingale.)

14. Ann and Bob are gambling at a casino. In each game the probability
of winning a dollar is 48 percent, and the probability of loosing a dollar is 52
percent. Ann decided to play 20 games, but will stop after 2 games if she wins
them both. Bob decided to play 20 games, but will stop after 10 games if he
wins at least 9 out of the first 10. What is larger: the amount of money Ann
is expected to loose, or the amount of money Bob is expected to loose?

15. Let (Xt,Ft)t∈R be a martingale with continuous realizations. For 0 ≤ s ≤ t,
find E(

∫ t

0
Xudu|Fs).
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16. Consider an urn containing A0 black balls and B0 white balls. At time
step n we take a ball randomly out of the urn and replace it with two balls
of the same color. Let Xn denote the proportion of the black balls. Prove
that Xn converges almost surely, and find the distribution of the limit.
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14

Markov Processes with a Finite State Space

14.1 Definition of a Markov Process

In this section we define a homogeneous Markov process with values in a finite
state space. We can assume that the state space X is the set of the first r
positive integers, that is X = {1, ..., r}.

Let P (t) be a family of r×r stochastic matrices indexed by the parameter
t ∈ [0,∞). The elements of P (t) will be denoted by Pij(t), 1 ≤ i, j ≤ r. We
assume that the family P (t) forms a semi-group, that is P (s)P (t) = P (s + t)
for any s, t ≥ 0. Since P (t) are stochastic matrices, the semi-group property
implies that P (0) is the identity matrix. Let µ be a distribution on X.

Let Ω̃ be the set of all functions ω̃ : R
+ → X and B be the σ-algebra

generated by all the cylindrical sets. Define a family of finite-dimensional
distributions Pt0,...,tk

, where 0 = t0 ≤ t1 ≤ ... ≤ tk, as follows

Pt0,...,tk
(ω̃(t0) = i0, ω̃(t1) = i1, ..., ω̃(tk) = ik)

= µi0Pi0i1(t1)Pi1i2(t2 − t1)...Pik−1ik
(tk − tk−1).

It can be easily seen that this family of finite-dimensional distributions satisfies
the consistency conditions. By the Kolmogorov Consistency Theorem, there is
a process Xt with values in X with these finite-dimensional distributions. Any
such process will be called a homogeneous Markov process with the family
of transition matrices P (t) and the initial distribution µ. (Since we do not
consider non-homogeneous Markov processes in this section, we shall refer to
Xt simply as a Markov process).

Lemma 14.1. Let Xt be a Markov process with the family of transition ma-
trices P (t). Then, for 0 ≤ s1 ≤ ... ≤ sk, t ≥ 0, and i1, ..., ik, j ∈ X, we
have

P(Xsk+t = j|Xs1 = i1, ...,Xsk
= ik) = P(Xsk+t = j|Xsk

= ik) = Pikj(t)
(14.1)

if the conditional probability on the left-hand side is defined.
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The proof of this lemma is similar to the arguments in Section 5.2, and thus
will not be provided here. As in Section 5.2, it is easy to see that for a Markov
process with the family of transition matrices P (t) and the initial distribution
µ the distribution of Xt is µP (t).

Definition 14.2. A distribution π is said to be stationary for a semi-group
of Markov transition matrices P (t) if πP (t) = π for all t ≥ 0.

As in the case of discrete time we have the Ergodic Theorem.

Theorem 14.3. Let P (t) be a semi-group of Markov transition matrices such
that for some t all the matrix entries of P (t) are positive. Then there is a
unique stationary distribution π for the semi-group of transition matrices.
Moreover, supi,j∈X |Pij(t)−πj | converges to zero exponentially fast as t → ∞.

This theorem can be proved similarly to the Ergodic Theorem for Markov
chains (Theorem 5.9). We leave the details as an exercise for the reader.

14.2 Infinitesimal Matrix

In this section we consider semi-groups of Markov transition matrices which
are differentiable at zero. Namely, assume that there exist the following limits

Qij = lim
t↓0

Pij(t) − Iij

t
, 1 ≤ i, j ≤ r, (14.2)

where I is the identity matrix.

Definition 14.4. If the limits in (14.2) exist for all 1 ≤ i, j ≤ r, then the
matrix Q is called the infinitesimal matrix of the semigroup P (t).

Since Pij(t) ≥ 0 and Iij = 0 for i �= j, the off-diagonal elements of Q are
non-negative. Moreover,

r∑

j=1

Qij =
r∑

j=1

lim
t↓0

Pij(t) − Iij

t
= lim

t↓0

∑r
j=1 Pij(t) − 1

t
= 0,

or, equivalently,
Qii = −

∑

j �=i

Qij .

Lemma 14.5. If the limits in (14.2) exist, then the transition matrices are
differentiable for all t ∈ R

+ and satisfy the following systems of ordinary
differential equations.

dP (t)
dt

= P (t)Q (forward system).

dP (t)
dt

= QP (t) (backward system).

The derivatives at t = 0 should be understood as one-sided derivatives.
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Proof. Due to the semi-group property of P (t),

lim
h↓0

P (t + h) − P (t)
h

= P (t) lim
h↓0

P (h) − I

h
= P (t)Q. (14.3)

This shows, in particular, that P (t) is right-differentiable. Let us prove that
P (t) is left-continuous. For t > 0 and 0 ≤ h ≤ t,

P (t) − P (t − h) = P (t − h)(P (h) − I).

All the elements of P (t−h) are bounded, while all the elements of (P (h)− I)
tend to zero as h ↓ 0. This establishes the continuity of P (t).

For t > 0,

lim
h↓0

P (t) − P (t − h)
h

= lim
h↓0

P (t − h) lim
h↓0

P (h) − I

h
= P (t)Q. (14.4)

Combining (14.3) and (14.4), we obtain the forward system of equations.
Due to the semi-group property of P (t), for t ≥ 0,

lim
h↓0

P (t + h) − P (t)
h

= lim
h↓0

P (h) − I

h
P (t) = QP (t),

and similarly, for t > 0,

lim
h↓0

P (t) − P (t − h)
h

= lim
h↓0

P (h) − I

h
lim
h↓0

P (t − h) = QP (t).

This justifies the backward system of equations. �

The system dP (t)/dt = P (t)Q with the initial condition P0 = I has the
unique solution P (t) = exp(tQ). Thus, the transition matrices can be uniquely
expressed in terms of the infinitesimal matrix.

Let us note another property of the infinitesimal matrix. If π is a stationary
distribution for the semi-group of transition matrices P (t), then

πQ = lim
t↓0

πP (t) − π

t
= 0.

Conversely, if πQ = 0 for some distribution π, then

πP (t) = π exp(tQ) = π(I + tQ +
t2Q2

2!
+

t3Q3

3!
+ · · · ) = π.

Thus, π is a stationary distribution for the family P (t).
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14.3 A Construction of a Markov Process

Let µ be a probability distribution on X and P (t) be a differentiable
semi-group of transition matrices with the infinitesimal matrix Q. Assume
that Qii < 0 for all i.

On an intuitive level, a Markov process with the family of transition ma-
trices P (t) and initial distribution µ can be described as follows. At time t = 0
the process is distributed according to µ. If at time t the process is in a state i,
then it will remain in the same state for time τ , where τ is a random vari-
able with exponential distribution. The parameter of the distribution depends
on i, but does not depend on t. After time τ the process goes to another state,
where it remains for exponential time, and so on. The transition probabilities
depend on i, but not on the moment of time t.

Now let us justify the above description and relate the transition times
and transition probabilities to the infinitesimal matrix. Let Q be an r × r
matrix with Qii < 0 for all i. Assume that there are random variables ξ, τn

i ,
1 ≤ i ≤ r, n ∈ N, and ηn

i , 1 ≤ i ≤ r, n ∈ N, defined on a common probability
space, with the following properties.

1. The random variable ξ takes values in X and has distribution µ.
2. For any 1 ≤ i ≤ r, the random variables τn

i , n ∈ N, are identically distrib-
uted according to the exponential distribution with parameter ri = −Qii.

3. For any 1 ≤ i ≤ r, the random variables ηn
i , n ∈ N, take values in X \ {i}

and are identically distributed with P(ηn
i = j) = −Qij/Qii for j �= i.

4. The random variables ξ, τn
i , ηn

i , 1 ≤ i ≤ r, n ∈ N, are independent.

We inductively define two sequences of random variables: σn, n ≥ 0, with
values in R

+ , and ξn, n ≥ 0, with values in X. Let σ0 = 0 and ξ0 = ξ.
Assume that σm and ξm have been defined for all m < n, where n ≥ 1, and
set

σn = σn−1 + τn
ξn−1 .

ξn = ηn
ξn−1 .

We shall treat σn as the time till the n-th transition takes place, and ξn as
the n-th state visited by the process. Thus, define

Xt = ξn for σn ≤ t < σn+1. (14.5)

Lemma 14.6. Assume that the random variables ξ, τn
i , 1 ≤ i ≤ r, n ∈ N,

and ηn
i , 1 ≤ i ≤ r, n ∈ N, are defined on a common probability space and

satisfy assumptions 1-4 above. Then the process Xt defined by (14.5) is a
Markov process with the family of transition matrices P (t) = exp(tQ) and
initial distribution µ.

Sketch of the Proof. It is clear from (14.5) that the initial distribution of Xt

is µ. Using the properties of τn
i and ηn

i it is possible to show that, for k �= j,
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P(X0 = i,Xt = k,Xt+h = j)

= P(X0 = i,Xt = k)(P(τ1
k < h)P(ξ1

k = j) + o(h))

= P(X0 = i,Xt = k)(Qkjh + o(h)) as h ↓ 0.

In other words, the main contribution to the probability on the left-hand side
comes from the event that there is exactly one transition between the states
k and j during the time interval [t, t + h).

Similarly,
P(X0 = i,Xt = j,Xt+h = j)

= P(X0 = i,Xt = j)(P(τ1
j ≥ h) + o(h))

= P(X0 = i,Xt = j)(1 + Qjjh + o(h)) as h ↓ 0,

that is, the main contribution to the probability on the left-hand side comes
from the event that there are no transitions during the time interval [t, t+h].

Therefore,
r∑

k=1

P(X0 = i,Xt = k,Xt+h = j)

= P(X0 = i,Xt = j) + h

r∑

k=1

P(X0 = i,Xt = k)Qkj + o(h).

Let Rij(t) = P(X0 = i,Xt = j). The last equality can be written as

Rij(t + h) = Rij(t) + h

r∑

k=1

Rik(t)Qkj + o(h).

Using matrix notation,

lim
h↓0

R(t + h) − R(t)
h

= R(t)Q.

The existence of the left derivative is justified similarly. Therefore,

dR(t)
dt

= R(t)Q for t ≥ 0.

Note that Rij(0) = µi for i = j, and Rij(0) = 0 for i �= j. These are the same
equation and initial condition that are satisfied by the matrix-valued function
µiPij(t). Therefore,

Rij(t) = P(X0 = i,Xt = j) = µiPij(t). (14.6)

In order to prove that Xt is a Markov process with the family of transition
matrices P (t), it is sufficient to demonstrate that

P(Xt0 = i0,Xt1 = i1, ...,Xtk
= ik)

= µi0Pi0i1(t1)Pi1i2(t2 − t1)...Pik−1ik
(tk − tk−1).

for 0 = t0 ≤ t1 ≤ ... ≤ tk. The case k = 1 has been covered by (14.6). The
proof for k > 1 is similar and is based on induction on k. �
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14.4 A Problem in Queuing Theory

Markov processes with a finite or countable state space are used in the Queuing
Theory. In this section we consider one basic example.

Assume that there are r identical devices designed to handle incoming
requests. The times between consecutive requests are assumed to be indepen-
dent exponentially distributed random variables with parameter λ. At a given
time, each device may be either free or busy servicing one request. An incom-
ing request is serviced by any of the free devices and, if all the devices are
busy, the request is rejected. The times to service each request are assumed to
be independent exponentially distributed random variables with parameter µ.
They are also assumed to be independent of the arrival times of the requests.

Let us model the above system by a process with the state space X =
{0, 1, ..., r}. A state of the process corresponds to the number of devices busy
servicing requests. If there are no requests in the system, the time till the
first one arrives is exponential with parameter λ. If there are n requests in
the system, the time till the first one of them is serviced is an exponential
random variable with parameter nµ. If there are 1 ≤ i ≤ n − 1 requests
in the system, the time till either one of them is serviced, or a new request
arrives, is an exponential random variable with parameter λ + iµ. Therefore,
the process remains in a state i for a time which is exponentially distributed
with parameter

γ(i) =

⎧
⎨

⎩

λ if i = 0,
λ + iµ if 1 ≤ i ≤ n − 1,
iµ if i = n.

If the process is in the state i = 0, it can only make a transition to the
state i = 1, which corresponds to an arrival of a request. From a state 1 ≤ i ≤
n−1 the process can make a transition either to state i−1 or to state i+1. The
former corresponds to completion of one of i requests being serviced before
the arrival of a new request. Therefore, the probability of transition from i
to i − 1 is equal to the probability that the smallest of i exponential random
variables with parameter µ is less than an exponential random variable with
parameter λ (all the random variables are independent). This probability is
equal to iµ/(iµ+λ). Consequently, the transition probability from i to i+1 is
equal to λ/(iµ + λ). Finally, if the process is in the state n, it can only make
a transition to the state n − 1.

Let the initial state of the process Xt be independent of the arrival times
of the requests and the times it takes to service the requests. Then the
process Xt satisfies the assumptions of Lemma 14.6 (see the discussion before
Lemma 14.6). The matrix Q is the (r + 1) × (r + 1) tridiagonal matrix with
the vectors γ(i), 0 ≤ i ≤ r, on the diagonal, u(i) ≡ λ, 1 ≤ i ≤ r, above the
diagonal, and l(i) = iµ, 1 ≤ i ≤ r, below the diagonal. By Lemma 14.6, the
process Xt is Markov with the family of transition matrices P (t) = exp(tQ).

It is not difficult to prove that all the entries of exp(tQ) are positive for
some t, and therefore the Ergodic Theorem is applicable. Let us find the
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stationary distribution for the family of transition matrices P (t). As noted in
Section 14.2, a distribution π is stationary for P (t) if and only if πQ = 0. It is
easy to verify that the solution of this linear system, subject to the conditions
π(i) ≥ 0, 0 ≤ i ≤ r, and

∑r
i=0 π(i) = 1, is

π(i) =
(λ/µ)i/i!

∑r
j=0(λ/µ)j/j!

, 0 ≤ i ≤ r.

14.5 Problems

1. Let P (t) be a differentiable semi-group of Markov transition matrices with
the infinitesimal matrix Q. Assume that Qij �= 0 for 1 ≤ i, j ≤ r. Prove that
for every t > 0 all the matrix entries of P (t) are positive. Prove that there is
a unique stationary distribution π for the semi-group of transition matrices.
(Hint: represent Q as (Q+ cI)− cI with a constant c sufficiently large so that
to make all the elements of the matrix Q + cI non-negative.)

2. Let P (t) be a differentiable semi-group of transition matrices. Prove that if
all the elements of P (t) are positive for some t, then all the elements of P (t)
are positive for all t > 0.

3. Let P (t) be a differentiable semi-group of Markov transition matrices with
the infinitesimal matrix Q. Assuming that Q is self-adjoint, find a stationary
distribution for the semi-group P (t).

4. Let Xt be a Markov process with a differentiable semi-group of transi-
tion matrices and initial distribution µ such that µ(i) > 0 for 1 ≤ i ≤ r.
Prove that P(Xt = i) > 0 for all i.

5. Consider a taxi station where taxis and customers arrive according to Pois-
son processes. The taxis arrive at the rate of 1 per minute, and the customers
at the rate of 2 per minute. A taxi will wait only if there are no other taxis
waiting already. A customer will wait no matter how many other customers
are in line. Find the probability that there is a taxi waiting at a given moment
and the average number of customers waiting in line.

6. A company gets an average of five calls an hour from prospective clients. It
takes a company representative an average of twenty minutes to handle one
call (the distribution of time to handle one call is exponential). A prospective
client who cannot immediately talk to a representative never calls again. For
each prospective client that talks to a representative the company makes one
thousand dollars. How many representatives should the company maintain if
each is paid ten dollars an hour?
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Wide-Sense Stationary Random Processes

15.1 Hilbert Space Generated by a Stationary Process

Let (Ω,F ,P) be a probability space. Consider a complex-valued random
process Xt on this probability space, and assume that E|Xt|2 < ∞ for all
t ∈ T (T = R or Z).

Definition 15.1. A random process Xt is called wide-sense stationary if there
exist a constant m and a function b(t), t ∈ T , called the expectation and
the covariance of the random process, respectively, such that EXt = m and
E(XtXs) = b(t − s) for all t, s ∈ T .

This means that the expectation of random variables Xt is constant, and the
covariance depends only on the distance between the points on the time axis.
In the remaining part of this section we shall assume that EXt ≡ 0, the general
case requiring only trivial modifications.

Let Ĥ be the subspace of L2(Ω,F ,P) consisting of functions which can
be represented as finite linear combinations of the form ξ =

∑
s∈S csXs with

complex coefficients cs. Here S is an arbitrary finite subset of T , and the
equality is understood in the sense of L2(Ω,F ,P). Thus Ĥ is a vector space
over the field of complex numbers. The inner product on Ĥ is induced from
L2(Ω,F ,P). Namely, for ξ =

∑
s∈S1

csXs and η =
∑

s∈S2
dsXs,

(ξ, η) = E(ξη) =
∑

s1∈S1

∑

s2∈S2

cs1ds2E(Xs1Xs2).

In particular, (Xs,Xs) = E|Xs|2. Let H denote the closure of Ĥ with respect
to this inner product. Thus ξ ∈ H if one can find a Cauchy sequence ξn ∈ Ĥ
such that E|ξ−ξn|2 → 0 as n → ∞. In particular, the sum of an infinite series∑

csXs (if the series converges) is contained in H. In general, however, not
every ξ ∈ H can be represented as an infinite sum of this form. Note that
Eξ = 0 for each ξ ∈ H since the same is true for all elements of Ĥ.
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Definition 15.2. The space H is called the Hilbert space generated by the
random process Xt.

We shall now define a family of operators U t on the Hilbert space generated
by a wide-sense stationary random process. The operator U t is first defined
on the elements of Ĥ as follows:

U t
∑

s∈S

csXs =
∑

s∈S

csXs+t. (15.1)

This definition will make sense if we show that
∑

s∈S1
csXs =

∑
s∈S2

dsXs

implies that
∑

s∈S1
csXs+t =

∑
s∈S2

dsXs+t.

Lemma 15.3. The operators U t are correctly defined and preserve the inner
product, that is (U tξ, U tη) = (ξ, η) for ξ, η ∈ Ĥ.

Proof. Since the random process is stationary,

(
∑

s∈S1

csXs+t,
∑

s∈S2

dsXs+t) =
∑

s1∈S1,s2∈S2

cs1ds2E(Xs1+tXs2+t)

=
∑

s1∈S1,s2∈S2

cs1ds2E(Xs1Xs2) = (
∑

s∈S1

csXs,
∑

s∈S2

dsXs).
(15.2)

If
∑

s∈S1
csXs =

∑
s∈S2

dsXs, then

(
∑

s∈S1

csXs+t −
∑

s∈S2

dsXs+t,
∑

s∈S1

csXs+t −
∑

s∈S2

dsXs+t)

= (
∑

s∈S1

csXs −
∑

s∈S2

dsXs,
∑

s∈S1

csXs −
∑

s∈S2

dsXs) = 0,

that is, the operator U t is well-defined. Furthermore, for ξ =
∑

s∈S1
csXs and

η =
∑

s∈S2
dsXs, the equality (15.2) implies (U tξ, U tη) = (ξ, η), that is U t

preserves the inner product. �

Recall the following definition.

Definition 15.4. Let H be a Hilbert space. A linear operator U : H → H
is called unitary if it is a bijection that preserves the inner product, i.e.,
(Uξ, Uη) = (ξ, η) for all ξ, η ∈ H.

The inverse operator U−1 is then also unitary and U∗ = U−1, where U∗ is
the adjoint operator.

In our case, both the domain and the range of U t are dense in H for any
t ∈ T . Since U t preserves the inner product, it can be extended by continuity
from Ĥ to H, and the extension, also denoted by U t, is a unitary operator.
By (15.1), the operators U t on Ĥ form a group, that is U0 is the identity
operator and U tUs = U t+s. By continuity, the same is true for operators U t

on H.
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15.2 Law of Large Numbers for Stationary Random
Processes

Let Xn be a wide-sense stationary random process with discrete time. As
before, we assume that EXn ≡ 0. Consider the time averages

(Xk + Xk+1 + ... + Xk+n−1)/n,

which clearly belong to Ĥ. In the case of discrete time we shall use the notation
U = U1.

Theorem 15.5. (Law of Large Numbers) There exists η ∈ H such that

lim
n→∞

Xk + ... + Xk+n−1

n
= η (in H)

for all k. The limit η does not depend on k and is invariant under U , that is
Uη = η.

We shall derive Theorem 15.5 from the so-called von Neumann Ergodic The-
orem for unitary operators.

Theorem 15.6. (von Neumann Ergodic Theorem) Let U be a unitary
operator in a Hilbert space H. Let P be the orthogonal projection onto the
subspace H0 = {ϕ : ϕ ∈ H,Uϕ = ϕ}. Then for any ξ ∈ H,

lim
n→∞

ξ + ... + Un−1ξ

n
= Pξ. (15.3)

Proof. If ξ ∈ H0, then (15.3) is obvious with Pξ = ξ. If ξ is of the form
ξ = Uξ1 − ξ1 with some ξ1 ∈ H, then

lim
n→∞

ξ + . . . + Un−1ξ

n
= lim

n→∞

Unξ1 − ξ1

n
= 0.

Furthermore, Pξ = 0. Indeed, take any α ∈ H0. Since α = Uα, we have

(ξ, α) = (Uξ1 − ξ1, α) = (Uξ1, α) − (ξ1, α) = (Uξ1, Uα) − (ξ1, α) = 0.

Therefore, the statement of the theorem holds for all ξ of the form ξ = Uξ1−ξ1.
The next step is to show that, if ξ(r) → ξ and the statement of the theorem

is valid for each ξ(r), then it is valid for ξ.
Indeed, let η(r) = Pξ(r). Take any ε > 0 and find r such that ||ξ(r) − ξ|| ≤

ε/3. Then ||η(r) − Pξ|| = ||P (ξ(r) − ξ)|| ≤ ||ξ(r) − ξ|| ≤ ε/3. Therefore,

||ξ + ... + Un−1ξ

n
− Pξ|| ≤ ||ξ

(r) + . . . + Un−1ξ(r)

n
− η(r)||

+
1
n

(
||ξ(r) − ξ|| + ||Uξ(r) − Uξ|| + ... + ||Un−1ξ(r) − Un−1ξ||

)
+ ||η(r) − Pξ||,
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which can be made smaller than ε by selecting sufficiently large n.
Now let us finish the proof of the theorem. Take an arbitrary ξ ∈ H and

write ξ = Pξ + ξ1, where ξ1 ∈ H⊥
0 . We must show that

lim
n→∞

ξ1 + . . . + Un−1ξ1

n
= 0.

In order to prove this statement, it is sufficient to show that the set of all
vectors of the form Uξ − ξ, ξ ∈ H, is dense in H⊥

0 .
Assume the contrary. Then one can find α ∈ H, α �= 0, such that α ⊥ H0

and α is orthogonal to any vector of the form Uξ − ξ. If this is the case, then

(Uα−α,Uα−α) = (Uα,Uα−α) = (α, α−U−1α) = (α,U(U−1α)−U−1α) = 0,

that is Uα − α = 0. Thus α ∈ H0, which is a contradiction. �

Proof of Theorem 15.5. We have Xk = UkX0. If X0 = η + η0, where η ∈ H0,
η0 ⊥ H0, then

Xk = UkX0 = Uk(η + η0) = η + Ukη0.

Since Ukη0 ⊥ H0, we have PXk = η, which does not depend on k. Thus
Theorem 15.5 follows from the von Neumann Ergodic Theorem. �

Let us show that, in our case, the space H0 is at most one-dimensional.
Indeed, write X0 = η+η0, where η ∈ H0, η0 ⊥ H0. We have already seen that
Xk = η + Ukη0 and Ukη0 ⊥ H0.

Assume that there exists η ∈ H0, η ⊥ η. Then η ⊥ Xk for any k. There-
fore, η ⊥

∑
ckXk for any finite linear combination

∑
ckXk, and thus η = 0. �

Now we can improve Theorem 15.5 in the following way.

Theorem 15.7. Either, for every ξ ∈ H,

lim
n→∞

ξ + ... + Un−1ξ

n
= 0,

or there exists a vector η ∈ H, ||η|| = 1, such that

lim
n→∞

ξ + ... + Un−1ξ

n
= (ξ, η) · η.

15.3 Bochner Theorem and Other Useful Facts

In this section we shall state, without proof, the Bochner Theorem and some
facts from measure theory to be used later in this chapter.
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Recall that a function f(x) defined on R or N is called non-negative definite
if the inequality

n∑

i,j=1

f(xi − xj)cicj ≥ 0

holds for any n > 0, any x1, ..., xn ∈ R (or N), and any complex numbers
c1, ..., cn.

Theorem 15.8. (Bochner Theorem) There is a one-to-one correspondence
between the set of continuous non-negative definite functions and the set of
finite measures on the Borel σ-algebra of R. Namely, if ρ is a finite measure,
then

f(x) =
∫

R

eiλxdρ(λ) (15.4)

is non-negative definite. Conversely, any continuous non-negative definite
function can be represented in this form.

Similarly, there is a one-to-one correspondence between the set of non-
negative definite functions on N and the set of finite measures on [0, 1), which
is given by

f(n) =
∫

[0,1)

e2πiλndρ(λ).

We shall only prove that the expression on the right-hand side of (15.4) de-
fines a non-negative definite function. For the converse statement we refer
the reader to “Generalized Functions”, Volume 4, by I.M. Gelfand and N.Y.
Vilenkin.

Let x1, ..., xn ∈ R and c1, ..., cn ∈ Z. Then

n∑

i,j=1

f(xi − xj)cicj =
n∑

i,j=1

cicj

∫

R

eiλ(xi−xj)dρ(λ)

=
∫

R

(
n∑

i=1

cie
iλxi)(

n∑

j=1

cjeiλxj )dρ(λ) =
∫

R

|
n∑

i=1

cie
iλxi |2dρ(λ) ≥ 0.

This proves that f is non-negative definite.

Theorem 15.9. Let ρ be a finite measure on B([0, 1)). The set of trigono-
metric polynomials p(λ) =

∑k
n=1 cne2πinλ is dense in the Hilbert space

L2([0, 1),B([0, 1)), ρ).

Sketch of the Proof. From the definition of the integral, it is easy to show that
the set of simple functions g =

∑k
i=1 aiχAi

is dense in L2([0, 1),B([0, 1)), ρ).
Using the construction described in Section 3.4, one can show that for any set
A ∈ B([0, 1)), the indicator function χA can be approximated by step func-
tions of the form f =

∑k
i=1 biχIi

, where Ii are disjoint subintervals of [0, 1). A
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step function can be approximated by continuous functions, while any contin-
uous function can be uniformly approximated by trigonometric polynomials. �

Let C be the set of functions which are continuous on [0, 1) and have
the left limit limλ↑1 f(λ) = f(0). This is a Banach space with the norm
||f ||C = supλ∈[0,1) f(λ). The following theorem is a particular case of the
Riesz Representation Theorem.

Theorem 15.10. Let B be the σ-algebra of Borel subsets of [0, 1). For any
linear continuous functional ψ on C there is a unique signed measure µ on B
such that

ψ(ϕ) =
∫

[0,1)

ϕdµ (15.5)

for all ϕ ∈ C.

Remark 15.11. Clearly, the right-hand side of (15.5) defines a linear continuous
functional for any signed measure µ. If µ is such that

∫
[0,1)

ϕdµ = 0 for all
ϕ ∈ C, then, by the uniqueness part of Theorem 15.10, µ is identically zero.

15.4 Spectral Representation of Stationary Random
Processes

In this section we again consider processes with discrete time and zero expec-
tation. Let us start with a simple example. Define

Xn =
K∑

k=1

αke2πiλkn (15.6)

Here, λk are real numbers and αk are random variables. Assume that αk are
such that Eαk = 0 and Eαk1αk2 = βk1 ·δ(k1−k2), where δ(0) = 1 and δ(k) = 0
for k �= 0.

Let us check that Xn is a wide-sense stationary random process. We have

E(Xn1Xn2) = E(
K∑

k1=1

αk1e
2πiλk1n1 ·

K∑

k2=1

αk2e
−2πiλk2n2)

=
K∑

k=1

βke2πiλk(n1−n2) = b(n1 − n2),

which shows that Xn is stationary. We shall prove that any stationary process
with zero mean can be represented in a form similar to (15.6), with the sum
replaced by an integral with respect to an orthogonal random measure, which
will be defined below.
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Consider the covariance function b(n) for a stationary process Xn, which
is given by b(n1 − n2) = E(Xn1Xn2). The function b is non-negative definite,
since for any finite set n1, ..., nk, and any complex numbers c1, ..., ck, we have

k∑

i,j=1

b(ni − nj)cni
cnj

=
k∑

i,j=1

E(Xni
Xnj

)cni
cnj

= E|
k∑

i=1

cni
Xni

|2 ≥ 0.

Now we can use the Bochner Theorem to represent the numbers b(n) as
Fourier coefficients of a finite measure on the unit circle,

b(n) =
∫

[0,1)

e2πiλndρ(λ).

Definition 15.12. The measure ρ is called the spectral measure of the
process Xn.

Theorem 15.13. Consider the space L2 = L2([0, 1),B([0, 1)), ρ) of square-
integrable functions on [0, 1) (with respect to the measure ρ). There exists
an isomorphism ψ : H → L2 of the spaces H and L2 such that ψ(Uξ) =
e2πiλψ(ξ).

Proof. Denote by L̂2 the space of all finite trigonometric polynomials on the
interval [0, 1), that is functions of the form p(λ) =

∑
cne2πinλ. This space is

dense in L2 by Theorem 15.9.
Take ξ =

∑
cnXn ∈ Ĥ and put ψ(ξ) =

∑
cne2πinλ. It is clear that ψ maps

Ĥ linearly onto L̂2. Also, for ξ1 =
∑

cnXn and ξ2 =
∑

dnXn,

(ξ1, ξ2) =
∑

n1,n2

cn1dn2E(Xn1Xn2) =
∑

n1,n2

cn1dn2b(n1 − n2)

=
∑

n1,n2

cn1dn2

∫

[0,1)

e2πiλ(n1−n2)dρ(λ)

=
∫

[0,1)

(
∑

n1

cn1e
2πiλn1

)(
∑

n2

dn2e
2πiλn2

)

dρ(λ) =
∫

[0,1)

ψ(ξ1)ψ(ξ2)dρ(λ).

Thus, ψ is an isometry between Ĥ and L̂2. Therefore it can be extended by
continuity to an isometry of H and L2.

For ξ =
∑

cnXn, we have Uξ =
∑

cnXn+1, ψ(ξ) =
∑

cne2πiλn, and
ψ(Uξ) =

∑
cne2πiλ(n+1) = e2πiλψ(ξ). The equality ψ(Uξ) = e2πiλψ(ξ) re-

mains true for all ξ by continuity. �

Corollary 15.14. If ρ({0}) = 0, then H0 = 0 and the time averages in the
Law of Large Numbers converge to zero.
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Proof. The space H0 consists of U -invariant vectors of H. Take η ∈ H0 and
let f(λ) = ψ(η) ∈ L2. Then,

f(λ) = ψ(η) = ψ(Uη) = e2πiλψ(η) = e2πiλf(λ),

or
(e2πiλ − 1)f(λ) = 0,

where the equality is understood in the sense of L2([0, 1),B([0, 1)), ρ). Since
ρ({0}) = 0, and the function e2πiλ − 1 is different from zero on (0, 1), the
function f(λ) must be equal to zero almost surely with respect to ρ, and thus
the norm of f is zero. �

The arguments for the following corollary are the same as above.

Corollary 15.15. If ρ({0}) > 0, then ψ(H0) is the one-dimensional space of
functions concentrated at zero.

15.5 Orthogonal Random Measures

Take a Borel subset ∆ ⊆ [0, 1) and set

Z(∆) = ψ−1(χ∆) ∈ H ⊆ L2(Ω,F ,P). (15.7)

Here, χ∆ is the indicator of ∆. Let us now study the properties of Z(∆) as a
function of ∆.

Lemma 15.16. For any Borel sets ∆, we have

EZ(∆) = 0. (15.8)

For any Borel sets ∆1 and ∆2 ⊆ [0, 1), we have

EZ(∆1)Z(∆2) = ρ(∆1

⋂
∆2). (15.9)

If ∆ =
⋃∞

k=1 ∆k and ∆k1

⋂
∆k2 = ∅ for k1 �= k2, then

Z(∆) =
∞∑

k=1

Z(∆k), (15.10)

where the sum is understood as a limit of partial sums in the space L2(Ω,F ,P).

Proof. The first statement is true since Eξ = 0 for all ξ ∈ H. The second
statement of the lemma follows from

EZ(∆1)Z(∆2) = Eψ−1(χ∆1)ψ−1(χ∆2)
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=
∫

[0,1)

χ∆1(λ)χ∆2(λ)dρ(λ) = ρ(∆1

⋂
∆2).

The third statement holds since χ∆ =
∑∞

k=1 χ∆k
in L2([0, 1),B([0, 1)), ρ). �

A function Z with values in L2(Ω,F ,P) defined on a σ-algebra is called
an orthogonal random measure if it satisfies (15.8), (15.9), and (15.10). In
particular, if Z(∆) is given by (15.7), it is called the (random) spectral measure
of the process Xn.

The non-random measure ρ, which in this case is a finite measure on [0, 1),
may in general be a σ-finite measure on R (or R

n, as in the context of random
fields, for example).

Now we shall introduce the notion of an integral with respect to an or-
thogonal random measure. The integral shares many properties with the usual
Lebesgue integral, but differs in some respects.

For each f ∈ L2([0, 1),B([0, 1)), ρ), one can define a random variable
I(f) ∈ L2(Ω,F ,P) such that:

a) I(c1f1 + c2f2) = c1I(f1) + c2I(f2).
b) E|I(f)|2 =

∫
[0,1)

|f(λ)|2dρ(λ).
The precise definition is as follows. For a finite linear combination of indi-

cator functions
f =

∑
ckχ∆k

,

set
I(f) =

∑
ckZ(∆k).

Thus, the correspondence f → I(f) is a linear map which preserves the inner
product. Therefore, it can be extended by continuity to L2([0, 1),B([0, 1)), ρ).

We shall write I(f) =
∫

f(λ)dZ(λ) and call it the integral with respect to
the orthogonal random measure Z(∆).

Note that when Z is a spectral measure, the maps f → I(f) and f →
ψ−1(f) are equal, since they are both isomorphisms of L2([0, 1),B([0, 1)), ρ)
onto H and coincide on all the indicator functions. Therefore, we can recover
the process Xn, given its random spectral measure:

Xn =
∫ 1

0

e2πiλndZ(λ). (15.11)

This formula is referred to as the spectral decomposition of the wide-sense
stationary random process.

Given any orthogonal random measure Z(∆), this formula defines a wide-
sense stationary random process. Thus, we have established a one-to-one cor-
respondence between wide-sense stationary random processes with zero mean
and random measures on [0, 1).

Given a stationary process Xn, its spectral measure Z(∆), and an arbitrary
function f(λ) ∈ L2([0, 1),B([0, 1)), ρ), we can define a random process
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Yn =
∫

[0,1)

e2πinλf(λ)dZ(λ).

Since
E(Yn1Y n2) =

∫

[0,1)

e2πi(n1−n2)λ|f(λ)|2dρ(λ),

the process Yn is wide-sense stationary with spectral measure equal to
dρY (λ) = |f(λ)|2dρ(λ). Since Yn ∈ H for each n, the linear space HY gen-
erated by the process Yn is a subspace of H. The question of whether the
opposite inclusion holds is answered by the following lemma.

Lemma 15.17. Let f(λ) ∈ L2([0, 1),B([0, 1)), ρ), and the processes Xn and
Yn be as above. Then HY = H if and only if f(λ) > 0 almost everywhere with
respect to the measure ρ.

Proof. In the spectral representation, the space HY consists of those elements
of L2 = L2([0, 1),B([0, 1)), ρ) which can be approximated in the L2 norm by
finite sums of the form

∑
cne2πiλnf(λ). If f(λ) = 0 on a set A with ρ(A) > 0,

then the indicator function χA(λ) cannot be approximated by such sums.
Conversely, assume that f(λ) > 0 almost surely with respect to the mea-

sure ρ, and that the sums of the form
∑

cne2πiλnf(λ) are not dense in L2.
Then there exists g(λ) ∈ L2, g �= 0, such that

∫

[0,1)

P (λ)f(λ)g(λ)dρ(λ) = 0

for any finite trigonometric polynomial P (λ). Note that the signed measure
dµ(λ) = f(λ)g(λ)dρ(λ) is not identically zero, and

∫
[0,1)

P (λ)dµ(λ) = 0 for
any P (λ). Since trigonometric polynomials are dense in C([0, 1]), we obtain∫
[0,1)

ϕ(λ)dµ(λ) = 0 for any continuous function ϕ. By Remark 15.11, µ = 0,
which is a contradiction. �

15.6 Linear Prediction of Stationary Random Processes

In this section we consider stationary random processes with discrete time,
and assume that EXn ≡ 0. For each k1 and k2 such that −∞ ≤ k1 ≤ k2 ≤ ∞,
we define the subspace Hk2

k1
of the space H as the closure of the space of all

finite sums
∑

cnXn for which k1 ≤ n ≤ k2. The operator of projection on the
space Hk2

k1
will be denoted by P k2

k1
.

We shall be interested in the following problem: given m and k0 such that
m < k0, we wish to find the best approximation of Xk0 by elements of Hm

−∞.
Due to stationarity, it is sufficient to consider k0 = 0.

More precisely, let
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h−m = inf ||X0 −
∑

n≤−m

cnXn||,

where the infimum is taken over all finite sums, and || || is the L2(Ω,F ,P)
norm. These quantities have a natural geometric interpretation. Namely, we
can write

X0 = P−m
−∞X0 + ξ0

−m, P−m
−∞X0 ∈ H−m

−∞, ξ0
−m ⊥ H−m

−∞.

Then h−m = ||ξ0
−m||.

Definition 15.18. A random process Xn is called linearly non-deterministic
if h−1 > 0.

Definition 15.19. A random process Xn is called linearly regular if
P−m
−∞X0 → 0 as m → ∞.

Thus, a process Xn is linearly non-deterministic if it is impossible to approx-
imate X0 with arbitrary accuracy by the linear combinations

∑
n≤−1 cnXn.

A process is linearly regular if the best approximation of X0 by the linear
combinations

∑
n≤−m cnXn tends to zero as m → ∞.

The main problems in the theory of linear prediction are finding the con-
ditions under which the process Xn is linearly regular, and finding the value
of h−1.

Theorem 15.20. A process Xn is linearly regular if and only if it is linearly
non-deterministic and ρ is absolutely continuous with respect to the Lebesgue
measure.

In order to prove this theorem, we shall need the following fact about the
geometry of Hilbert spaces, which we state here as a lemma.

Lemma 15.21. Assume that in a Hilbert space H there is a decreasing se-
quence of subspaces {Lm}, that is Lm+1 ⊆ Lm. Let L∞ =

⋂
m Lm. For every

h ∈ H, let
h = h′

m + h′′
m, h′

m ∈ Lm, h′′
m ⊥ Lm,

and
h = h′ + h′′, h′ ∈ L∞, h′′ ⊥ L∞.

Then, h′ = limm→∞ h′
m and h′′ = limm→∞ h′′

m.

Proof. Let us show that h′
m is a Cauchy sequence of vectors. If we as-

sume the contrary, then there is ε > 0 and a subsequence h′
mk

such that
|h′

mk+1
− h′

mk
| ≥ ε for all k ≥ 0. This implies that |h′

m0
− h′

mk
| can be made

arbitrarily large for sufficiently large k, since all the vectors h′
mk+1

− h′
mk

are
perpendicular to each other. This contradicts |h′

m| ≤ |h| for all m.
Let h′ = limm→∞ h′

m. Then h′ ∈ Lm for all m, and thus h′ ∈ L∞. On the
other hand, the projection of h′ onto L∞ is equal to h′, since the projection
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of each of the vectors h′
m onto L∞ is equal to h′. We conclude that h′ = h′.

Since h′′
m = h − h′

m, we have h′′ = limm→∞ h′′
m. �

Proof of Theorem 15.20. Let us show that Xn is linearly regular if and only
if

⋂
m Hm

−∞ = {0}. Indeed, if
⋂

m Hm
−∞ = {0}, then, applying Lemma 15.21

with Lm = H−m
−∞, we see that in the expansion

X0 = P−m
−∞X0 + ξ0

−m, where P−m
−∞X0 ∈ H−m

−∞, ξ0
−m ⊥ H−m

−∞,

the first term P−m
−∞X0 converges to the projection of X0 onto

⋂
m H−m

−∞, which
is zero.

Conversely, if P−m
−∞X0 → 0 as m → ∞, then in the expansion

Xn = P−m
−∞Xn + ξn

−m, where P−m
−∞Xn ∈ H−m

−∞, ξn
−m ⊥ H−m

−∞, (15.12)

the first term P−m
−∞Xn tends to zero as m → ∞ since, due to stationarity,

P−m
−∞Xn = UnP−m−n

−∞ X0. Therefore, for each finite linear combination η =∑
cnXn, the first term P−m

−∞η in the expansion

η = P−m
−∞η + ξ−m, where P−m

−∞η ∈ H−m
−∞, ξ−m ⊥ H−m

−∞,

tends to zero as m → ∞. By continuity, the same is true for every η ∈ H.
Thus, the projection of every η on the space

⋂
m H−m

−∞ is equal to zero, which
implies that

⋂
m H−m

−∞ = {0}.
Let ξn

n−1 be defined as in the expansion (15.12). Then ξk
k−1 ∈ Hk

−∞, while
ξn
n−1 ⊥ Hk

−∞ if k < n. Therefore,

(ξk
k−1, ξ

n
n−1) = 0, if k �= n. (15.13)

Let us show that Xn is linearly regular if and only if {ξn
n−1} is an orthogonal

basis in H. Indeed, if {ξn
n−1} is a basis, then

X0 =
∞∑

n=−∞
cnξn

n−1

and
∑∞

n=−∞ c2
n||ξn

n−1||2 < ∞. Note that

||P−m
−∞X0||2 =

−m∑

n=−∞
c2
n||ξn

n−1||2 → 0,

and therefore the process is linearly regular.
In order to prove the converse implication, let us represent H as the fol-

lowing direct sum:

H = (
⋂

m

Hm
−∞) ⊕ (

⊕

m

(
Hm

−∞ � Hm−1
−∞

)
).
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If Xn is linearly regular, then
⋂

mHm
−∞ = {0}. On the other hand, Hm

−∞ �
Hm−1

−∞ is the one-dimensional subspace generated by ξm
m−1. Therefore, {ξm

m−1}
is a basis in H.

Let f be the spectral representation of ξ0
−1. Since ξm

m−1 = Umξ0
−1 and due

to (15.13), we have
∫

[0,1)

|f(λ)|2e2πiλmdρ(λ) = (ξm
m−1, ξ

0
−1) = δ(m)||ξ0

−1||2,

where δ(m) = 1 if m = 0 and δ(m) = 0 otherwise. Thus,
∫

[0,1)

e2πiλmdρ(λ) = δ(m)||ξ0
−1||2 for m ∈ Z,

where dρ(λ) = |f(λ)|2dρ(λ). This shows that dρ(λ) = ||ξ0
−1||2dλ, that is ρ is

a constant multiple of the Lebesgue measure.
Assume that the process is linearly non-deterministic and ρ is absolutely

continuous with respect to the Lebesgue measure. Then ||ξ0
−1|| �= 0, since the

process is linearly non-deterministic. Note that f(λ) > 0 almost everywhere
with respect to the measure ρ, since |f(λ)|2dρ(λ) = ||ξ0

−1||2dλ and ρ is ab-
solutely continuous with respect to the Lebesgue measure. By Lemma 15.17,
the space generated by {ξm

m−1} coincides with H, and therefore the process is
linearly regular.

Conversely, if the process is linearly regular, then ||ξ0
−1|| �= 0, and thus the

process is non-deterministic. Since f(λ) > 0 almost everywhere with respect
to the measure ρ (by Lemma 15.17), and

|f(λ)|2dρ(λ) = ||ξ0
−1||2dλ,

the measure ρ is absolutely continuous with respect to the Lebesgue mea-
sure. �

Consider the spectral measure ρ and its decomposition ρ = ρ0 + ρ1,
where ρ0 which is absolutely continuous with respect to the Lebesgue mea-
sure and ρ1 is singular with respect to the Lebesgue measure. Let p0(λ) be
the Radon-Nikodym derivative of ρ0 with respect to the Lebesgue measure,
that is p0(λ)dλ = dρ0(λ). The following theorem was proved independently
by Kolmogorov and Wiener.

Theorem 15.22. (Kolmogorov-Wiener) For any wide-sense stationary
process with zero mean we have

h−1 = exp(
1
2

∫

[0,1)

ln p0(λ)dλ) , (15.14)

where the right-hand side is set to be equal to zero if the integral in the exponent
is equal to −∞.
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In particular, this theorem implies that if the process Xn is linearly non-
deterministic, then p0(λ) > 0 almost everywhere with respect to the Lebesgue
measure.

The proof of the Kolmogorov-Wiener Theorem is rather complicated. We
shall only sketch it for a particular case, namely when the spectral measure
is absolutely continuous, and the density p0 is a positive twice continuously
differentiable periodic function. The latter means that there is a positive pe-
riodic function p0 with period one, which is twice continuously differentiable,
such that p0(λ) = p0(λ) for all λ ∈ [0, 1).

Sketch of the proof. Let us take the vectors v
(n)
1 = X−n+1, ..., v

(n)
n = X0

in the space H, and consider the n × n matrix M (n) with elements M
(n)
ij =

E(v(n)
i v

(n)
j ) = b(i− j) (called the Gram matrix of the vectors v

(n)
1 , ..., v

(n)
n ). It

is well known that the determinant of the Gram matrix is equal to the square
of the volume (in the sense of the Hilbert space H) spanned by the vectors
v
(n)
1 , ..., v

(n)
n . More precisely, let us write

v
(n)
j = w

(n)
j + h

(n)
j , 1 ≤ j ≤ n,

where w
(n)
1 = 0 and, for j > 1, w

(n)
j is the orthogonal projection of v

(n)
j on

the space spanned by the vectors v
(n)
i with i < j. Then

det M (n) =
n∏

j=1

||h(n)
j ||2.

After taking the logarithm on both sides and dividing by 2n, we obtain

1
2n

ln(detM (n)) =
1
n

n∑

j=1

ln ||h(n)
j ||.

Due to the stationarity of the process, the norms ||h(n)
j || depend only on j,

but not on n. Moreover, limj→∞ ||h(n)
j || = h−1. Therefore, the right-hand side

of the last equality tends to lnh−1 when n → ∞, which implies that

h−1 = exp(
1
2

lim
n→∞

1
n

ln(detM (n))).

Since the matrix M (n) is Hermitian, it has n real eigenvalues, which will be
denoted by γ

(n)
1 , γ

(n)
2 , ..., γ

(n)
n . Thus,

h−1 = exp(
1
2

lim
n→∞

1
n

n∑

j=1

ln γ
(n)
j ). (15.15)

Let c1 and c2 be positive constants such that c1 ≤ p0(λ) ≤ c2 for all λ ∈ [0, 1).
Let us show that c1 ≤ γ

(n)
j ≤ c2 for j = 1, ..., n. Indeed, if z = (z1, ..., zn)
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is a vector of complex numbers, then from the spectral representation of the
process it follows that

(M (n)z, z) = E|
n∑

j=1

zjX−n+j |2 =
∫

[0,1)

|
n∑

j=1

zje
2πiλj |2p0(λ)dλ.

At the same time,

c1|z|2 = c1

n∑

j=1

|zj |2 = c1

∫

[0,1)

|
n∑

j=1

zje
2πiλj |2dλ

≤
∫

[0,1)

|
n∑

j=1

zje
2πiλj |2p0(λ)dλ

≤ c2

∫

[0,1)

|
n∑

j=1

zje
2πiλj |2dλ = c2

n∑

j=1

|zj |2 = c2|z|2.

Therefore, c1|z|2 ≤ (M (n)z, z) ≤ c2|z|2, which gives the bound on the eigen-
values.

Let f be a continuous function on the interval [c1, c2]. We shall prove that

lim
n→∞

1
n

n∑

j=1

f(γ(n)
j ) =

∫

[0,1)

f(p0(λ))dλ, (15.16)

in order to apply it to the function f(x) = ln(x),

lim
n→∞

1
n

n∑

j=1

ln γ
(n)
j =

∫

[0,1)

ln p0(λ)dλ.

The statement of the theorem will then follow from (15.15).
Since both sides of (15.16) are linear in f , and any continuous function can

be uniformly approximated by polynomials, it is sufficient to prove (15.16) for
the functions of the form f(x) = xr, where r is a positive integer. Let r be
fixed. The trace of the matrix (M (n))r is equal to the sum of its eigenvalues,
that is

∑n
j=1(γ

(n)
j )r = Tr((M (n))r). Therefore, (15.16) becomes

lim
n→∞

1
n

Tr((M (n))r) =
∫

[0,1)

(p0(λ))rdλ. (15.17)

Let us discretize the spectral measure ρ in the following way. Divide the
segment [0, 1) into n equal parts ∆

(n)
j = [ j

n , j+1
n ), j = 0, ..., n−1, and consider

the discrete measure ρ(n) concentrated at the points j
n such that

ρ(n)(
j

n
) = ρ(∆(n)

j ) =
∫

[ j
n , j+1

n )

p0(λ)dλ.
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Consider the n × n matrix M̃ (n) with the following elements:

M̃
(n)
ij = b̃(n)(i − j), where b̃(n)(j) =

∫

[0,1)

e2πiλjdρ(n)(λ).

Recall that

M
(n)
ij = b(n)(i − j), where b(n)(j) =

∫

[0,1)

e2πiλjdρ(λ).

Consider n vectors Vj , j = 1, ..., n, each of length n. The k-th element of Vj

is defined as exp(2πik(j−1)
n ). Clearly, these are the eigenvectors of the matrix

M̃ (n) with eigenvalues γ̃
(n)
j = nρ(n)( j−1

n ). Therefore,

lim
n→∞

1
n

Tr((M̃ (n))r) = lim
n→∞

1
n

n∑

j=1

(γ̃(n)
j )r

= lim
n→∞

1
n

n∑

j=1

(nρ(n)(
j − 1

n
))r =

∫

[0,1)

(p0(λ))rdλ.

It remains to show that

lim
n→∞

1
n

(Tr((M̃ (n))r) − Tr((M (n))r)) = 0.

The trace of the matrix (M (n))r can be expressed in terms of the elements of
the matrix M (n) as follows:

Tr((M (n))r) =
n∑

j1,...,jr=1

b(n)(j1 − j2)b(n)(j2 − j3)...b(n)(jr − j1). (15.18)

Similarly,

Tr((M̃ (n))r) =
n∑

j1,...,jr=1

b̃(n)(j1 − j2)̃b(n)(j2 − j3)...̃b(n)(jr − j1). (15.19)

Note that
b(n)(j) =

∫

[0,1)

e2πiλjdρ(λ) =
∫

[0,1)

e2πiλjp0(λ)dλ

= − 1
(2π)2j2

∫

[0,1)

e2πiλjp′′0(λ)dλ,

where the last equality is due to integration by parts (twice) and the period-
icity of the function p0(λ). Thus,

|b(n)(j)| ≤ k1

j2
(15.20)
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for some constant k1. A similar estimate can be obtained for b̃(n)(j). Namely,

|̃b(n)(j)| ≤ k2

(dist(j, nZ))2
, (15.21)

where k2 is a constant and dist(j, nZ) = minp∈Z |j − np|. In order to obtain
this estimate, we can write

b̃(n)(j) =
∫

[0,1)

e2πiλjdρ(n)(λ) =
n−1∑

k=0

e2πi k
n jρ(n)(

k

n
),

and then apply Abel transform (a discrete analogue of integration by parts)
to the sum on the right-hand side of this equality. We leave the details of the
argument leading to (15.21) to the reader.

Using the estimate (15.20), we can modify the sum on the right-hand side
of (15.18) as follows:

Tr((M (n))r) =
∑̂n

j1,...,jr=1
b(n)(j1 − j2)b(n)(j2 − j3)...b(n)(jr − j1) + δ1(t, n),

where
∑̂

means that the sum is taken over those j1, ..., jr which satisfy
dist(jk − jk+1, nZ) ≤ t for k = 1, ..., r − 1, and dist(jr − j1, nZ) ≤ t. The
remainder can be estimated as follows:

|δ1(t, n)| ≤ nε1(t), where lim
t→∞

ε1(t) = 0.

Similarly,

Tr((M̃ (n))r) =
∑̂n

j1,...,jr=1
b̃(n)(j1 − j2)̃b(n)(j2 − j3)...̃b(n)(jr − j1) + δ2(t, n)

with
|δ2(t, n)| ≤ nε2(t), where lim

t→∞
ε2(t) = 0.

The difference 1
n |δ2(t, n)− δ1(t, n)| can be made arbitrarily small for all suffi-

ciently large t. Therefore, it remains to demonstrate that for each fixed value
of t we have

lim
n→∞

1
n

(
∑̂n

j1,...,jr=1
b̃(n)(j1 − j2)̃b(n)(j2 − j3)...̃b(n)(jr − j1)

−
∑̂n

j1,...,jr=1
b(n)(j1 − j2)b(n)(j2 − j3)...b(n)(jr − j1)) = 0.

From the definitions of b̃(n)(j) and b(n)(j) it immediately follows that

lim
n→∞

sup
j:dist(j,{np})≤t

|̃b(n)(j) − b(n)(j)| = 0.

It remains to note that the number of terms in each of the sums does not
exceed n(2t + 1)r−1. �
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15.7 Stationary Random Processes with Continuous
Time

In this section we consider a stationary random processes Xt, t ∈ R, and
assume that EXt ≡ 0. In addition, we assume that the covariance function
b(t) = E(XtX0) is continuous.

Lemma 15.23. If the covariance function b(t) of a stationary random process
is continuous at t = 0, then it is continuous for all t.

Proof. Let t be fixed. Then

|b(t + h) − b(t)| = |E((Xt+h − Xt)X0)|

≤
√

E|X0|2E|Xt+h − Xt|2 =
√

b(0)(2b(0) − b(h) − b(−h)),

which tends to zero as h → 0, thus showing that b(t) is continuous. �

It is worth noting that the continuity of b(t) is equivalent to the continuity
of the process in the L2 sense. Indeed,

E|Xt+h − Xt|2 = 2b(0) − b(h) − b(−h),

which tends to zero as h → 0 if b is continuous. Conversely, if E|Xh − X0|2
tends to zero, then limh→0 Re(b(h)) = b(0), since b(h) = b(−h). We also have
limh→0 Im(b(h)) = 0, since |b(h)| ≤ b(0) for all h.

We shall now state how the results proved above for the random processes
with discrete time carry over to the continuous case.

Recall the definition of the operators U t from section 15.1. If the covariance
function is continuous, then the group of unitary operators U t is strongly
continuous, that is limt→0 U tη = η for any η ∈ H. The von Neumann Ergodic
Theorem now takes the following form.

Theorem 15.24. Let U t be a strongly continuous group of unitary operators
in a Hilbert space H. Let P be the orthogonal projection onto H0 = {ϕ : ϕ ∈
H,U tϕ = ϕ for all t}. Then for any ξ ∈ H,

lim
T→∞

1
T

∫ T

0

U tξdt = lim
T→∞

1
T

∫ T

0

U−tξdt = Pξ.

As in the case of processes with discrete time, the von Neumann Ergodic
Theorem implies the following Law of Large Numbers.

Theorem 15.25. Let Xt be a wide-sense stationary process with continuous
covariance. There exists η ∈ H such that

lim
T→∞

1
T

∫ T0+T

T0

Xtdt = η

for any T0. The limit η is invariant for the operators U t.
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The covariance function b(t) is now a continuous non-negative definite
function defined for t ∈ R. The Bochner Theorem states that there is a one-
to-one correspondence between the set of such functions and the set of finite
measures on the real line. Namely, b(t) is the Fourier transform of some mea-
sure ρ, which is called the spectral measure of the process Xt,

b(t) =
∫

R

eiλtdρ(λ), −∞ < t < ∞.

The theorem on the spectral isomorphism is now stated as follows.

Theorem 15.26. There exists an isomorphism ψ of the Hilbert spaces H and
L2(R,B([0, 1)), ρ) such that ψ(U tξ) = eiλtψ(ξ).

The random spectral measure Z(∆) for the process Xt is now defined for
∆ ⊆ R by the same formula

Z(∆) = ψ−1(χ∆).

Given the random spectral measure, we can recover the process Xt via

Xt =
∫

R

eiλtdZ(λ).

As in the case of discrete time, the subspace Ht
−∞ of the space H is defined

as the closure of the space of all finite sums
∑

csXs for which s ≤ t.

Definition 15.27. A random process Xt is called linearly regular if
P−t
−∞X0 → 0 as t → ∞.

We state the following theorem without providing a proof.

Theorem 15.28. (Krein) A wide-sense stationary process with continuous
covariance function is linearly regular if and only if the spectral measure ρ is
absolutely continuous with respect to the Lebesgue measure and

∫ ∞

−∞

ln p0(λ)
1 + λ2

dλ > −∞

for the spectral density p0(λ) = dρ/dλ.

15.8 Problems

1. Let Xt, t ∈ R, be a bounded wide-sense stationary process. Assume that
Xt(ω) is continuous for almost all ω. Prove that the process Yn, n ∈ Z, defined
by Yn(ω) =

∫ n+1

n
Xt(ω)dt is wide-sense stationary, and express its covariance

function in terms of the covariance of Xt.
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2. Let b(n), n ∈ Z, be the covariance of a zero-mean stationary random
process. Prove that if b(n) ≤ 0 for all n �= 0, then

∑
n∈Z

|b(n)| < ∞.

3. Let Xt, t ∈ R, be a stationary Gaussian process, and H the Hilbert space
generated by the process. Prove that every element of H is a Gaussian random
variable.

4. Give an example of a wide-sense stationary random process Xn such that
the time averages

(X0 + X1 + ... + Xn−1)/n

converge to a limit which is not a constant.

5. Let Xt, t ∈ R, be a wide-sense stationary process with covariance func-
tion b and spectral measure ρ. Find the covariance function and the spectral
measure of the process Yt = X2t.

Assume that Xt(ω) is differentiable and Xt(ω),X ′
t(ω) are bounded by a

constant c for almost all ω. Find the covariance function and the spectral
measure of the process Zt = X ′

t.

6. Let Xn, n ∈ Z, be a wide-sense stationary process with spectral mea-
sure ρ. Under what conditions on ρ does there exist a wide-sense stationary
process Yn such that

Xn = 2Yn − Yn−1 − Yn+1, n ∈ Z.

7. Let Xn, n ∈ Z, be a wide-sense stationary process with zero mean and
spectral measure ρ. Assume that the spectral measure is absolutely continu-
ous, and the density p is a twice continuously differentiable periodic function.
Prove that there exists the limit

lim
n→∞

E(X0 + ... + Xn−1)2

n
,

and find its value.

8. Prove that a homogeneous ergodic Markov chain with the state space
{1, ..., r} is a wide-sense stationary process and its spectral measure has a
continuous density.

9. Let Xn, n ∈ Z, be a wide-sense stationary process. Assume that the spec-
tral measure of Xn has a density p which satisfies c1 ≤ p(λ) ≤ c2 for some
positive c1, c2 and all λ. Find the spectral representation of the projection of
X0 onto the space spanned by {Xn}, n �= 0.

10. Let Xn, n ∈ Z, be a wide-sense stationary process and f : Z → C
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a complex-valued function. Prove that for any K > 0 the process Yn =∑
|k|≤K f(k)Xn+k is wide-sense stationary.
Express the spectral measure of the process Yn in terms of the spectral

measure of the process Xn. Prove that if Xn is a linearly regular process, then
so is Yn.

11. Let ξ1, ξ2,... be a sequence of bounded independent identically distrib-
uted random variables. Is the process Xn = ξn − ξn−1 linearly regular?

12. Let ξ1, ξ2,... be a sequence of bounded independent identically distrib-
uted random variables. Consider the process Xn = ξn − cξn−1, where c ∈ R.
Find the best linear prediction of X0 provided that X−1, X−2,... are known
(i.e., find the projection of X0 on H−1

−∞).

13. Let Xn, n ∈ Z, be a wide-sense stationary process. Assume that the pro-
jection of X0 on H−1

−∞ is equal to cX−1, where 0 < c < 1. Find the spectral
measure of the process.
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Probability Theory



16

Strictly Stationary Random Processes

16.1 Stationary Processes and Measure Preserving
Transformations

Again, we start with a process Xt over a probability space (Ω,F ,P) with
discrete time, that is T = Z or T = Z

+. We assume that Xt takes values in
a measurable space (S,G). In most cases, (S,G) = (R,B(R)). Let t1, ...tk be
arbitrary moments of time and A1, ..., Ak ∈ G.

Definition 16.1. A random process Xt is called strictly stationary if for any
t1, ..., tk ∈ T and A1, ..., Ak the probabilities

P(Xt1+t ∈ A1, ...,Xtk+t ∈ Ak)

do not depend on t, where t ∈ T .

By induction, if the above probability for t = 1 is equal to that for t = 0 for
any t1, ..., tk and A1, ..., Ak, then the process is strictly stationary.

In this chapter the word “stationary” will always mean strictly stationary.
Let us give several simple examples of stationary random processes.

Example. A sequence of independent identically distributed random vari-
ables is a stationary process (see Problem 1).

Example. Let X = {1, ..., r} and P be an r × r stochastic matrix with ele-
ments pij , 1 ≤ i, j ≤ r. In Chapter 5 we defined the Markov chain generated
by an initial distribution π and the stochastic matrix P as a certain measure
on the space of sequences ω : Z

+ → X. Assuming that πP = π, let us modify
the definition to the case of sequences ω : Z → X.

Let Ω̃ be the set of all functions ω : Z → X. Let B be the σ-algebra
generated by the cylindrical subsets of Ω̃, and P̃ the measure on (Ω̃,B) for
which

P̃(ωk = i0, ..., ωk+n = in) = πi0 · pi0i1 · ... · pin−1in
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for each i0, ..., in ∈ X, k ∈ Z, and n ∈ Z
+. By the Kolmogorov Consistency

Theorem, such P̃ exists and is unique. The term “Markov chain with the
stationary distribution π and the transition matrix P” can be applied to the
measure P̃ as well as to any process with values in X and time T = Z which
induces the measure P̃ on (Ω̃,B).

It is not difficult to show that a Markov chain with the stationary distri-
bution π is a stationary process (see Problem 2).

Example. A Gaussian process which is wide-sense stationary is also strictly
stationary (see Problem 3).

Let us now discuss measure preserving transformations, which are closely re-
lated to stationary processes. Various properties of groups of measure preserv-
ing transformations are studied in the branch of mathematics called Ergodic
Theory.

By a measure preserving transformation on a probability space (Ω,F ,P)
we mean a measurable mapping T : Ω → Ω such that

P(T−1C) = P(C) whenever C ∈ F .

By the change of variables formula in the Lebesgue integral, the preservation
of measure implies

∫

Ω

f(Tω)dP(ω) =
∫

Ω

f(ω)dP(ω)

for any f ∈ L1(Ω,F ,P). Conversely, this property implies that T is measure
preserving (it is sufficient to consider f equal to the indicator function of the
set C).

Let us assume now that we have a measure preserving transformation T
and an arbitrary measurable function f : Ω → R. We can define a random
process Xt, t ∈ Z

+, by
Xt(ω) = f(T tω).

Note that if T is one-to-one and T−1 is measurable, then the same formula
defines a random process with time Z. Let us demonstrate that the process
Xt defined in this way is stationary. Let t1, ..., tk and A1, ..., Ak be fixed, and
C = {ω : f(T t1ω) ∈ A1, ..., f(T tkω) ∈ Ak}. Then,

P(Xt1+1 ∈ A1, ...,Xtk+1 ∈ Ak)

= P({ω : f(T t1+1ω) ∈ A1, ..., f(T tk+1ω) ∈ Ak}) = P({ω : Tω ∈ C})
= P(C) = P(Xt1 ∈ A1, ...,Xtk

∈ Ak),

which means that Xt is stationary.
Conversely, let us start with a stationary random process Xt. Let Ω̃ now

be the space of functions defined on the parameter set of the process, B the
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minimal σ-algebra containing all the cylindrical sets, and P̃ the measure on
(Ω̃,B) induced by the process Xt (as in Section 12.1). We can define the shift
transformation T : Ω̃ → Ω̃ by

T ω̃(t) = ω̃(t + 1).

From the stationarity of the process it follows that the transformation T
preserves the measure P̃. Indeed, if C is an elementary cylindrical set of the
form

C = {ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tk) ∈ Ak}, (16.1)

then
P̃(T−1C) = P(Xt1+1 ∈ A1, ...Xtk+1 ∈ Ak)

= P(Xt1 ∈ A1, ...,Xtk
∈ Ak) = P̃(C).

Since all the sets of the form (16.1) form a π-system, from Lemma 4.13 it
follows that P̃(T−1C) = P̃(C) for all C ∈ B.

Let us define the function f : Ω̃ → R by f(ω̃) = ω̃(0). Then the
process Yt = f(T tω̃) = ω̃(t) defined on (Ω̃,B, P̃) clearly has the same finite-
dimensional distributions as the original process Xt.

We have thus seen that measure preserving transformations can be used
to generate stationary processes, and that any stationary process is equal, in
distribution, to a process given by a measure preserving transformation.

16.2 Birkhoff Ergodic Theorem

One of the most important statements of the theory of stationary processes
and ergodic theory is the Birkhoff Ergodic Theorem. We shall prove it in a
rather general setting.

Let (Ω,F ,P) be a probability space and T : Ω → Ω a transformation
preserving P. For f ∈ L1(Ω,F ,P), we define the function Uf by the formula
Uf(ω) = f(Tω).

We shall be interested in the behavior of the time averages

Anf =
1
n

(f + Uf + · · · + Un−1f).

The von Neumann Ergodic Theorem states that for f ∈ L2(Ω,F ,P), the
sequence Anf converges in L2(Ω,F ,P) to a U -invariant function. It is natural
to ask whether the almost sure convergence takes place.

Theorem 16.2. (Birkhoff Ergodic Theorem) Let (Ω,F ,P) be a probabil-
ity space, and T : Ω → Ω a transformation preserving the measure P. Then
for any f ∈ L1(Ω,F ,P) there exists f ∈ L1(Ω,F ,P) such that

1. Anf → f both P-almost surely and in L1(Ω,F ,P) as n → ∞.
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2. Uf = f almost surely.
3.

∫
Ω

fdP =
∫

Ω
fdP.

Proof. Let us show that the convergence almost surely of the time averages
implies all the other statements of the theorem. We begin by deriving the
L1-convergence from the convergence almost surely. By the definition of the
time averages, for any f ∈ L1(Ω,F ,P), we have

|Anf |L1 ≤ |f |L1 .

If f is a bounded function, then, by the Lebesgue Dominated Convergence
Theorem, the convergence almost surely for Anf implies the L1-convergence.
Now take an arbitrary f ∈ L1, and assume that Anf converges to f almost
surely. For any ε > 0, we can write f = f1 + f2, where f1 is bounded and
|f2|L1 < ε/3. Since Anf1 converge in L1 as n → ∞, there exists N such that
|Anf1 − Amf1|L1 < ε/3 for n,m > N . Then

|Anf − Amf |L1 ≤ |Anf1 − Amf1|L1 + |Anf2|L1 + |Amf2|L1 < ε.

Thus, the sequence Anf is fundamental in L1 and, therefore, converges.
Clearly, the limit in L1 is equal to f . Since

∫

Ω

AnfdP =
∫

Ω

fdP,

the L1-convergence of the time averages implies the third statement of the
theorem.

To establish the U -invariance of the limit function f , we note that

UAnf − Anf =
1
n

(Unf − f),

and, therefore,

|UAnf − Anf |L1 ≤ 2|f |L1

n
.

Therefore, by the L1-convergence of the time averages Anf , we have Uf = f .
Now we prove the almost sure convergence of the time averages. The main

step in the proof of the Ergodic Theorem that we present here is an estimate
called the Maximal Ergodic Theorem. A weaker, but similar, estimate was a
key step in Birkhoff’s original paper.

For f ∈ L1(Ω,F ,P), we define the functions f∗ and f∗ by the formulas

f∗ = sup
n

Anf and f∗ = inf
n

Anf.

In order to establish the almost sure convergence the of time averages, we
shall obtain bounds on the measures of the sets

A(α, f) = {ω ∈ Ω : f∗(ω) > α} and B(α, f) = {ω ∈ Ω : f∗(ω) < α}.
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Theorem 16.3. (Maximal Ergodic Theorem) For any α ∈ R, we have

αP(A(α, f)) ≤
∫

A(α,f)

fdP, αP(B(α, f)) ≥
∫

B(α,f)

fdP.

Proof. The following proof is due to Adriano Garsia (1973). First, note that
the second inequality follows from the first one by applying it to −f and −α.
Next, observe that it suffices to prove the inequality

∫

A(0,f)

f ≥ 0, (16.2)

since the general case follows by considering f ′ = f − α. To prove (16.2), set
f0 = 0 and, for n ≥ 1,

fn = max(f, f + Uf, . . . , f + · · · + Un−1f).

To establish (16.2), it suffices to prove that
∫

{fn+1>0}
f ≥ 0 (16.3)

holds for all n ≥ 0. For a function g, denote g+ = max(g, 0) and observe that
U(g+) = (Ug)+. Note that

fn ≤ fn+1 ≤ f + Uf+
n , (16.4)

and therefore
∫

{fn+1>0}
f ≥

∫

{fn+1>0}
fn+1 −

∫

{fn+1>0}
Uf+

n ≥
∫

Ω

f+
n+1 −

∫

Ω

Uf+
n ,

where the first inequality is due the second inequality in (16.4). Since, on the
one hand,

∫
Ω

Uf+
n =

∫
Ω

f+
n and, on the other, f+

n+1 ≥ f+
n , we conclude that

∫
Ω

f+
n+1 −

∫
Ω

Uf+
n ≥ 0. �

Remark 16.4. In the proof of the Maximal Ergodic Theorem we did not use
the fact that P is a probability measure. Therefore, the theorem is applicable
to any measure space with a finite non-negative measure.

We now complete the proof of the Birkhoff Ergodic Theorem. For α, β ∈ R,
α < β, denote

Eα,β = {ω ∈ Ω : lim inf
n→∞

Anf(ω) < α < β < lim sup
n→∞

Anf(ω)}.

If the averages Anf do not converge P-almost surely, then there exist α, β ∈ R

such that P(Eα,β) > 0. The set Eα,β is T -invariant. We may therefore apply
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the Maximal Ergodic Theorem to the transformation T , restricted to Eα,β .
We have

{ω ∈ Eα,β : f∗(ω) > β} = Eα,β .

Therefore, by Theorem 16.3,
∫

Eα,β

f ≥ βP(Eα,β). (16.5)

Similarly,
{ω ∈ Eα,β : f∗(ω) < α} = Eα,β ,

and therefore ∫

Eα,β

f ≤ αP(Eα,β). (16.6)

The equations (16.5) and (16.6) imply αP(Eα,β) ≥ βP(Eα,β). This is a
contradiction, which finally establishes the almost sure convergence of the
time averages and completes the proof of the Birkhoff Ergodic Theorem. �

16.3 Ergodicity, Mixing, and Regularity

Let (Ω,F ,P) be a probability space and T : Ω → Ω a transformation preserv-
ing P. We shall consider the stationary random process Xt = f(T tω), where
f ∈ L1(Ω,F ,P).

The main conclusion from the Birkhoff Ergodic Theorem is the Strong Law
of Large Numbers. Namely, for any stationary random process there exists the
almost sure limit

lim
n→∞

1
n

n−1∑

t=0

U tf = lim
n→∞

1
n

n−1∑

t=0

Xt = f(ω).

In the laws of large numbers for sums of independent random variables studied
in Chapter 7, the limit f(ω) was a constant: f(ω) = EXt. For a general
stationary process this may not be the case. In order to study this question
in detail, we introduce the following definitions.

Definition 16.5. Let (Ω,F ,P) be a probability space, and T : Ω → Ω a trans-
formation preserving the measure P. A random variable f is called T -invariant
(mod 0) if f(Tω) = f(ω) almost surely. An event A ∈ F is called T -invariant
(mod 0) if its indicator function χA(ω) is T -invariant (mod 0).

Definition 16.6. A measure preserving transformation T is called ergodic if
each invariant (mod 0) function is a constant almost surely.
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It is easily seen that a measure preserving transformation is ergodic if and only
if every T -invariant (mod 0) event has measure one or zero (see Problem 5).

As stated in the Birkhoff Ergodic Theorem, the limit of the time averages
f(ω) is T -invariant (mod 0), and therefore f(ω) is a constant almost surely
in the case of ergodic T . Since

∫
f(ω)dP(ω) =

∫
f(ω)dP(ω), the limit of the

time averages equals the mathematical expectation.
Note that the T -invariant (mod 0) events form a σ-algebra. Let us denote

it by G. If T is ergodic, then G contains only events of measure zero and one.
Since f(ω) is T -invariant (mod 0), it is measurable with respect to G. If A ∈ G,
then

∫

A

f(ω)dP = lim
n→∞

1
n

n−1∑

t=0

∫

A

f(T tω)dP

= lim
n→∞

1
n

n−1∑

t=0

∫

Ω

f(T tω)χA(T tω)dP =
∫

Ω

f(ω)χA(ω)dP =
∫

A

f(ω)dP.

Therefore, by the definition of conditional expectation, f = E(f |G).
Our next goal is to study conditions under which T is ergodic.

Definition 16.7. A measure preserving transformation T is called mixing if
for any events B1, B2 ∈ F we have

lim
n→∞

P(B1 ∩ T−nB2) = P(B1)P(B2). (16.7)

The mixing property can be restated as follows. For any two bounded mea-
surable functions f1 and f2

lim
n→∞

∫

Ω

f1(ω)f2(Tnω)dP(ω) =
∫

Ω

f1(ω)dP(ω)
∫

Ω

f2(ω)dP(ω)

(see Problem 6). The function ρ(n) =
∫

f1(ω)f2(Tnω)dP(ω) is called the time-
covariance function. Mixing means that all time-covariance functions tend to
zero as n → ∞, provided that at least one of the integrals

∫
f1dP or

∫
f2dP is

equal to zero. Mixing implies ergodicity. Indeed, if B is an invariant (mod 0)
event, then by (16.7)

P(B) = P(B ∩ T−nB) = P2(B),

that is P(B) is either one or zero.
We can formulate the corresponding definitions for stationary processes.

Recall that there is a shift transformation on the space of functions defined on
the parameter set of the process, with the measure associated to the process.

Definition 16.8. A stationary process Xt is called ergodic if the correspond-
ing shift transformation is ergodic. The process Xt is called mixing if the
corresponding shift transformation is mixing.
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Let us stress the distinction between the ergodicity (mixing) of the underly-
ing transformation T and the ergodicity (mixing) of the process Xt = f(T tω).
If T is ergodic (mixing), then Xt is ergodic (mixing). However, this is not a
necessary condition if f is fixed. The process Xt may be ergodic (mixing)
according to Definition 16.8, even if the transformation T is not: for example,
if f is a constant. The ergodicity (mixing) of the process Xt is the property
which is determined by the distribution of the process, rather than by the
underlying measure.

Now we shall introduce another important notion of the theory of sta-
tionary processes. Let the parameter set T be the set of all integers. For
−∞ ≤ k1 ≤ k2 ≤ ∞, let Fk2

k1
⊆ F be the smallest σ-algebra containing all the

elementary cylinders

C = {ω : Xt1(ω) ∈ A1, ...,Xtm
(ω) ∈ Am},

where t1, ..., tm ∈ T , k1 ≤ t1, ..., tm ≤ k2, and A1, ..., Am are Borel sets of the
real line. A special role will be played by the σ-algebras Fk

−∞.

Definition 16.9. A random process is called regular if the σ-algebra ∩kFk
−∞

contains only sets of measure one and zero.

Remark 16.10. Let Ω̃ be the space of all functions defined on the parameter
set of the process, with the σ-algebra generated by the cylindrical sets and
the measure induced by the process. Let F̃k2

k1
be the minimal σ-algebra which

contains all the elementary cylindrical sets of the form

{ω̃ ∈ Ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tm) ∈ Am},

where t1, ..., tm ∈ T , k1 ≤ t1, ..., tm ≤ k2, and A1, ..., Am are Borel sets of the
real line. Then the property of regularity can be equivalently formulated as
follows. The process is regular if the σ-algebra ∩kF̃k

−∞ contains only sets of
measure one and zero. Therefore, the property of regularity depends only on
the distribution of the process.

The σ-algebra ∩kFk
−∞ consists of events which depend on the behavior of the

process in the infinite past. The property expressed in Definition 16.9 means
that there is some loss of memory in the process. We shall need the following
theorem by Doob.

Theorem 16.11. (Doob) Let Hk be a decreasing sequence of σ-subalgebras
of F , Hk+1 ⊆ Hk. If H = ∩kHk, then for any C ∈ F ,

lim
k→∞

P(C|Hk) = P(C|H) almost surely.

Proof. Let Hk = L2(Ω,Hk,P) be the Hilbert space of L2 functions measurable
with respect to the σ-algebra Hk. Then, by Lemma 13.4, the function P(C|Hk)
is the projection of the indicator function χC onto Hk, while P(C|H) is the
projection of χC onto H∞ = ∩kHk. By Lemma 15.21,
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lim
k→∞

P(C|Hk) = P(C|H) in L2(Ω,F ,P).

We need to establish the convergence almost surely, however. Suppose that
we do not have the convergence almost surely. Then there are a number ε > 0
and a set A ∈ F such that P(A) > 0 and

sup
k≥n

|P(C|Hk)(ω) − P(C|H)(ω)| ≥ ε (16.8)

for all n and all ω ∈ A. Take n so large that

E|P(C|Hn) − P(C|H)| <
P(A)ε

2
.

Note that for any m > n the sequence

(P(C|Hm),Hm)), (P(C|Hm−1),Hm−1), ..., (P(C|Hn),Hn)

is a martingale. Consequently, by the Doob Inequality (Theorem 13.22),

P( sup
n≤k≤m

|P(C|Hk) − P(C|H)| ≥ ε)

≤ E|P(C|Hn) − P(C|H)|
ε

<
P(A)

2
.

Since m was arbitrary, we conclude that

P(sup
k≥n

|P(C|Hk) − P(C|H)| ≥ ε) ≤ P(A)
2

,

which contradicts (16.8). �

Using the Doob Theorem we shall prove the following statement.

Theorem 16.12. If a stationary process Xt is regular, then it is mixing (and
therefore ergodic).

Proof. Let T be the shift transformation on (Ω̃,B), and F̃k2
k1

as in Re-
mark 16.10. Let P̃ be the measure on (Ω̃,B) induced by the process. We
need to show that the relation (16.7) holds for any B1, B2 ∈ B.

Let G be the collection of the elements of the σ-algebra B that can be well
approximated by elements of F̃k

−k in the following sense: B ∈ G if for any
ε > 0 there is a finite k and a set C ∈ F̃k

−k such that P̃(B∆C) ≤ ε. Note that
G is a Dynkin system. Since G contains all the cylindrical sets, by Lemma 4.13
it coincides with B.

Therefore, it is sufficient to establish (16.7) for B1, B2 ∈ F̃k
−k, where k

is fixed. Since the shift transformation T is measure preserving and T−1 is
measurable,
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P̃(B1 ∩ T−nB2) = P̃(TnB1 ∩ B2).

It is easy to check that TnB1 ∈ F̃k−n
−k−n ⊆ F̃k−n

−∞ . Therefore,

P̃(TnB1 ∩ B2) =
∫

T nB1

P̃(B2|F̃k−n
−∞ )dP̃.

By the Doob Theorem and since the process is regular, limn→∞ P̃(B2|F̃k−n
−∞ ) =

P̃(B2) almost surely. Therefore,

lim
n→∞

P̃(TnB1 ∩ B2) = lim
n→∞

P̃(TnB1)P̃(B2) = P̃(B1)P̃(B2).

�

Thus, one of the ways to prove ergodicity or mixing of a stationary process
is to prove its regularity, that is to prove that the intersection of the σ-algebras
Fk

−∞ is the trivial σ-algebra. Statements of this type are sometimes called
“zero-one laws”, since, for a regular process, the probability of an event which
belongs to all the σ-algebras Fk

−∞ is either zero or one. Let us prove the
zero-one law for a sequence of independent random variables.

Theorem 16.13. Let Xt, t ∈ Z, be independent random variables. Then the
process Xt is regular.

Proof. As in the proof of Theorem 16.12, for an arbitrary C ∈ F∞
−∞, one can

find Cm ∈ Fm
−m such that

lim
m→∞

P(C∆Cm) = 0. (16.9)

If, in addition, C ∈ ∩kFk
−∞, then

P(C ∩ Cm) = P(C)P(Cm), m ≥ 1,

due to the independence of the σ-algebras ∩kFk
−∞ and Fm

−m. This equality
can be rewritten as

(P(C) + P(Cm) − P(C∆Cm))/2 = P(C)P(Cm), m ≥ 1. (16.10)

By (16.9), limm→∞ P(Cm) = P(C) and therefore, by taking the limit as m →
∞ in (16.10), we obtain

P(C) = P2(C),

which implies that P(C) = 0 or 1. �
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16.4 Stationary Processes with Continuous Time

In this section we shall modify the results on ergodicity, mixing, and regularity,
to serve in the case of random processes with continuous time. Instead of
a single transformation T , we now start with a measurable semi-group (or
group) of transformations. By a measurable semi-group of transformations on
a probability space (Ω,F ,P) preserving the measure P, we mean a family of
mappings T t : Ω → Ω, t ∈ R

+, with the following properties:

1. Each T t is a measure preserving transformation.
2. For ω ∈ Ω and s, t ∈ R

+ we have T s+tω = T sT tω.
3. The mapping T t(ω) : Ω × R

+ → R is measurable on the direct product
(Ω,F ,P) × (R+,B, λ), where B is the σ-algebra of the Borel sets, and λ
is the Lebesgue measure on R

+.

For f ∈ L1(Ω,F ,P), we define the time averages

Atf =
1
t

∫ t

0

f(T sω)ds.

The Birkhoff Ergodic Theorem can be now formulated as follows. (We provide
the statement in the continuous time case without a proof.)

Theorem 16.14. (Birkhoff Ergodic Theorem) Let (Ω,F ,P) be a proba-
bility space, and T t a measurable semi-group of transformations, preserving
the measure P. Then, for any f ∈ L1(Ω,F ,P), there exists f ∈ L1(Ω,F ,P)
such that:

1. Atf → f both P-almost surely and in L1(Ω,F ,P) as t → ∞.
2. For every t ∈ R

+, f(T tω) = f(ω) almost surely.
3.

∫
Ω

fdP =
∫

Ω
fdP.

Definition 16.15. A measurable semi-group of measure preserving transfor-
mations T t is called ergodic if each function invariant (mod 0) for every T t

is a constant almost surely.

In the ergodic case, the limit of time averages f given by the Birkhoff Ergodic
Theorem is equal to a constant almost surely.

Definition 16.16. A measurable semi-group of measure preserving transfor-
mations T t is called mixing, if for any subsets B1, B2 ∈ F we have

lim
t→∞

P(B1 ∩ T−tB2) = P(B1)P(B2). (16.11)

As in the case of discrete time, mixing implies ergodicity.
Let us now relate measurable semi-groups of measure preserving trans-

formations to stationary processes with continuous time. The definition of a
stationary process (Definition 16.1) remains unchanged. Given a semi-group
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T t and an arbitrary measurable function f : Ω → R, we can define a random
process Xt, t ∈ R

+, as
Xt = f(T tω).

It is clear that Xt is a stationary measurable process. Conversely, if we start
with a stationary process, we can define the semi-group of shift transforma-
tions T t : Ω̃ → Ω̃ by

T tω̃(s) = ω̃(s + t).

This is a semi-group of measure-preserving transformations which, strictly
speaking, is not measurable as a function from Ω̃×R

+, even if the process Xt

is measurable. Nevertheless, the notions of ergodicity, mixing, and regularity
still make sense for a stationary measurable process.

Definition 16.17. A stationary process Xt is called ergodic if each measur-
able function f : Ω̃ → R which is invariant (mod 0) for the shift transforma-
tion T t for every t is constant almost surely. The process Xt is called mixing
if for any subsets B1, B2 ∈ B, we have

lim
t→∞

P(B1 ∩ T−tB2) = P(B1)P(B2). (16.12)

It is clear that if a semi-group of measure-preserving transformations is er-
godic (mixing), and the function f is fixed, then the corresponding stationary
process is also ergodic (mixing). The definition of regularity is the same as in
the case of discrete time.

Definition 16.18. A random process Xt, t ∈ R, is called regular if the σ-
algebra ∩tF t

−∞ contains only sets of measure one and zero.

It is possible to show that, for a stationary measurable process, regularity im-
plies mixing which, in turn, implies ergodicity. The Birkhoff Ergodic Theorem
can be applied to any stationary measurable L1-valued process to conclude
that the limit limt→∞

1
t

∫ t

0
Xs(ω)ds exists almost surely and in L1(Ω,F ,P).

16.5 Problems

1. Show that a sequence of independent identically distributed random vari-
ables is a stationary random process.

2. Let X = {1, ..., r}, P be an r × r stochastic matrix, and π a distribu-
tion on X such that πP = π. Prove that a Markov chain with the stationary
distribution π and the transition matrix P is a stationary random process.

3. Show that if a Gaussian random process is wide-sense stationary, then
it is strictly stationary.
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4. Let S be the unit circle in the complex plane, and θ a random variable
with values in S. Assume that θ is uniformly distributed on S. Prove that
Xn = θeiλn, n ∈ Z, is a strictly stationary process.

5. Prove that a measure preserving transformation T is ergodic if and only if
every T -invariant (mod 0) event has measure one or zero.

6. Prove that the mixing property is equivalent to the following: for any two
bounded measurable functions f1 and f2

lim
n→∞

∫

Ω

f1(ω)f2(Tnω)dP(ω) =
∫

Ω

f1(ω)dP(ω)
∫

Ω

f2(ω)dP(ω).

7. Let T be the following transformation of the two-dimensional torus

T (x1, x2) = ({x1 + α}, {x2 + x1}),

where {x} stands for the fractional part of x, and α is irrational. Prove that
T preserves the Lebesgue measure on the torus, and that it is ergodic. Is T
mixing?

8. Let Xn, n ∈ Z, be a stationary random process such that E|Xn| < ∞.
Prove that

lim
n→∞

Xn

n
= 0

almost surely.

9. Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables with uniform distribution on [0, 1]. Prove that the limit

lim
n→∞

1
n

n∑

i=1

sin(2π(ξi+1 − ξi))

exists almost surely, and find its value.

10. Let Xn, n ∈ Z, be a stationary Gaussian process. Prove that for almost
every ω there is a constant c(ω) such that

max
0≤i≤n

|Xi(ω)| ≤ c(ω) ln n, n = 1, 2, ...

11. Let X = {1, ..., r}, P be an r × r stochastic matrix, and π a distribu-
tion on X such that πP = π. Let Xt, t ∈ Z, be a Markov chain with the
stationary distribution π and the transition matrix P . Under what conditions
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on π and P is the Markov chain a regular process.

12. Let ξ1, ξ2, ... be independent identically distributed integer valued ran-
dom variables. Assume that the distribution of ξ1 is symmetric in the sense
that P (ξ1 = m) = P (ξ1 = −m). Let Sn =

∑n
i=1 ξi. Show that

P ( lim
n→∞

Sn = +∞) = 0.
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Generalized Random Processes1

17.1 Generalized Functions and Generalized Random
Processes

We start this section by recalling the definitions of test functions and gener-
alized functions. Then we shall introduce the notion of generalized random
processes and see that they play the same role, when compared to ordinary
random processes, as the generalized functions, when compared to ordinary
functions.

As the space of test functions we shall consider the particular example
of infinitely differentiable functions whose derivatives decay faster than any
power. To simplify the notation we shall define test functions and generalized
functions over R, although the definitions can be easily replicated in the case
of R

n.

Definition 17.1. The space S of test functions consists of infinitely differ-
entiable complex-valued functions ϕ such that for any non-negative integers r
and q,

max
0≤s≤r

sup
t∈R

((1 + t2)q|ϕ(s)(t)|) = cq,r(ϕ) < ∞.

Note that cq,r(ϕ) are norms on the space S, so that together with the col-
lection of norms cq,r, S is a countably-normed linear space. It is, therefore, a
linear topological space with the basis of neighborhoods of zero given by the
collection of sets Uq,r,ε = {ϕ : cq,r(ϕ) < ε}.

Let us now consider the linear continuous functionals on the space S.

Definition 17.2. The space S ′ of generalized functions consists of all the lin-
ear continuous functionals on the space S.

The action of a generalized function f ∈ S ′ on a test function ϕ will be
denoted by f(ϕ) or (f, ϕ). Our basic example of a generalized function is the
following. Let µ(t) be a σ-finite measure on the real line such that the integral
1 This chapter can be omitted during the first reading
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∫ ∞

−∞
(1 + t2)−qdµ(t)

converges for some q. Then the integral

(f, ϕ) =
∫ ∞

−∞
ϕ(t)dµ(t)

is defined for any ϕ(t) ∈ S and is a continuous linear functional on the space
of test functions. Similarly, if g(t) is a continuous complex-valued function
whose absolute value is bounded from above by a polynomial, then it defines
a generalized function via

(f, ϕ) =
∫ ∞

−∞
ϕ(t)g(t)dt

(the complex conjugation is needed here if g(t) is complex-valued). The space
of generalized functions is closed under the operations of taking the derivative
and Fourier transform. Namely, for f ∈ S ′, we can define

(f ′, ϕ) = −(f, ϕ′) and (f̂ , ϕ) = (f, ϕ̃),

where ϕ̃ stands for the inverse Fourier transform of the test function ϕ. Note
that the right-hand sides of these equalities are linear continuous functionals
on the space S, and thus the functionals f ′ and f̂ belong to S ′.

Since all the elements of S are bounded continuous functions, they can
be considered as elements of S ′, that is S ⊂ S ′. The operations of taking
derivative and Fourier transform introduced above are easily seen to coincide
with the usual derivative and Fourier transform for the elements of the space S.

Let us now introduce the notion of generalized random processes. From
the physical point of view, the concept of a random process Xt is related
to measurements of random quantities at certain moments of time, without
taking the values at other moments of time into account. However, in many
cases, it is impossible to localize the measurements to a single point of time.
Instead, one considers the “average” measurements Φ(ϕ) =

∫
ϕ(t)Xtdt, where

ϕ is a test function. Such measurements should depend on ϕ linearly, and
should not change much with a small change of ϕ.

This leads to the following definition of generalized random processes.

Definition 17.3. Let Φ(ϕ) be a collection of complex-valued random variables
on a common probability space (Ω,F ,P) indexed by the elements of the space
of test functions ϕ ∈ S with the following properties:

1. Linearity: Φ(a1ϕ1+a2ϕ2) = a1Φ(ϕ1)+a2Φ(ϕ2) almost surely, for a1, a2 ∈
C and ϕ1, ϕ2 ∈ S.

2. Continuity: If ψn
k → ϕk in S as n → ∞ for k = 1, ...,m, then the

vector-valued random variables (Φ(ψn
1 ), ..., Φ(ψn

m)) converge in distribu-
tion to (Φ(ϕ1), ..., Φ(ϕm)) as n → ∞.
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Then Φ(ϕ) is called a generalized random process (over the space S of test
functions).

Note that if Xt(ω) is an ordinary random process such that Xt(ω) is con-
tinuous in t for almost every ω, and |Xt(ω)| ≤ pω(t) for some polynomial
pω(t), then Φ(ϕ) =

∫
ϕ(t)Xtdt is a generalized random process. Alternatively,

we could require that Xt(ω) be an ordinary random process continuous in t
as a function from R to L2(Ω,F ,P) and such that ||Xt||L2 ≤ p(t) for some
polynomial p(t).

As with generalized functions, we can define the derivative and Fourier
transform of a generalized random process via

Φ′(ϕ) = −Φ(ϕ′), Φ̂(ϕ) = Φ(ϕ̃) .

A generalized random process Φ is called strictly stationary if, for any
ϕ1, ..., ϕn ∈ S and any h ∈ R, the random vector (Φ(ϕ1(t+h)), ..., Φ(ϕn(t+h)))
has the same distribution as the vector (Φ(ϕ1(t)), ..., Φ(ϕn(t))).

We can consider the expectation and the covariance functional of the gen-
eralized random process. Namely, assuming that the right-hand side is a con-
tinuous functional, we define

m(ϕ) = EΦ(ϕ) .

Assuming that the right-hand side is a continuous functional of each of the
variables, we define

B(ϕ,ψ) = EΦ(ϕ)Φ(ψ) .

Clearly, the expectation and the covariance functional are linear and hermitian
functionals respectively on the space S (hermitian meaning linear in the first
argument and anti-linear in the second). The covariance functional is non-
negative definite, that is B(ϕ,ϕ) ≥ 0 for any ϕ. A generalized process is
called wide-sense stationary if

m(ϕ(t)) = m(ϕ(t + h)) , B(ϕ(t), ψ(t)) = B(ϕ(t + h), ψ(t + h))

for any h ∈ R. If an ordinary random process is strictly stationary or wide-
sense stationary, then so too is the corresponding generalized random process.
It is easily seen that the only linear continuous functionals on the space S,
which are invariant with respect to translations, are those of the form

m(ϕ) = a

∫ ∞

−∞
ϕ(t)dt ,

where a is a constant. The number a can also be referred to as the expectation
of the wide-sense stationary generalized process.

The notions of spectral measure and random spectral measure can be
extended to the case of generalized random processes which are wide-sense
stationary. Consider a generalized random process with zero expectation. In
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order to define the notion of spectral measure, we need the following lemma,
which we provide here without a proof. (See “Generalized Functions”, Volume
4, by I.M. Gelfand and N.Y. Vilenkin.)

Lemma 17.4. Let B(ϕ,ψ) be a hermitian functional on S, which is continu-
ous in each of the arguments, translation-invariant, and non-negative definite
(that is B(ϕ,ϕ) ≥ 0 for all ϕ ∈ S). Then there is a unique σ-finite measure ρ
on the real line such that the integral

∫ ∞

−∞
(1 + t2)−qdρ(t)

converges for some q ≥ 0, and

B(ϕ,ψ) =
∫ ∞

−∞
ϕ̂(λ)ψ̂(λ)dρ(λ) . (17.1)

Note that the covariance functional satisfies all the requirements of the lemma.
We can thus define the spectral measure as the measure ρ for which (17.1)
holds, where B on the left-hand side is the covariance functional.

Furthermore, it can be shown that there exists a unique orthogonal random
measure Z such that E|Z(∆)|2 = ρ(∆), and

Φ(ϕ) =
∫ ∞

−∞
ϕ̂dZ(λ) . (17.2)

Let µρ be the generalized function corresponding to the measure ρ. Let
F = µ̃ρ be its inverse Fourier transform in the sense of generalized functions.
We can then rewrite (17.1) as

B(ϕ,ψ) = (F,ϕ ∗ ψ∗),

where the convolution of two test functions is defined as

ϕ ∗ ψ(t) =
∫ ∞

−∞
ϕ(s)ψ(t − s)ds,

and ψ∗(t) = ψ(−t). For generalized processes which are wide-sense stationary,
the generalized function F is referred to as the covariance function.

Let us assume that Xt is a stationary ordinary process with zero expec-
tation, which is continuous in the L2 sense. As previously mentioned, we can
also consider it as a generalized process, Φ(ϕ) =

∫
ϕ(t)Xtdt. We have two sets

of definitions of the covariance function, spectral measure, and the random
orthogonal measure (one for the ordinary process Xt, and the other for the
generalized process Φ). It would be natural if the two sets of definitions led
to the same concepts of the covariance function, spectral measure, and the
random orthogonal measure. This is indeed the case (we leave this statement
as an exercise for the reader).
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Finally, let us discuss the relationship between generalized random processes
and measures on S ′. Given a Borel set B ⊆ C

n and n test functions ϕ1, ..., ϕn,
we define a cylindrical subset of S ′ as the set of elements f ∈ S ′ for which
(f(ϕ1), ..., f(ϕn)) ∈ B. The Borel σ-algebra F is defined as the minimal σ-
algebra which contains all the cylindrical subsets of S ′. Any probability mea-
sure P on F defines a generalized process, since f(ϕ) is a random variable on
(S ′,F ,P) for any ϕ ∈ S and all the conditions of Definition 17.3 are satis-
fied. The converse statement is also true. We formulate it here as a theorem.
The proof is non-trivial and we do not provide it here. (See “Generalized
Functions”, Volume 4, by I.M. Gelfand and N.Y. Vilenkin.)

Theorem 17.5. Let Φ(ϕ) be a generalized random process on S. Then there
exists a unique probability measure P on S ′ such that for any n and any
ϕ1, ..., ϕn ∈ S the random vectors (f(ϕ1), ..., f(ϕn)) and (Φ(ϕ1), ..., Φ(ϕn))
have the same distributions.

17.2 Gaussian Processes and White Noise

A generalized random process Φ is called Gaussian if for any test functions
ϕ1, ..., ϕk, the random vector (Φ(ϕ1), ..., Φ(ϕk)) is Gaussian. To simplify the
notation, let us consider Gaussian processes with zero expectation. We shall
also assume that the process is real-valued, meaning that Φ(ϕ) is real, when-
ever ϕ is a real-valued element of S.

The covariance matrix of the vector (Φ(ϕ1), ..., Φ(ϕk)) is simply Bij =
E(Φ(ϕi)Φ(ϕj)) = B(ϕi, ϕj). Therefore, all the finite-dimensional distributions
with ϕ1, ..., ϕk real are determined by the covariance functional. We shall say
that a hermitian form is real if B(ϕ,ψ) is real whenever ϕ and ψ are real.

Recall that the covariance functional of any generalized random process
is a non-negative definite hermitian form which is continuous in each of the
variables. We also have the converse statement.

Theorem 17.6. Let B(ϕ,ψ) be a real non-negative definite hermitian form
which is continuous in each of the variables. Then there is a real-valued
Gaussian generalized process with zero expectation with B(ϕ,ψ) as its co-
variance functional.

To prove this theorem we shall need the following important fact from the
theory of countably normed spaces. We provide it here without a proof.

Lemma 17.7. If a hermitian functional B(ϕ,ψ) on the space S is continuous
in each of the variables separately, then it is continuous in the pair of the
variables, that is lim(ϕ,ψ)→(ϕ0,ψ0) B(ϕ,ψ) = B(ϕ0, ψ0) for any (ϕ0, ψ0).

Proof of Theorem 17.6. Let Sr be the set of real-valued elements of S. Let Ω
be the space of all functions (not necessarily linear) defined on Sr. Let B be
the smallest σ-algebra containing all the cylindrical subsets of Ω, that is the
sets of the form
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{ω : (ω(ϕ1), ..., ω(ϕk)) ∈ A},
where ϕ1, ..., ϕk ∈ Sr and A is a Borel subset of R

k. Let Bϕ1,...,ϕk
be the

smallest σ-algebra which contains all such sets, where A is allowed to vary
but ϕ1, ..., ϕk are fixed. We define the measure Pϕ1,...,ϕk

on Bϕ1,...,ϕk
by

Pϕ1,...,ϕk
({ω : (ω(ϕ1), ..., ω(ϕk)) ∈ A}) = η(A),

where η is a Gaussian distribution with the covariance matrix Bij = B(ϕi, ϕj).
The measures Pϕ1,...,ϕk

clearly satisfy the assumptions of Kolmogorov’s Con-
sistency Theorem and, therefore, there exists a unique measure P on B whose
restriction to each Bϕ1,...,ϕk

coincides with Pϕ1,...,ϕk
.

We define Φ(ϕ), where ϕ ∈ Sr for now, simply by putting Φ(ϕ)(ω) = ω(ϕ).
Let us show that Φ(ϕ) is the desired generalized process. By construction,
E(Φ(ϕ)Φ(ψ)) = B(ϕ,ψ). Next, let us show that Φ(aϕ + bψ) = aΦ(ϕ) + bΦ(ψ)
almost surely with respect to the measure P, when ϕ,ψ ∈ Sr and a, b ∈ R.
Note that we defined Ω as the set of all functions on Sr, not just the linear ones.
To prove the linearity of Φ, note that the variance of Φ(aϕ+bψ)−aΦ(ϕ)−bΦ(ψ)
is equal to zero. Therefore Φ(aϕ + bψ) = aΦ(ϕ) + bΦ(ψ) almost surely.

We also need to demonstrate the continuity of Φ(ϕ). If ψn
k → ϕk in

Sr as n → ∞ for k = 1, ...,m, then the covariance matrix of the vector
(Φ(ψn

1 ), ..., Φ(ψn
m)) is Bn

ij = B(ψn
i , ψn

j ), while the covariance matrix of the
vector (Φ(ϕ1), ..., Φ(ϕm)) is equal to Bij = B(ϕi, ϕj). If ψn

k → ϕk in Sr as
n → ∞ for k = 1, ...,m, then limn→∞ Bn

ij = Bij due to Lemma 17.7. Since
the vectors are Gaussian, the convergence of covariance matrices implies the
convergence in distribution.

Finally, for ϕ = ϕ1 + iϕ2, where ϕ1 and ϕ2 are real, we define Φ(ϕ) =
Φ(ϕ1) + iΦ(ϕ2). Clearly, Φ(ϕ) is the desired generalized random process. �

We shall say that a generalized function F is non-negative definite if
(F,ϕ ∗ ϕ∗) ≥ 0 for any ϕ ∈ S. There is a one-to-one correspondence be-
tween non-negative definite generalized functions and continuous translation-
invariant non-negative definite hermitian forms. Namely, given a generalized
function F , we can define the form B(ϕ,ψ) = (F,ϕ ∗ ψ∗). Conversely, the
existence of the non-negative definite generalized function corresponding to a
form is guaranteed by Lemma 17.4. Theorem 17.6 can now be applied in the
translation-invariant case to obtain the following statement.

Lemma 17.8. For any non-negative definite generalized function F , there is
a real-valued stationary Gaussian generalized process with zero expectation for
which F is the covariance function.

Let us introduce an important example of a generalized process. Note that
the delta-function (the generalized function defined as (δ, ϕ) = ϕ(0)) is non-
negative definite.

Definition 17.9. A real-valued stationary Gaussian generalized process with
zero expectation and covariance function equal to delta-function is called white
noise.
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Let us examine what happens to the covariance functional of a generalized
process when we take the derivative of the process. If BΦ is the covariance
functional of the process Φ and BΦ′ is the covariance functional of Φ′, then

BΦ′(ϕ,ψ) = E(Φ′(ϕ)Φ
′
(ψ)) = E(Φ(ϕ′)Φ(ψ′)) = BΦ(ϕ′, ψ′).

If the process Φ is stationary, and FΦ and FΦ′ are the covariance functions of
Φ and Φ′ respectively, we obtain

(FΦ′ , ϕ ∗ ψ∗) = (FΦ, ϕ′ ∗ (ψ′)∗).

Since ϕ′ ∗ (ψ′)∗ = −(ϕ ∗ ψ∗)′′,

(FΦ′ , ϕ ∗ ψ∗) = (−F ′′
Φ , ϕ ∗ ψ∗).

Therefore, the generalized functions FΦ′ and −F ′′
Φ agree on all test functions

of the form ϕ∗ψ∗. It is not difficult to show that such test functions are dense
in S. Therefore, FΦ′ = −F ′′

Φ .
In Chapter 18 we shall study Brownian motion (also called Wiener

process). It is a real Gaussian process, denoted by Wt, whose covariance func-
tional is given by the formula

BW (ϕ,ψ) =
∫ ∞

−∞

∫ ∞

−∞
k(s, t)ϕ(s)ψ(t)dsdt,

where

k(s, t) =
{

min(|s|, |t|) if s and t have the same sign,
0 otherwise.

Although the Wiener process itself is not stationary, its derivative is, as will
be seen below. Indeed, by using integration by parts,

∫ ∞

−∞

∫ ∞

−∞
k(s, t)ϕ′(s)ψ′(t)dsdt =

∫ ∞

−∞
ϕ(t)ψ(t)dt.

Therefore, the covariance functional of the derivative of the Wiener process is
equal to

BW ′(ϕ,ψ) = BW (ϕ′, ψ′) =
∫ ∞

−∞
ϕ(t)ψ(t)dt = (δ, ϕ ∗ ψ∗).

Since the derivative of a Gaussian process is a (generalized) Gaussian process,
and the distributions of a Gaussian process are uniquely determined by its
covariance function, we see that the derivative of the Wiener process is a
white noise.
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Probability Theory
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Brownian Motion

18.1 Definition of Brownian Motion

The term Brownian motion comes from the name of the botanist R. Brown,
who described the irregular motion of minute particles suspended in water,
while the water itself remained seemingly still. It is now known that this
motion is due to the cumulative effect of water molecules hitting the particle
at various angles.

The rigorous definition and the first mathematical proof of the existence
of Brownian motion are due to N. Wiener, who studied Brownian motion
in the 1920s, almost a century after it was observed by R. Brown. Wiener
process is another term for Brownian motion, both terms being used equally
often. Brownian motion and more general diffusion processes are extremely
important in physics, economics, finance, and many branches of mathematics
beyond probability theory.

We start by defining one-dimensional Brownian motion as a process (with
a certain list of properties) on an abstract probability space (Ω,F ,P). We
shall then discuss the space C([0,∞)) of continuous functions, show that it
carries a probability measure (Wiener measure) corresponding to Brownian
motion, and that C([0,∞)) can be taken as the underlying probability space
Ω in the definition of Brownian motion.

Definition 18.1. A process Wt on a probability space (Ω,F ,P) is called a
one-dimensional Brownian motion if:

1. Sample paths Wt(ω) are continuous functions of t for almost all ω.
2. For any k ≥ 1 and 0 ≤ t1 ≤ ... ≤ tk, the random vector (Wt1 , ...,Wtk

) is
Gaussian with zero mean and covariance matrix B(ti, tj) = E(Wti

Wtj
) =

ti ∧ tj, where 1 ≤ i, j ≤ k.

Since the matrix B(ti, tj) = ti ∧ tj is non-negative definite for any k, and
0 ≤ t1 ≤ ... ≤ tk, by the Kolmogorov Consistency Theorem there exists a
probability measure on the space Ω̃ of all functions such that the process
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W̃t(ω̃) = ω̃(t) is Gaussian with the desired covariance matrix. Since C([0,∞))
is not a measurable set in Ω̃, however, we can not simply restrict this measure
to the space of continuous functions. This does not preclude us from trying
to define another process with the desired properties. We shall prove the
existence of a Brownian motion in two different ways in the following sections.

Here is another list of conditions that characterize Brownian motion.

Lemma 18.2. A process Wt on a probability space (Ω,F ,P) is a Brownian
motion if and only if:

1. Sample paths Wt(ω) are continuous functions of t for almost all ω.
2. W0(ω) = 0 for almost all ω.
3. For 0 ≤ s ≤ t, the increment Wt−Ws is a Gaussian random variable with

zero mean and variance t − s.
4. Random variables Wt0 ,Wt1 − Wt0 , ...,Wtk

− Wtk−1 are independent for
every k ≥ 1 and 0 = t0 ≤ t1 ≤ ... ≤ tk.

Proof. Assume that Wt is a Brownian motion. Then EW 2
0 = 0∧ 0 = 0, which

implies that W0 = 0 almost surely.
Let 0 ≤ s ≤ t. Since the vector (Ws,Wt) is Gaussian, so is the random

variable Wt − Ws. Its variance is equal to

E(Wt − Ws)2 = t ∧ t + s ∧ s − 2s ∧ t = t − s.

Let k ≥ 1 and 0 = t0 ≤ t1 ≤ ... ≤ tk. Since (Wt0 , ...,Wtk
) is a Gaussian

vector, so is (Wt0 ,Wt1 − Wt0 , ...,Wtk
− Wtk−1). In order to verify that its

components are independent, it is enough to show that they are uncorrelated.
If 1 ≤ i < j ≤ k, then

E[(Wti
− Wti−1)(Wtj

− Wtj−1)] = ti ∧ tj + ti−1 ∧ tj−1

−ti ∧ tj−1 − ti−1 ∧ tj = ti + ti−1 − ti − ti−1 = 0.

Thus a Brownian motion satisfies all the conditions of Lemma 18.2. The con-
verse statement can be proved similarly, so we leave it as an exercise for the
reader. �

Sometimes it is important to consider Brownian motion in conjunction
with a filtration.

Definition 18.3. A process Wt on a probability space (Ω,F ,P) adapted to a
filtration (Ft)t∈R+ is called a Brownian motion relative to the filtration Ft if

1. Sample paths Wt(ω) are continuous functions of t for almost all ω.
2. W0(ω) = 0 for almost all ω.
3. For 0 ≤ s ≤ t, the increment Wt−Ws is a Gaussian random variable with

zero mean and variance t − s.
4. For 0 ≤ s ≤ t, the increment Wt −Ws is independent of the σ-algebra Fs.
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If we are given a Brownian motion Wt, but no filtration is specified, then
we can consider the filtration generated by the process, FW

t = σ(Ws, s ≤ t).
Let us show that Wt is a Brownian motion relative to the filtration FW

t .

Lemma 18.4. Let Xt, t ∈ R
+, be a random process such that Xt0 ,Xt1 −

Xt0 , ...,Xtk
− Xtk−1 are independent random variables for every k ≥ 1 and

0 = t0 ≤ t1 ≤ ... ≤ tk. Then for 0 ≤ s ≤ t, the increment Xt − Xs is
independent of the σ-algebra FX

s .

Proof. For fixed n ≥ 1 and 0 = t0 ≤ t1 ≤ ... ≤ tk ≤ s, the σ-algebra
σ(Xt0 ,Xt1 , ...,Xtk

) = σ(Xt0 ,Xt1 − Xt0 , ...,Xtk
− Xtk−1) is independent of

Xt − Xs. Let K be the union of all such σ-algebras. It forms a collection of
sets closed under pair-wise intersections, and is thus a π-system.

Let G be the collection of sets which are independent of Xt − Xs. Then
A ∈ G implies that Ω\A ∈ G. Furthermore, A1, A2, ... ∈ G, An

⋂
Am = ∅ for

n �= m imply that
⋃∞

n=1 An ∈ G. Therefore FX
s = σ(K) ⊆ G by Lemma 4.13. �

Let us also define d-dimensional Brownian motion. For a process Xt de-
fined on a probability space (Ω,F ,P), let FX be the σ-algebra generated by
Xt, that is FX = σ(Xt, t ∈ T ). Recall that the processes X1

t , ...,Xd
t defined

on a common probability space are said to be independent if the σ-algebras
FX1

, ...,FXd

are independent.

Definition 18.5. An R
d-valued process Wt = (W 1

t , ...,W d
t ) is said to be a

(standard) d-dimensional Brownian motion if its components W 1
t ,...,W d

t are
independent one-dimensional Brownian motions.

An R
d-valued process Wt = (W 1

t , ...,W d
t ) is said to be a (standard) d-

dimensional Brownian motion relative to a filtration Ft if its components are
independent one-dimensional Brownian motions relative to the filtration Ft.

As in the one-dimensional case, if Wt is a d-dimensional Brownian motion,
we can consider the filtration FW

t = σ(W i
s , s ≤ t, 1 ≤ i ≤ d). Then Wt is a

d-dimensional Brownian motion relative to the filtration FW
t .

18.2 The Space C([0, ∞))

Definition 18.6. The space C([0,∞)) is the metric space which consists of
all continuous real-valued functions ω = ω(t) on [0,∞) with the metric

d(ω1, ω2) =
∞∑

n=1

1
2n

min( sup
0≤t≤n

|ω1(t) − ω2(t)|, 1).

Remark 18.7. One can also consider the space C([0, T ]) of continuous real-
valued functions ω = ω(t) on [0, T ] with the metric of uniform convergence

d(ω1, ω2) = sup
0≤t≤T

|ω1(t) − ω2(t)|.
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Convergence in the metric of C([0,∞)) is equivalent to uniform convergence on
each finite interval [0, T ]. This, however, does not imply uniform convergence
on the entire axis [0,∞). It can be easily checked that C([0, T ]) and C([0,∞))
are complete, separable metric spaces. Note that C([0, T ]) is in fact a Banach
space with the norm ||ω|| = sup0≤t≤T |ω(t)|.

We can consider cylindrical subsets of C([0,∞)). Namely, given a finite
collection of points t1, ..., tk ∈ R

+ and a Borel set A ∈ B(Rk), we define a
cylindrical subset of C([0,∞)) as

{ω : (ω(t1), ..., ω(tk)) ∈ A}.

Denote by B the minimal σ-algebra that contains all the cylindrical sets (for
all choices of k, t1, ..., tk, and A).

Lemma 18.8. The minimal σ-algebra B that contains all the cylindrical sets
is the σ-algebra of Borel sets of C([0,∞)).

Proof. Let us first show that all cylindrical sets are Borel sets. All cylindrical
sets belong to the minimal σ-algebra which contains all sets of the form B =
{ω : ω(t) ∈ A}, where t ∈ R

+ and A is open in R. But B is open in C([0,∞))
since, together with any ω ∈ B, it contains a sufficiently small ball B(ω, ε) =
{ω : d(ω, ω) < ε}. Therefore, all cylindrical sets are Borel sets. Consequently,
B is contained in the Borel σ-algebra.

To prove the converse inclusion, note that any open set is a countable
union of open balls, since the space C([0,∞)) is separable. We have

B(ω, ε) = {ω :
∞∑

n=1

1
2n

min( sup
0≤t≤n

|ω(t) − ω(t)|, 1) < ε}

= {ω :
∞∑

n=1

1
2n

min( sup
0≤t≤n,t∈Q

|ω(t) − ω(t)|, 1) < ε},

where Q is the set of rational numbers.
The function f(ω) = sup0≤t≤n,t∈Q

|ω(t) − ω(t)| defined on C([0,∞)) is
measurable with respect to the σ-algebra B generated by the cylindrical sets
and, therefore, B(ω, ε) belongs to B. We conclude that all open sets and,
therefore, all Borel sets belong to the minimal σ-algebra which contains all
cylindrical sets. �

This lemma shows, in particular, that any random process Xt(ω) with
continuous realizations defined on a probability space (Ω,F ,P) can be viewed
as a measurable function from (Ω,F) to (C([0,∞)),B), and thus induces a
probability measure on B.

Conversely, given a probability measure P on (C([0,∞)),B), we can define
the random process on the probability space (C([0,∞)),B,P) which is simply
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Xt(ω) = ω(t).

Given a finite collection of points t1, ..., tk ∈ R
+, we can define the projec-

tion mapping πt1,...,tk
: C([0,∞)) → R

k as

πt1,...,tk
(ω) = (ω(t1), ..., ω(tk)).

This mapping is continuous and thus measurable. The cylindrical sets of
C([0,∞)) are exactly the pre-images of Borel sets under the projection map-
pings. Given a measure P on C([0,∞)), we can consider P̃(A) = P(π−1

t1,...,tk
(A)),

a measure on R
k that is the push-forward of P under the projection mapping.

These measures will be referred to as finite-dimensional measures or finite-
dimensional distributions of P.

Let Pn be a sequence of probability measures on C([0,∞)), and P̃n their
finite-dimensional distributions for given t1, ..., tk. If f is a bounded continuous
function from R

k to R, then f(πt1,...,tk
) : C([0,∞)) → R is also bounded and

continuous. Therefore, if the Pn converge to P weakly, then
∫

Rk

fdP̃n =
∫

C([0,∞))

f(πt1,...,tk
)dPn →

∫

C([0,∞))

f(πt1,...,tk
)dP =

∫

Rk

fdP̃,

that is the finite-dimensional distributions also converge weakly. Conversely,
the convergence of the finite-dimensional distributions implies the convergence
of the measures on C([0,∞)), provided the sequence of measures Pn is tight.

Lemma 18.9. A sequence of probability measures on (C([0,∞)),B) converges
weakly if and only if it is tight and all of its finite-dimensional distributions
converge weakly.

Remark 18.10. When we state that convergence of finite-dimensional distri-
butions and tightness imply weak convergence, we do not require that all
the finite-dimensional distributions converge to the finite-dimensional distri-
butions of the same measure on C([0,∞)). The fact that they do converge
to the finite-dimensional distributions of the same measure follows from the
proof of the lemma.

Proof. If Pn is a sequence of probability measures converging weakly to a
measure P, then it is weakly compact, and therefore tight by the Prokhorov
Theorem. The convergence of the finite-dimensional distributions of Pn to
those of P was justified above.

To prove the converse statement, assume that a sequence of measures is
tight, and the finite-dimensional distributions converge weakly. For each k ≥ 1
and t1, ..., tk, let P̃t1,...,tk

n be the finite-dimensional distribution of the measure
Pn, and µt1,...,tk

be the measure on R
k such that P̃t1,...,tk

n → µt1,...,tk
weakly.

Again by the Prokhorov Theorem, there is a subsequence P′
n of the orig-

inal sequence converging weakly to a measure P. If a different subsequence
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P′′
n converges weakly to a measure Q, then P and Q have the same finite-

dimensional distributions (namely µt1,...,tk
) and, therefore, must coincide. Let

us demonstrate that the original sequence Pn converges to the same limit. If
this is not the case, there exists a bounded continuous function f on C([0,∞))
and a subsequence Pn such that

∫
fdPn do not converge to

∫
fdP. Then one

can find a subsequence Pn of Pn such that |
∫

fdPn −
∫

fdP| > ε for some
ε > 0 and all n. On the other hand, the sequence Pn is tight and contains a
subsequence which converges to P. This leads to a contradiction, and there-
fore Pn converges to P. �

We shall now work towards formulating a useful criterion for tightness of
a sequence of probability measures on C([0,∞)). We define the modulus of
continuity of a function ω ∈ C([0,∞)) on the interval [0, T ] by

mT (ω, δ) = sup
|t−s|≤δ, 0≤s,t≤T

|ω(t) − ω(s)|.

Note that the function mT (ω, δ) is continuous in ω in the metric of C([0,∞)).
This implies that the set {ω : mT (ω, δ) < ε} is open for any ε > 0. Also note
that limδ→0 mT (ω, δ) = 0 for any ω.

Definition 18.11. A set of functions A ⊆ C([0,∞)) (or A ⊆ C([0, T ])) is
called equicontinuous on the interval [0, T ] if

lim
δ→0

sup
ω∈A

mT (ω, δ) = 0.

It is called uniformly bounded on the interval [0, T ] if it is bounded in the
C([0, T ]) norm, that is

sup
ω∈A

sup
0≤t≤T

|ω(t)| < ∞.

Theorem 18.12. (Arzela-Ascoli Theorem) A set A ⊆ C([0,∞)) has com-
pact closure if and only if it is uniformly bounded and equicontinuous on every
interval [0, T ].

Proof. Let us assume that A is uniformly bounded and equicontinuous on
every interval [0, T ]. In order to prove that the closure of A is compact, it is
sufficient to demonstrate that every sequence (ωn)n≥1 ⊆ A has a convergent
subsequence.

Let (q1, q2, ...) be an enumeration of Q
+ (the set of non-negative ratio-

nal numbers). Since the sequence (ωn(q1))n≥1 is bounded, we can select a
subsequence of functions (ω1,n)n≥1 from the sequence (ωn)n≥1 such that
the numeric sequence (ω1,n(q1))n≥1 converges to a limit. From the sequence
(ω1,n)n≥1 we can select a subsequence (ω2,n)n≥1 such that (ω2,n(q2))n≥1 con-
verges to a limit. We can continue this process, and then consider the diagonal
sequence (ωn)n≥1 = (ωn,n)n≥1, which is a subsequence of the original sequence
and has the property that (ωn(q))n≥1 converges for all q ∈ Q

+.
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Let us demonstrate that, for each T , the sequence (ωn)n≥1 is a Cauchy
sequence in the metric of uniform convergence on [0, T ]. This will imply that
it converges uniformly to a continuous function on each finite interval, and
therefore converges in the metric of C([0,∞)). Given ε > 0, we take δ > 0
such that

sup
ω∈A

mT (ω, δ) <
ε

3
.

Let S be a finite subset of Q
+ such that dist(t, S) < δ for every t ∈ [0, T ]. Let

us take n0 such that |ωn(q) − ωm(q)| < ε
3 for m,n ≥ n0 for all q ∈ S. Then

supt∈[0,T ] |ωn(t) − ωm(t)| < ε if m,n ≥ n0. Indeed, for any t ∈ [0, T ] we can
find q ∈ S with dist(t, S) < δ and

|ωn(t) − ωm(t)| ≤ |ωn(t) − ωn(q)| + |ωn(q) − ωm(q)| + |ωm(t) − ωm(q)| < ε.

Thus (ωn)n≥1 is a Cauchy sequence, and the set A has compact closure.
Conversely, let us assume that A has compact closure. Let T > 0 be

fixed. To show that A is uniformly bounded on [0, T ], we introduce the sets
Uk = {ω : sup0≤t≤T |ω(t)| < k}. Clearly these sets are open in the metric of
C([0,∞)), and C([0,∞)) =

⋃∞
k=1 Uk. Therefore A ⊆ Uk for some k, which

shows that A is uniformly bounded on [0, T ].
Let ε > 0 be fixed. Consider the sets Vδ = {ω : mT (ω, δ) < ε}. These sets

are open, and C([0,∞)) =
⋃

δ>0 Vδ. Therefore A ⊆ Vδ for some δ > 0, which
shows that supω∈A mT (ω, δ) ≤ ε. Since ε > 0 was arbitrary, this shows that
A is equicontinuous on [0, T ]. �

With the help of the Arzela-Ascoli Theorem we can now prove the following
criterion for tightness of a sequence of probability measures.

Theorem 18.13. A sequence Pn of probability measures on (C([0,∞)),B) is
tight if and only if the following two conditions hold:

(a) For any T > 0 and η > 0, there is a > 0 such that

Pn({ω : sup
0≤t≤T

|ω(t)| > a}) ≤ η, n ≥ 1.

(b) For any T > 0, η > 0, and ε > 0, there is δ > 0 such that

Pn({ω : mT (ω, δ) > ε}) ≤ η, n ≥ 1.

Proof. Assume first that the sequence Pn is tight. Given η > 0, we can find
a compact set K with Pn(K) ≥ 1 − η for all n. Let T > 0 and ε > 0 be also
given. By the Arzela-Ascoli Theorem, there exist a > 0 and δ > 0 such that

sup
ω∈K

sup
0≤t≤T

|ω(t)| < a and sup
ω∈K

mT (ω, δ) < ε.

This proves that conditions (a) and (b) are satisfied.
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Let us now assume that (a) and (b) are satisfied. For a given η > 0 and
every positive integers T and m, we find aT > 0 and δm,T > 0 such that

Pn({ω : sup
0≤t≤T

|ω(t)| > aT }) ≤
η

2T+1
, n ≥ 1,

and
Pn({ω : mT (ω, δm,T ) >

1
m
}) ≤ η

2T+1+m
, n ≥ 1.

The sets AT = {ω : sup0≤t≤T |ω(t)| ≤ aT } and Bm,T = {ω : mT (ω, δm,T ) ≤ 1
m}

are closed and satisfy

Pn(AT ) ≥ 1 − η

2T+1
, Pn(Bm,T ) ≥ 1 − η

2T+1+m
, n ≥ 1.

Therefore,

Pn((
∞⋂

T=1

AT )
⋂

(
∞⋂

m,T=1

Bm,T )) ≥ 1 −
∞∑

T=1

η

2T+1
−

∞∑

m,T=1

η

2T+1+m
= 1 − η.

The set K = (
⋂∞

T=1 AT )
⋂

(
⋂∞

m,T=1 Bm,T ) is compact by the Arzela-Ascoli
Theorem. We have thus exhibited a compact set K such that Pn(K) ≥ 1 − η
for all n. This implies tightness since η was an arbitrary positive number. �

18.3 Existence of the Wiener Measure, Donsker
Theorem

Definition 18.14. A probability measure W on (C([0,∞)),B) is called the
Wiener measure if the coordinate process Wt(ω) = ω(t) on (C([0,∞)),B,W)
is a Brownian motion relative to the filtration FW

t .

In this section we shall give a constructive proof of the existence of the Wiener
measure. By Lemma 18.4, in order to show that W is the Wiener measure, it
is sufficient to show that the increments of the coordinate process Wt−Ws are
independent Gaussian variables with respect to W, with zero mean, variance
t − s, and W0 = 0 almost surely. Also note that a measure which has these
properties is unique.

Let ξ1, ξ2, ... be a sequence of independent identically distributed random
variables on a probability space (Ω,F ,P). We assume that the expectation of
each of the variables is equal to zero and the variance is equal to one. Let Sn

be the partial sums, that is S0 = 0 and Sn =
∑n

i=1 ξi for n ≥ 1. We define a
sequence of measurable functions Xn

t : Ω → C([0,∞)) via

Xn
t (ω) =

1√
n

S[nt](ω) + (nt − [nt])
1√
n

ξ[nt]+1(ω),
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where [t] stands for the integer part of t. One can think of Xn
t as a random walk

with steps of order 1√
n

and time steps of size 1
n . In between the consecutive

steps of the random walk the value of Xn
t is obtained by linear interpolation.

The following theorem is due to Donsker.

Theorem 18.15. (Donsker) The measures on C([0,∞)) induced by Xn
t

converge weakly to the Wiener measure.

The proof of the Donsker Theorem will rely on a sequence of lemmas.

Lemma 18.16. For 0 ≤ t1 ≤ ... ≤ tk,

lim
n→∞

(Xn
t1 , ...,X

n
tk

) = (ηt1 , ..., ηtn
) in distribution,

where (ηt1 , ..., ηtn
) is a Gaussian vector with zero mean and the covariance

matrix Eηti
ηtj

= tj ∧ ti.

Proof. It is sufficient to demonstrate that the vector (Xn
t1 ,X

n
t2 −Xn

t1 , ...,X
n
tk
−

Xn
tk−1

) converges to a vector of independent Gaussian variables with variances
t1, t2 − t1,...,tk − tk−1. Since the term (nt − [nt]) 1√

n
ξ[nt]+1 converges to zero

in probability for every t, it is sufficient to establish the convergence to a
Gaussian vector for

(V n
1 , ..., V n

k ) = (
1√
n

S[nt1],
1√
n

S[nt2] −
1√
n

S[nt1], ...,
1√
n

S[ntk] −
1√
n

S[ntk−1]).

Each of the components converges to a Gaussian random variable by the Cen-
tral Limit Theorem for independent identically distributed random variables.
Let us write ξj = limn→∞ V n

j , and let ϕj(λj) be the characteristic function

of ξj . Thus, ϕ1(λ1) = e−
t1λ2

1
2 , ϕ2(λ2) = e−

(t2−t1)λ2
2

2 , etc.
In order to show that the vector (V n

1 , ..., V n
k ) converges to a Gaussian

vector, it is sufficient to consider the characteristic function ϕn(λ1, ..., λk) =
Eei(λ1V n

1 +...+λkV n
k ). Due to independence of the components of the vector

(V n
1 , ..., V n

k ), the characteristic function ϕn(λ1, ..., λk) is equal to the prod-
uct of the characteristic functions of the components, and thus converges to
ϕ1(λ1) · ... · ϕk(λk), which is the characteristic function of a Gaussian vector
with independent components. �

Let us now prove that the family of measures induced by Xn
t is tight. First,

we use Theorem 18.13 to prove the following lemma.

Lemma 18.17. A sequence Pn of probability measures on (C([0,∞)),B) is
tight if the following two conditions hold:

(a) For any η > 0, there is a > 0 such that

Pn({ω : |ω(0)| > a}) ≤ η, n ≥ 1.



264 18 Brownian Motion

(b) For any T > 0, η > 0, and ε > 0, there are 0 < δ < 1 and an integer
n0 such that, for all t ∈ [0, T ], we have

Pn({ω : sup
t≤s≤min(t+δ,T )

|ω(s) − ω(t)| > ε}) ≤ δη, n ≥ n0.

Proof. Let us show that assumption (b) in this lemma implies assumption (b)
of Theorem 18.13. For fixed δ we denote

At = {ω : sup
t≤s≤min(t+2δ,T )

|ω(s) − ω(t)| >
ε

2
}.

By the second assumption of the lemma, we can take δ and n0 such that
Pn(At) ≤ δη

T for all t and n ≥ n0.
Consider [T

δ ] overlapping intervals, I0 = [0, 2δ], I1 = [δ, 3δ], ..., I[ T
δ ]−1 =

[([T
δ ]−1)δ, T ]. If |s− t| ≤ δ, there is at least one interval such that both s and

t belong to it. Therefore,

Pn({ω : mT (ω, δ) > ε}) ≤ Pn(
[ T

δ ]−1⋃

i=0

Aiδ) ≤
[ T

δ ]−1∑

i=0

Pn(Aiδ) ≤
T

δ

δη

T
= η.

Thus, we have justified that assumption (b) of Theorem 18.13 holds for n ≥ n0.
Since a finite family of measures on (C([0,∞)),B) is always tight, we can take
a smaller δ, if needed, to make sure that (b) of Theorem 18.13 holds for n ≥ 1.
This, together with assumption (a) of this lemma, immediately imply that as-
sumption (a) of Theorem 18.13 holds. �

We now wish to apply Lemma 18.17 to the sequence of measures induced by
Xn

t . Since Xn
0 = 0 almost surely, we only need to verify the second assumption

of the lemma. We need to show that for any T > 0, η > 0, and ε > 0, there
are 0 < δ < 1 and an integer n0 such that for all t ∈ [0, T ] we have

P({ω : sup
t≤s≤min(t+δ,T )

|Xn
s − Xn

t | > ε}) ≤ δη, n ≥ n0.

Since the value of Xn
t changes linearly when t is between integer multiples of

1
n , and the interval [t, t + δ] is contained inside the interval [ k

n , k+[nδ+2]
n ] for

some integer k, it is sufficient to check that for T > 0, η > 0, and ε > 0, there
are 0 < δ < 1 and an integer n0 such that

P({ω : max
k≤i≤k+[nδ+2]

1√
n
|Si − Sk| >

ε

2
}) ≤ δη, n ≥ n0

for all k. Obviously, we can replace ε
2 by ε and [nδ + 2] by [nδ]. Thus, it is

sufficient to show that

P({ω : max
k≤i≤k+[nδ]

1√
n
|Si − Sk| > ε}) ≤ δη, n ≥ n0. (18.1)
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Lemma 18.18. For any ε > 0, there is λ > 1 such that

lim sup
n→∞

P(max
i≤n

|Si| > λ
√

n) ≤ ε

λ2
.

Before proving this lemma, let us employ it to justify (18.1). Suppose that
η > 0 and 0 < ε < 1 are given. By the lemma, there exist λ > 1 and n1 such
that

P(max
i≤n

|Si| > λ
√

n) ≤ ηε2

λ2
, n ≥ n1.

Let δ = ε2

λ2 . Then 0 < δ < 1 since 0 < ε < 1 and λ > 1. Take n0 = [n1
δ ] + 1.

Then n ≥ n0 implies that [nδ] ≥ n1, and therefore

P( max
i≤[nδ]

|Si| > λ
√

[nδ]) ≤ ηε2

λ2
.

This implies (18.1) with k = 0, since λ
√

[nδ] ≤ ε
√

n and ηε2

λ2 = δη. Finally,
note that the probability on the left-hand side of (18.1) does not depend on k,
since the variables ξ1, ξ2, ... are independent and identically distributed. We
have thus established that Lemma 18.18 implies the tightness of the sequence
of measures induced by Xn

t .

Proof of Lemma 18.18. Let us first demonstrate that

P(max
i≤n

|Si| > λ
√

n) ≤ 2P(|Sn| ≥ (λ −
√

2)
√

n) for λ ≥
√

2. (18.2)

Consider the events

Ai = {max
j<i

|Sj | < λ
√

n ≤ |Si|}, 1 ≤ i ≤ n.

Then

P(max
i≤n

|Si| > λ
√

n) ≤ P(|Sn| ≥ (λ −
√

2)
√

n)

+
n−1∑

i=1

P(Ai ∩ {|Sn| < (λ −
√

2)
√

n}).
(18.3)

Note that

Ai ∩ {|Sn| < (λ −
√

2)
√

n} ⊆ Ai ∩ {|Sn − Si| ≥
√

2n}.

The events Ai and {|Sn − Si| ≥
√

2n} are independent, while the probability
of the latter can be estimated using the Chebyshev Inequality and the fact
that ξ1, ξ2, ... is a sequence of independent random variables with variances
equal to one,

P(|Sn − Si| ≥
√

2n) ≤ n − i

2n
≤ 1

2
.
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Therefore,

n−1∑

i=1

P(Ai ∩ {|Sn| < (λ −
√

2)
√

n}) ≤ 1
2

n−1∑

i=1

P(Ai) ≤
1
2
P(max

i≤n
|Si| > λ

√
n).

This and (18.3) imply that (18.2) holds. For λ > 2
√

2, from (18.2) we obtain

P(max
i≤n

|Si| > λ
√

n) ≤ 2P(|Sn| ≥
1
2
λ
√

n).

By the Central Limit Theorem,

lim
n→∞

P(|Sn| ≥
1
2
λ
√

n) =
1√
2π

∫ ∞

1
2 λ

e−
1
2 t2dt ≤ ε

2λ2
,

where the last inequality holds for all sufficiently large λ. Therefore,

lim sup
n→∞

P(max
i≤n

|Si| > λ
√

n) ≤ ε

λ2
.

�

We now have all the ingredients needed for the proof of the Donsker The-
orem.

Proof of Theorem 18.15. We have demonstrated that the sequence of mea-
sures induced by Xn

t is tight. The finite-dimensional distributions converge by
Lemma 18.16. Therefore, by Lemma 18.9, the sequence of measures induced
by Xn

t converges weakly to a probability measure, which we shall denote by
W. By Lemma 18.16 and the discussion following Definition 18.14, the limit-
ing measure W satisfies the requirements of Definition 18.14. �

.

18.4 Kolmogorov Theorem

In this section we provide an alternative proof of the existence of Brownian
motion. It relies on an important theorem which, in particular, shows that
almost all the sample paths of Brownian motion are locally Holder continuous
with any exponent γ < 1/2.

Theorem 18.19. (Kolmogorov) Let Xt, t ∈ R
+, be a random process on a

probability space (Ω,F ,P). Suppose that there are positive constants α and β,
and for each T ≥ 0 there is a constant c(T ) such that

E|Xt − Xs|α ≤ c(T )|t − s|1+β for 0 ≤ s, t ≤ T. (18.4)
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Then there is a continuous modification Yt of the process Xt such that for
every γ ∈ (0, β/α) and T > 0 there is δ > 0, and for each ω there is h(ω) > 0
such that

P({ω : |Yt(ω)−Ys(ω)| ≤ δ|t− s|γ for all s, t ∈ [0, T ], 0 ≤ t− s < h(ω)}) = 1.
(18.5)

Proof. Let us first construct a process Y 1
t with the desired properties, with

the parameter t taking values in the interval [0, 1]. Let c = c(1).
We introduce the finite sets Dn = {k/2n, k = 0, 1, ..., 2n} and the countable

set D =
⋃∞

n=1 Dn.
From the Chebyshev Inequality and (18.4) it follows that for any ε > 0

and 0 ≤ s, t ≤ 1 we have

P(|Xt − Xs| ≥ ε) ≤ E|Xt − Xs|α
εα

≤ c|t − s|1+βε−α. (18.6)

In particular, using this inequality with ε = 2−γn and k = 1, ..., 2n, we obtain

P(|Xk/2n − X(k−1)/2n | ≥ 2−γn) ≤ c2−n(1+a),

where a = β − αγ > 0. By taking the union of events on the left-hand side
over all values of k, we obtain

P({ω : max
1≤k≤n

|Xk/2n(ω) − X(k−1)/2n(ω)| ≥ 2−γn}) ≤ c2−na.

Since the series
∑∞

n=1 2−na converges, by the first Borel-Cantelli Lemma there
exist an event Ω′ ∈ F with P(Ω′) = 1 and, for each ω ∈ Ω′, an integer n′(ω)
such that

max
1≤k≤n

|Xk/2n(ω) − X(k−1)/2n(ω)| < 2−γn for ω ∈ Ω′ and n ≥ n′(ω). (18.7)

Let us show that if ω ∈ Ω′ is fixed, the function Xt(ω) is uniformly Holder
continuous in t ∈ D with exponent γ. Take h(ω) = 2−n′(ω). Let s, t ∈ D be
such that 0 < t − s < h(ω). Let us take n such that 2−(n+1) ≤ t − s < 2−n.
(Note that n ≥ n′(ω) here.) Take m large enough, so that s, t ∈ Dm. Clearly,
the interval [s, t] can be represented as a finite union of intervals of the form
[(k − 1)/2j , k/2j ] with n + 1 ≤ j ≤ m, with no more than two such intervals
for each j. From (18.7) we conclude that

|Xt(ω) − Xs(ω)| ≤ 2
m∑

j=n+1

2−γj ≤ 2
1 − 2γ

2−γ(n+1) ≤ δ|t − s|γ ,

where δ = 2/(1 − 2−γ).
Let us now define the process Y 1

t . First, we define it for ω ∈ Ω′. Since
Xt(ω) is uniformly continuous as a function of t on the set D, and D is dense
in [0, 1], the following limit is defined for all ω ∈ Ω′ and t ∈ [0, 1]:
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Y 1
t (ω) = lim

s→t,s∈D
Xs(ω).

In particular, Y 1
t (ω) = Xt(ω) for ω ∈ Ω′, t ∈ D. The function Y 1

t (ω) is also
Holder continuous, that is |Y 1

t (ω) − Y 1
s (ω)| ≤ δ|t − s|γ for all ω ∈ Ω′ and

s, t ∈ [0, 1], |t−s| < h(ω). For ω ∈ Ω \Ω′ we define Y 1
t (ω) = 0 for all t ∈ [0, 1].

Let us show that Y 1
t is a modification of Xt. For any t ∈ [0, 1],

Y 1
t = lim

s→t,s∈D
Xs almost surely

(namely, for all ω ∈ Ω′), while Xt = lims→t,s∈D Xs in probability due to
(18.6). Therefore, Y 1

t (ω) = Xt(ω) almost surely for any t ∈ [0, 1].
We defined the process Y 1

t with the parameter t taking values in the inter-
val [0, 1]. We can apply the same arguments to construct a process Y m

t on the
interval [0, 2m]. The main difference in the construction is that now the sets
Dn are defined as Dn = {k/2n, k = 0, 1, ..., 2mn}. If t is of the form t = k/2n

for some integers k and n, and belongs to the parameter set of both Y m1
t and

Y m2
t , then Y m1

t = Y m2
t = Xt almost surely by the construction. Therefore,

the set

Ω̃ = {ω : Y m1
t (ω) = Y m2

t (ω) for all m1,m2 and t = k/2n, t ≤ min(2m1 , 2m2)}

has measure one. Any two processes Y m1
t (ω) and Y m2

t (ω) must coincide for
all ω ∈ Ω̃ on the intersection of their parameter sets, since they are both
continuous. Therefore, for fixed t and ω ∈ Ω̃, we can define Yt(ω) as any of
the processes Y m

t (ω) with sufficiently large m. We can define Yt(ω) to be equal
to zero for all t if ω /∈ Ω̃.

By construction, Yt satisfies (18.5) for each T . �

Remark 18.20. The function h(ω) can be taken to be a measurable function
of ω, since the same is true for the function n′(ω) defined in the proof. Clearly,
for each T the constant δ can be taken to be arbitrarily small.

The assumptions of the Kolmogorov Theorem are particularly easy to
verify if Xt is a Gaussian process.

Theorem 18.21. Let Xt, t ∈ R
+, be a real-valued Gaussian random process

with zero mean on a probability space (Ω,F ,P). Let B(s, t) = E(XtXs) be the
covariance function of the process. Suppose there is a positive constant r and
for each T ≥ 0 there is a constant c(T ) such that

B(t, t) + B(s, s) − 2B(s, t) ≤ c(T )|t − s|r for 0 ≤ s, t ≤ T. (18.8)

Then there is a continuous modification Yt of the process Xt such that for
every γ ∈ (0, r/2) and every T > 0 there is δ > 0, and for each ω there is
h(ω) > 0 such that (18.5) holds.
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Proof. Let us examine the quantity E|Xt−Xs|2n, where n is a positive integer.
The random variable Xt−Xs is Gaussian, with zero mean and variance equal
to the expression on the left-hand side of (18.8). For a Gaussian random
variable ξ with zero mean and variance σ2, we have

Eξ2n =
1√
2πσ

∫ ∞

−∞
x2n exp(

−x2

2σ2
)dx = k(n)σ2n,

where k(n) = (1/
√

2π)
∫∞
−∞ x2ne−x2/2dx. Thus we obtain

E|Xt − Xs|2n ≤ k(n)(c(T )|t − s|r)n ≤ c′(n, T )|t − s|rn

for 0 ≤ s, t ≤ T and some constant c′(n, T ). By Theorem 18.19, (18.5) holds
for any γ ∈ (0, (rn − 1)/2n). Since we can take n to be arbitrarily large, this
means that (18.5) holds for any γ ∈ (0, r/2). �

Remark 18.22. If the process Xt is stationary with the covariance function
b(t) = B(t, 0) = E(XtX0), then condition (18.8) is reduced to

b(0) − b(t) ≤ c(T )|t|r for |t| ≤ T.

Let us now use Theorem 18.21 to justify the existence of Brownian motion.
First, we note that the Kolmogorov Consistency Theorem guarantees the ex-
istence of a process Xt on some probability space (Ω,F ,P) with the following
properties:

1. X0(ω) = 0 for almost all ω.
2. For 0 ≤ s ≤ t the increment Xt − Xs is a Gaussian random variable with

mean zero and variance t − s.
3. The random variables Xt0 ,Xt1 −Xt0 , ...,Xtk

−Xtk−1 are independent for
every k ≥ 1 and 0 = t0 ≤ t1 ≤ ... ≤ tk.

To see that the assumptions of the Kolmogorov Consistency Theorem are
satisfied, it is sufficient to note that conditions 1-3 are equivalent to the fol-
lowing: for any t1, t2, ..., tk ∈ R

+, the vector (Xt1 ,Xt2 , ...,Xtk
) is Gaussian

with the covariance matrix Bij = E(Xti
Xtj

) = ti ∧ tj .
The assumptions of Theorem 18.21 are satisfied for the process Xt with

r = 1. Indeed, B(s, t) = s ∧ t and the expression on the left-hand side of
(18.8) is equal to |t − s|. Therefore, there exists a continuous modification of
Xt, which we shall denote by Wt, such that (18.5) holds for any γ ∈ (0, 1/2)
(with Wt instead of Yt).

If we consider the filtration FW
t = σ(Ws, s ≤ t) generated by the process

Wt, then Lemma 18.4 implies that Wt is a Brownian motion relative to the
filtration FW

t .
It is easy to show that for fixed γ, δ, and T , the set of functions x(t) ∈

C([0,∞)) satisfying (18.5) with x(t) instead of Yt(ω), is a measurable subset
of (C([0,∞)),B) (see Problem 7). Therefore we have the following.
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Lemma 18.23. If Wt is a Brownian motion and γ < 1/2, then almost every
trajectory Wt(ω) is a locally Holder continuous function of t with exponent γ.

18.5 Some Properties of Brownian Motion

Scaling and Symmetry. If Wt is a Brownian motion and c is a positive
constant, then the process

Xt =
1√
c
Wct, t ∈ R

+,

is also a Brownian motion, which follows from the definition. Similarly, if Wt

is a Brownian motion, then so is the process Xt = −Wt.
Strong Law of Large Numbers. Let Wt be a Brownian motion. We shall
demonstrate that

lim
t→∞

Wt

t
= 0 almost surely. (18.9)

For c > 0, let Ac = {ω : lim supt→∞(Wt(ω)/t) > c}. It is not difficult to show
that Ac is measurable. Let us prove that P(Ac) = 0. Consider the events

Bn
c = {ω : sup

2n−1≤t≤2n

Wt(ω) > c2n−1}.

It is clear that, in order for ω to belong to Ac, it must belong to Bn
c for

infinitely many n. By the Doob Inequality (Theorem 13.30),

P(Bn
c ) ≤ P( sup

0≤t≤2n

Wt(ω) > c2n−1) ≤ EW 2
2n

(c2n−1)2
=

1
c22n−2

.

Therefore
∑∞

n=1 P(Bn
c ) < ∞. By the first Borel-Cantelli Lemma, this implies

that P(Ac) = 0. Since c was an arbitrary positive number, this means that
lim supt→∞(Wt(ω)/t) ≤ 0 almost surely. After replacing Wt by −Wt, we see
that lim inft→∞(Wt(ω)/t) ≥ 0 almost surely, and thus (18.9) holds.
Time Inversion. Let us show that, if Wt is a Brownian motion, then so is
the process

Xt =
{

tW1/t if 0 < t < ∞
0 if t = 0.

Clearly, Xt has the desired finite-dimensional distributions and almost all
realizations of Xt are continuous for t > 0. It remains to show that Xt is
continuous at zero. By the Law of Large Numbers,

lim
t→0

Xt = lim
t→0

tW1/t = lim
s→∞

(Ws/s) = 0 almost surely,

that is Xt is almost surely continuous at t = 0.
Invariance Under Rotations and Reflections. Let Wt = (W 1

t , ...,W d
t )
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be a d-dimensional Brownian motion, and T a d × d orthogonal matrix. Let
us show that Xt = TWt is also a d-dimensional Brownian motion.

Clearly, Xt is a Gaussian R
d-values process, that is (Xi1

t1 , ...,Xik
tk

) is a
Gaussian vector for any 1 ≤ i1, ..., ik ≤ d and t1, ..., tk ∈ R

+. The trajectories
of Xt are continuous almost surely. Let us examine its covariance function. If
s, t ∈ R

+, then

E(Xi
sX

j
t ) =

d∑

k=1

d∑

l=1

TikTjlE(W k
s W l

t ) = (s ∧ t)
d∑

k=1

TikTjk

= (s ∧ t)(TT ∗)ij = δij ,

since T is an orthogonal matrix. Since Xt is a Gaussian process and E(Xi
sX

j
t ) =

0 for i �= j, the processes X1
t , ...,Xd

t are independent (see Problem 1), while
the covariance function of Xi

t is s ∧ t, which proves that Xi
t is a Brownian

motion for each i. Thus we have shown that Xt is a d-dimensional Brownian
motion.
Convergence of Quadratic Variations. Let f be a function defined on an
interval [a, b] of the real line. Let σ = {t0, t1, ..., tn}, a = t0 ≤ t1 ≤ ... ≤ tn = b,
be a partition of the interval [a, b] into n subintervals. We denote the length
of the largest interval by δ(σ) = max1≤i≤n(ti − ti−1). Recall that the p-th
variation (with p > 0) of the function f over the partition σ is defined as

V p
[a,b](f, σ) =

n∑

i=1

|f(ti) − f(ti−1)|p.

Let us consider a Brownian motion on an interval [0, t]. We shall prove that
the quadratic variation of the Brownian motion over a partition σ converges
to t in L2 as the mesh of the partition gets finer.

Lemma 18.24. Let Wt be a Brownian motion on a probability space (Ω,F ,P).
Then

lim
δ(σ)→0

V 2
[0,t](Ws(ω), σ) = t in L2(Ω,F ,P).

Proof. By the definition of V 2
[0,t],

E(V 2
[0,t](Ws(ω), σ) − t)2 = E(

n∑

i=1

[(Wti
− Wti−1)

2 − (ti − ti−1)])2

=
n∑

i=1

E[(Wti
−Wti−1)

2 − (ti − ti−1)]2 ≤
n∑

i=1

E(Wti
−Wti−1)

4 +
n∑

i=1

(ti − ti−1)2

= 4
n∑

i=1

(ti − ti−1)2 ≤ 4 max
1≤i≤n

(ti − ti−1)
n∑

i=1

(ti − ti−1) = 4tδ(σ),
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where the second equality is justified by

E((Wti
− Wti−1)

2 − (ti − ti−1))((Wtj
− Wtj−1)

2 − (tj − tj−1)) = 0 if i �= j.

Therefore, limδ(σ)→0 E(V 2
[0,t](Ws(ω), σ) − t)2 = 0. �

Remark 18.25. This lemma does not imply that the quadratic variation of
Brownian motion exists almost surely. In fact, the opposite is the case:

lim sup
δ(σ)→0

V 2
[0,t](Ws(ω), σ) = ∞ almost surely.

(See “Diffusion Processes and their Sample Paths” by K. Ito and H. McKean).

Law of Iterated Logarithm. Let Wt be a Brownian motion on a probabil-
ity space (Ω,F ,P). For a fixed t, the random variable Wt is Gaussian with
variance t, and therefore we could expect a typical value for Wt to be of order√

t if t is large. In fact, the running maximum of a Brownian motion grows
slightly faster than

√
t. Namely, we have the following theorem, which we state

without a proof.

Theorem 18.26. (Law of Iterated Logarithm). If Wt is a Brownian mo-
tion, then

lim sup
t→∞

Wt√
2t ln ln t

= 1 almost surely .

Bessel Processes. Let Wt = (W 1
t , ...,W d

t ), d ≥ 2, be a d-dimensional Brown-
ian motion on a probability space (Ω,F ,P), and let x ∈ R

d. Consider the
process with values in R

+ on the same probability space defined by

Rt = ||Wt + x||.

Due to the rotation invariance of the Brownian motion, the law of Rt depends
on x only through r = ||x||. We shall refer to the process Rt as the Bessel
process with dimension d starting at r. Let us note a couple of properties
of the Bessel process. (Their proof can be found in “Brownian Motion and
Stochastic Calculus” by I. Karatzas and S. Shreve, for example.)

First, the Bessel process in dimension d ≥ 2 starting at r ≥ 0 almost surely
never reaches the origin for t > 0, that is

P(Rt = 0 for some t > 0) = 0.

Second, the Bessel process in dimension d ≥ 2 starting at r ≥ 0 almost
surely satisfies the following integral equation:

Rt = r +
∫ t

0

d − 1
2Rs

ds + Bt, t ≥ 0,

where Bt is a one-dimensional Brownian motion. The integral on the right-
hand side is finite almost surely.
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18.6 Problems

1. Let Xt = (X1
t , ...,Xd

t ) be a Gaussian R
d-valued process (i.e., the vec-

tor (X1
t1 , ...,X

d
t1 , ...,X

1
tk

, ...,Xd
tk

) is Gaussian for any t1, ..., tk). Show that if
E(Xi

sX
j
t ) = 0 for any i �= j and s, t ∈ R

+, then the processes X1
t , ...,Xd

t are
independent.

2. Let Wt be a one-dimensional Brownian motion. Find the distribution of
the random variable

∫ 1

0
Wtdt.

3. Let Wt = (W 1
t ,W 2

t ) be a two-dimensional Brownian motion. Find the
distribution of ||Wt|| =

√
(W 1

t )2 + (W 2
t )2.

4. The characteristic functional of a random process Xt, T = R (or T = R
+),

is defined by

L(ϕ) = E exp(i
∫

T

ϕ(t)Xtdt),

where ϕ is an infinitely differentiable function with compact support. Find
the characteristic functional of the Brownian motion.

5. Let Wt be a one-dimensional Brownian motion. Find all a and b for which
the process Xt = exp(aWt + bt), t ≥ 0, is a martingale relative to the filtra-
tion FW

t .

6. Let Wt be a one-dimensional Brownian motion, and a, b ∈ R. Show that
the measure on C([0,∞]) induced by the process at + bWt can be viewed as
a weak limit of measures corresponding to certain random walks.

7. Prove that for fixed γ, δ, and T , the set of functions x(t) ∈ C([0,∞)) satis-
fying (18.5) with x(t) instead of Yt(ω) is a measurable subset of (C([0,∞)),B).

8. Let b : R → R be a nonnegative-definite function that is 2k times dif-
ferentiable. Assume that there are constants r, c > 0 such that

|b(2k)(t) − b(2k)(0)| ≤ c|t|r

for all t. Prove that there is a Gaussian process with zero mean and covariance
function b such that all of its realizations are k times continuously differen-
tiable.

9. Let P1 and P2 be two measures on C([0, 1]) induced by the processes
c1Wt and c2Wt, where 0 < c1 < c2, and Wt is a Brownian motion. Prove that
P1 and P2 are mutually singular (i.e., there are two measurable subsets A1

and A2 of C([0, 1]) such that P1(A1) = 1, P2(A2) = 1, while A1 ∩ A2 = ∅).
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10. Let Wt be a one-dimensional Brownian motion on a probability space
(Ω,F ,P). Prove that, for any a, b > 0, one can find an event A ∈ F with
P(A) = 1 and a function t(ω) such that infs≥t(ω)(as+ bWs(ω)) ≥ 0 for ω ∈ A.

11. Let Xt = aWt + bt, where Wt is a one-dimensional Brownian motion
on a probability space (Ω,F ,P), and a and b are some constants. Find the
following limit

lim
δ(σ)→0

V 2
[0,t](Xs(ω), σ)

in L2(Ω,F ,P).

12. Let Wt be a one-dimensional Brownian motion and σn the partition of
the interval [0, t] into 2n subintervals of equal length. Prove that

lim
n→∞

V 2
[0,t](Ws, σn) = t almost surely.

13. Let Wt be a one-dimensional Brownian motion on a probability space
(Ω,F ,P). For δ > 0, let Ωδ be the event Ωδ = {ω ∈ Ω : |W1(ω)| ≤ δ}. Let
Fδ be defined by: A ∈ Fδ if A ∈ F and A ⊆ Ωδ. Define the measure Pδ on
(Ωδ,Fδ) as

Pδ(A) = P (A)/P (Ωδ).

Let W δ
t , t ∈ [0, 1], be the process on the probability space (Ωδ,Fδ, Pδ) defined

simply by
W δ

t (ω) = Wt(ω).

Prove that there is a process Bt, t ∈ [0, 1], with continuous realizations, such
that W δ

t converge to Bt as δ ↓ 0, i.e., the measures on C([0, 1]) induced by the
processes W δ

t weakly converge to the measure induced by Bt. Such a process
Bt is called a Brownian Bridge.

Prove that a Brownian Bridge is a Gaussian process and find its covariance
function.
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Markov Processes and Markov Families

19.1 Distribution of the Maximum of Brownian Motion

Let Wt be a one-dimensional Brownian motion relative to a filtration Ft on
a probability space (Ω,F ,P). We denote the maximum of Wt on the interval
[0, T ] by MT ,

MT (ω) = sup
0≤t≤T

Wt(ω).

In this section we shall use intuitive arguments in order to find the distribution
of MT . Rigorous arguments will be provided later in this chapter, after we
introduce the notion of a strong Markov family. Thus, the problem at hand
may serve as a simple example motivating the study of the strong Markov
property.

For a non-negative constant c, define the stopping time τc as the first time
the Brownian motion reaches the level c if this occurs before time T , and
otherwise as T , that is

τc(ω) = min(inf{t ≥ 0 : Wt(ω) = c}, T ).

Since the probability of the event WT = c is equal to zero,

P(MT ≥ c) = P(τc < T ) = P(τc < T,WT < c) + P(τc < T,WT > c).

The key observation is that the probabilities of the events {τc < T,WT < c}
and {τc < T,WT > c} are the same. Indeed, the Brownian motion is equally
likely to be below c and above c at time T under the condition that it reaches
level c before time T . This intuitive argument hinges on our ability to stop the
process at time τc and then “start it anew” in such a way that the increment
WT − Wτc

has symmetric distribution and is independent of Fτc
.

Since τc < T almost surely on the event {WT > c},

P(MT ≥ c) = 2P(τc < T,WT > c) = 2P(WT > c) =
√

2√
πT

∫ ∞

c

e−
x2
2T dx.
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Therefore,

P(MT ≤ c) = 1 − P(MT ≥ c) = 1 −
√

2√
πT

∫ ∞

c

e−
x2
2T dx,

which is the desired expression for the distribution of the maximum of Brown-
ian motion.

19.2 Definition of the Markov Property

Let (X,G) be a measurable space. In Chapter 5 we defined a Markov chain as
a measure on the space of sequences with elements in X which is generated
by a Markov transition function. In this chapter we use a different approach,
defining a Markov process as a random process with certain properties, and
a Markov family as a family of such random processes. We then reconcile
the two points of view by showing that a Markov family defines a transition
function. In turn, by using a transition function and an initial distribution we
can define a measure on the space of realizations of the process.

For the sake of simplicity of notation, we shall primarily deal with the time-
homogeneous case. Let us assume that the state space is R

d with the σ-algebra
of Borel sets, that is (X,G) = (Rd,B(Rd)). Let (Ω,F ,P) be a probability space
with a filtration Ft.

Definition 19.1. Let µ be a probability measure on B(Rd). An adapted process
Xt with values in R

d is called a Markov process with initial distribution µ if:
(1) P(X0 ∈ Γ ) = µ(Γ ) for any Γ ∈ B(Rd).
(2) If s, t ≥ 0 and Γ ⊆ R

d is a Borel set, then

P(Xs+t ∈ Γ |Fs) = P(Xs+t ∈ Γ |Xs) almost surely . (19.1)

Definition 19.2. Let Xx
t , x ∈ R

d, be a family of processes with values in
R

d which are adapted to a filtration Ft. This family of processes is called a
time-homogeneous Markov family if:

(1) The function p(t, x, Γ ) = P(Xx
t ∈ Γ ) is Borel-measurable as a function

of x ∈ R
d for any t ≥ 0 and any Borel set Γ ⊆ R

d.
(2) P(Xx

0 = x) = 1 for any x ∈ R
d.

(3) If s, t ≥ 0, x ∈ R
d, and Γ ⊆ R

d is a Borel set, then

P(Xx
s+t ∈ Γ |Fs) = p(t,Xx

s , Γ ) almost surely .

The function p(t, x, Γ ) is called the transition function for the Markov
family Xx

t . It has the following properties:
(1′) For fixed t ≥ 0 and x ∈ R

d, the function p(t, x, Γ ), as a function of Γ ,
is a probability measure, while for fixed t and Γ it is a measurable function
of x.

(2′) p(0, x, {x}) = 1.
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(3′) If s, t ≥ 0, x ∈ R
d, and Γ ⊆ R

d is a Borel set, then

p(s + t, x, Γ ) =
∫

Rd

p(s, x, dy)p(t, y, Γ ).

The first two properties are obvious. For the third one it is sufficient to write

p(s + t, x, Γ ) = P(Xx
s+t ∈ Γ ) = EP(Xx

s+t ∈ Γ |Fs)

= Ep(t,Xx
s , Γ ) =

∫

Rd

p(s, x, dy)p(t, y, Γ ),

where the last equality follows by Theorem 3.14.
Now assume that we are given a function p(t, x, Γ ) with properties (1′)-

(3′) and a measure µ on B(Rd). As we shall see below, this pair can be used
to define a measure on the space of all functions Ω̃ = {ω̃ : R

+ → R
d} in such

a way that ω̃(t) is a Markov process. Recall that in Chapter 5 we defined a
Markov chain as the measure corresponding to a Markov transition function
and an initial distribution (see the discussion following Definition 5.17).

Let Ω̃ be the set of all functions ω̃ : R
+ → R

d. Take a finite collection
of points 0 ≤ t1 ≤ ... ≤ tk < ∞, and Borel sets A1, ..., Ak ∈ B(Rd). For
an elementary cylinder B = {ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tk) ∈ Ak}, we define the
finite-dimensional measure Pµ

t1,...,tk
(B) via

Pµ
t1,...,tk

(B) =
∫

Rd

µ(dx)
∫

A1

p(t1, x, dy1)
∫

A2

p(t2 − t1, y1, dy2)...

∫

Ak−1

p(tk−1 − tk−2, yk−2, dyk−1)
∫

Ak

p(tk − tk−1, yk−1, dyk).

The family of finite-dimensional probability measures Pµ
t1,...,tk

is consistent
and, by the Kolmogorov Theorem, defines a measure Pµ on B, the σ-algebra
generated by all the elementary cylindrical sets. Let Ft be the σ-algebra gen-
erated by the elementary cylindrical sets B = {ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tk) ∈ Ak}
with 0 ≤ t1 ≤ ... ≤ tk ≤ t, and Xt(ω̃) = ω̃(t). We claim that Xt is a Markov
process on (Ω̃,B,Pµ) relative to the filtration Ft. Clearly, the first property
in Definition 19.1 holds. To verify the second property, it is sufficient to show
that

Pµ(B
⋂

{Xs+t ∈ Γ}) =
∫

B

p(t,Xs, Γ )dPµ (19.2)

for any B ∈ Fs, since the integrand on the right-hand side is clearly σ(Xs)-
measurable. When B = {ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tk) ∈ Ak} with 0 ≤ t1 ≤ ... ≤
tk ≤ s, both sides of (19.2) are equal to

∫

Rd

µ(dx)
∫

A1

p(t1, x, dy1)
∫

A2

p(t2 − t1, y1, dy2)...
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∫

Ak

p(tk − tk−1, yk−1, dyk)
∫

Rd

p(s − tk, yk, dy)p(t, y, Γ ).

Since such elementary cylindrical sets form a π-system, it follows from
Lemma 4.13 that (19.2) holds for all B ∈ Fs.

Let Ω̃ be the space of all functions from R
+ to R

d with the σ-algebra B
generated by cylindrical sets. We can define a family of shift transformations
θs : Ω̃ → Ω̃, s ≥ 0, which act on functions ω̃ ∈ Ω̃ via

(θsω̃)(t) = ω̃(s + t).

If Xt is a random process with realizations denoted by X·(ω), we can apply θs

to each realization to get a new process, whose realizations will be denoted
by Xs+·(ω).

If f : Ω̃ → R is a bounded measurable function and Xx
t , x ∈ R

d, is a
Markov family, we can define the function ϕf (x) : R

d → R as

ϕf (x) = Ef(Xx
· ).

Now we can formulate an important consequence of the Markov property.

Lemma 19.3. Let Xx
t , x ∈ R

d, be a Markov family of processes relative to a
filtration Ft. If f : Ω̃ → R is a bounded measurable function, then

E(f(Xx
s+·)|Fs) = ϕf (Xx

s ) almost surely . (19.3)

Proof. Let us show that for any bounded measurable function g : R
d → R

and s, t ≥ 0,

E(g(Xx
s+t)|Fs) =

∫

Rd

g(y)p(t,Xx
s , dy) almost surely. (19.4)

Indeed, if g is the indicator function of a Borel set Γ ⊆ R
d, this statement

is part of the definition of a Markov family. By linearity, it also holds for
finite linear combinations of indicator functions. Therefore, (19.4) holds for
all bounded measurable functions, since they can be uniformly approximated
by finite linear combinations of indicator functions.

To prove (19.3), we first assume that f is the indicator function of an
elementary cylindrical set, that is f = χA, where

A = {ω̃ : ω̃(t1) ∈ A1, ..., ω̃(tk) ∈ Ak}

with 0 ≤ t1 ≤ ... ≤ tk and some Borel sets A1, ..., Ak ⊆ R
d. In this case the

left-hand side of (19.3) is equal to P(Xx
s+t1 ∈ A1, ...,X

x
s+tk

∈ Ak|Fs). We can
transform this expression by inserting conditional expectations with respect
to Fs+tk−1 ,...,Fs+t1 and applying (19.4) repeatedly. We thus obtain

P(Xx
s+t1 ∈ A1, ...,X

x
s+tk

∈ Ak|Fs) = E(χ{Xx
s+t1

∈A1}...χ{Xx
s+tk

∈Ak}|Fs)
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= E(χ{Xx
s+t1

∈A1}...χ{Xx
s+tk−1

∈Ak−1}E(χ{Xx
s+tk

∈Ak}|Fs+tk−1)|Fs)

= E(χ{Xx
s+t1

∈A1}...χ{Xx
s+tk−1

∈Ak−1}p(tk − tk−1,X
x
s+tk−1

, Ak)|Fs)

= E(χ{Xx
s+t1

∈A1}...χ{Xx
s+tk−2

∈Ak−2}E(χ{Xx
s+tk−1

∈Ak−1}

p(tk − tk−1,X
x
s+tk−1

, Ak)|Fs+tk−2)|Fs)

= E(χ{Xx
s+t1

∈A1}...χ{Xx
s+tk−2

∈Ak−2}
∫

Ak−1

p(tk−1 − tk−2,X
x
s+tk−2

, dyk−1)p(tk − tk−1, yk−1, Ak)|Fs) = ...

=
∫

A1

p(t1 − s,Xx
s , dy1)

∫

A2

p(t2 − t1, y1, dy2)...

∫

Ak−1

p(tk−1 − tk−2, yk−2, dyk−1)p(tk − tk−1, yk−1, Ak).

Note that ϕf (x) is equal to P(Xx
t1 ∈ A1, ...,X

x
tk

∈ Ak). If we insert conditional
expectations with respect to Ftk−1 ,...,Ft1 , F0 and apply (19.4) repeatedly,

P(Xx
t1 ∈ A1, ...,X

x
tk

∈ Ak) =
∫

A1

p(t1 − s, x, dy1)
∫

A2

p(t2 − t1, y1, dy2)...

∫

Ak−1

p(tk−1 − tk−2, yk−2, dyk−1)p(tk − tk−1, yk−1, Ak).

If we replace x with Xx
s , we see that the right-hand side of (19.3) coincides

with the left-hand side if f is an indicator function of an elementary cylinder.
Next, let us show that (19.3) holds if f = χA is an indicator function

of any set A ∈ B. Indeed, elementary cylinders form a π-system, while the
collection of sets A for which (19.3) is true with f = χA is a Dynkin system.
By Lemma 4.13, formula (19.3) holds for f = χA, where A is any element
from the σ-algebra generated by the elementary cylinders, that is B.

Finally, any bounded measurable function f can be uniformly approxi-
mated by finite linear combinations of indicator functions. �

Remark 19.4. The arguments in the proof of the lemma imply that ϕf is a
measurable function for any bounded measurable f . It is enough to take s = 0.

It is sometimes useful to formulate the third condition of Definition 19.2 in
a slightly different way. Let g be a bounded measurable function g : R

d → R.
Then we can define a new function ψg : R

+ × R
d → R by

ψg(t, x) = Eg(Xx
t ).

Note that ψg(t, x) = ϕf (x), if we define f : Ω̃ → R by f(ω̃) = g(ω̃(t)).
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Lemma 19.5. If conditions (1) and (2) of Definition 19.2 are satisfied, then
condition (3) is equivalent to the following:

(3′) If s, t ≥ 0, x ∈ R
d, and g : R

d → R is a bounded continuous function,
then

E(g(Xx
s+t)|Fs) = ψg(t,Xx

s ) almost surely .

Proof. Clearly, (3) implies (3′) as a particular case of Lemma 19.3. Conversely,
let s, t ≥ 0 and x ∈ R

d be fixed, and assume that Γ ⊆ R
d is a closed set. In

this case we can find a sequence of non-negative bounded continuous functions
gn such that gn(x) ↓ χΓ (x) for all x ∈ R

d. By taking the limit as n → ∞ in
the equality

E(gn(Xx
s+t)|Fs) = ψgn

(t,Xx
s ) almost surely,

we obtain
P(Xx

s+t ∈ Γ |Fs) = p(t,Xx
s , Γ ) almost surely (19.5)

for closed sets Γ . The collection of all closed sets is a π-system, while the
collection of all sets Γ for which (19.5) holds is a Dynkin system. Therefore
(19.5) holds for all Borel sets Γ by Lemma 4.13. �

19.3 Markov Property of Brownian Motion

Let Wt be a d-dimensional Brownian motion relative to a filtration Ft. Con-
sider the family of processes W x

t = x + Wt. Let us show that W x
t is a time-

homogeneous Markov family relative to the filtration Ft.
Since W x

t is a Gaussian vector for fixed t, there is an explicit formula for
P(W x

t ∈ Γ ). Namely,

p(t, x, Γ ) = P(W x
t ∈ Γ ) = (2πt)−

d
2

∫

Γ

exp(−||y − x||2/2t)dy (19.6)

if t > 0. As a function of x, p(0, x, Γ ) is simply the indicator function of the
set Γ . Therefore, p(t, x, Γ ) is a Borel-measurable function of x for any t ≥ 0
and any Borel set Γ .

Clearly, the second condition of Definition 19.2 is satisfied by the family
of processes W x

t .
In order to verify the third condition, let us assume that t > 0, since

otherwise the condition is satisfied. For a Borel set S ⊆ R
2d and x ∈ R

d, let

Sx = {y ∈ R
d : (x, y) ∈ S}.

Let us show that

P((W x
s ,W x

s+t − W x
s ) ∈ S|Fs) = (2πt)−

d
2

∫

SW x
s

exp(−||y||2/2t)dy. (19.7)
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First, assume that S = A×B, where A and B are Borel subsets of R
d. In this

case,

P(W x
s ∈ A,W x

s+t − W x
s ∈ B|Fs) = χ{W x

s ∈A}P(W x
s+t − W x

s ∈ B|Fs)

= χ{W x
s ∈A}P(W x

s+t − W x
s ∈ B) = χ{W x

s ∈A}(2πt)−
d
2

∫

B

exp(−||y||2/2t)dy,

since W x
s+t −W x

s is independent of Fs. Thus, (19.7) holds for sets of the form
S = A × B. The collection of sets that can be represented as such a direct
product is a π-system. Since the collection of sets for which (19.7) holds is a
Dynkin system, we can apply Lemma 4.13 to conclude that (19.7) holds for
all Borel sets. Finally, let us apply (19.7) to the set S = {(x, y) : x + y ∈ Γ}.
Then,

P(W x
s+t ∈ Γ |Fs) = (2πt)−

d
2

∫

Γ

exp(−||y − W x
s ||2/2t)dy = p(t,W x

s , Γ ).

This proves that the third condition of Definition 19.2 is satisfied, and that
W x

t is a Markov family.

19.4 The Augmented Filtration

Let Wt be a d-dimensional Brownian motion on a probability space (Ω,F ,P).
We shall exhibit a probability space and a filtration satisfying the usual con-
ditions such that Wt is a Brownian motion relative to this filtration.

Recall that FW
t = σ(Ws, s ≤ t) is the filtration generated by the Brownian

motion, and FW = σ(Ws, s ∈ R
+) is the σ-algebra generated by the Brownian

motion. Let N be the collection of all P-negligible sets relative to FW , that
is A ∈ N if there is an event B ∈ FW such that A ⊆ B and P(B) = 0. Define
the new filtration F̃W

t = σ(FW
t

⋃
N ), called the augmentation of FW

t , and
the new σ-algebra F̃W = σ(FW

⋃
N ).

Now consider the process Wt on the probability space (Ω, F̃W ,P), and
note that it is a Brownian motion relative to the filtration F̃W

t .

Lemma 19.6. The augmented filtration F̃W
t satisfies the usual conditions.

Proof. It is clear that F̃W
0 contains all the P-negligible events from F̃W . It

remains to prove that F̃W
t is right-continuous.

Our first observation is that Wt − Ws is independent of the σ-algebra
FW

s+ if 0 ≤ s ≤ t. Indeed, assuming that s < t, the variable Wt − Ws+δ is
independent of FW

s+ for all positive δ. Then, as δ ↓ 0, the variable Wt −Ws+δ

tends to Wt−Ws almost surely, which implies that Wt−Ws is also independent
of FW

s+.
Next, we claim that FW

s+ ⊆ F̃W
s . Indeed, let t1, ..., tk ≥ s for some positive

integer k, and let B1, ..., Bk be Borel subsets of R
d. By Lemma 19.3, the
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random variable P(Wt1 ∈ B1, ...,Wtk
∈ Bk|FW

s ) has a σ(Ws)-measurable
version. The same remains true if we replace FW

s by FW
s+. Indeed, in the

statement of the Markov property for the Brownian motion, we can replace
FW

s by FW
s+, since in the arguments of Section 19.3 we can use that Wt −Ws

is independent of FW
s+.

Let s1, ..., sk1 ≤ s ≤ t1, ..., tk2 for some positive integers k1 and k2, and let
A1, ..., Ak1 , B1, ..., Bk2 be Borel subsets of R

d. Then,

P(Ws1 ∈ A1, ...,Wsk1
∈ Ak1 ,Wt1 ∈ B1, ...,Wtk2

∈ Bk2 |FW
s+)

= χ{Ws1∈A1,...,Wsk1
∈Ak1}P(Wt1 ∈ B1, ...,Wtk2

∈ Bk2 |FW
s+),

which has a FW
s -measurable version. The collection of sets A ∈ FW , for which

P(A|FW
s+) has a FW

s -measurable version, forms a Dynkin system. Therefore,
by Lemma 4.13, P(A|FW

s+) has a FW
s -measurable version for each A ∈ FW .

This easily implies our claim that FW
s+ ⊆ F̃W

s .
Finally, let us show that F̃W

s+ ⊆ F̃W
s . Let A ∈ F̃W

s+. Then A ∈ F̃W
s+ 1

n

for

every positive integer n. We can find sets An ∈ FW
s+ 1

n

such that A∆An ∈ N .
Define

B =
∞⋂

m=1

∞⋃

n=m

An.

Then B ∈ FW
s+, since B ∈ FW

s+ 1
m

for any m. It remains to show that A∆B ∈ N .
Indeed,

B \ A ⊆
∞⋃

n=1

(An \ A) ∈ N ,

while

A \ B = A
⋂

(
∞⋃

m=1

∞⋂

n=m

(Ω \ An)) =
∞⋃

m=1

(A
⋂

(
∞⋂

n=m

(Ω \ An)))

⊆
∞⋃

m=1

(A
⋂

(Ω \ Am)) =
∞⋃

m=1

(A \ Am) ∈ N .

�

Lemma 19.7. (Blumenthal Zero-One Law) If A ∈ F̃W
0 , then either

P(A) = 0 or P(A) = 1.

Proof. For A ∈ F̃W
0 , there is a set A0 ∈ FW

0 such that A∆A0 ∈ N . The set A0

can be represented as {ω ∈ Ω : W0(ω) ∈ B}, where B is a Borel subset of R
d.

Now it is clear that P(A0) is equal to either 0 or 1, depending on whether the
set B contains the origin. Since P(A) = P(A0), we obtain the desired result. �
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19.5 Definition of the Strong Markov Property

It is sometimes necessary in the formulation of the Markov property to replace
Fs by a σ-algebra Fσ, where σ is a stopping time. This leads to the notions
of a strong Markov process and a strong Markov family.

Definition 19.8. Let µ be a probability measure on B(Rd). A process Xt with
values in R

d adapted to a filtration Ft is called a strong Markov process with
initial distribution µ if:

(1) P(X0 ∈ Γ ) = µ(Γ ) for any Γ ∈ B(Rd).
(2) If t ≥ 0, σ is a stopping time of Ft, and Γ ⊆ R

d is a Borel set, then

P(Xσ+t ∈ Γ |Fσ) = P(Xσ+t ∈ Γ |Xσ) almost surely . (19.8)

Definition 19.9. Let Xx
t , x ∈ R

d, be a family of processes with values in
R

d adapted to a filtration Ft. This family of processes is called a time-
homogeneous strong Markov family if:

(1) The function p(t, x, Γ ) = P(Xx
t ∈ Γ ) is Borel-measurable as a function

of x ∈ R
d for any t ≥ 0 and any Borel set Γ ⊆ R

d.
(2) P(Xx

0 = x) = 1 for any x ∈ R
d.

(3)If t ≥ 0, σ is a stopping time of Ft, x ∈ R
d, and Γ ⊆ R

d is a Borel set,
then

P(Xx
σ+t ∈ Γ |Fσ) = p(t,Xx

σ , Γ ) almost surely .

We have the following analog of Lemmas 19.3 and 19.5.

Lemma 19.10. Let Xx
t , x ∈ R

d, be a strong Markov family of processes rel-
ative to a filtration Ft. If f : Ω̃ → R is a bounded measurable function and σ
is a stopping time of Ft, then

E(f(Xx
σ+·)|Fσ) = ϕf (Xx

σ ) almost surely , (19.9)

where ϕf (x) = Ef(Xx
· ).

Lemma 19.11. If conditions (1) and (2) of Definition 19.9 are satisfied, then
condition (3) is equivalent to the following:

(3′) If t ≥ 0, σ is a stopping time of Ft, x ∈ R
d, and g : R

d → R is a
bounded continuous function, then

E(g(Xx
σ+t)|Fσ) = ψg(t,Xx

σ ) almost surely ,

where ψg(t, x) = Eg(Xx
t ).

We omit the proofs of these lemmas since they are analogous to those in
Section 19.3. Let us derive another useful consequence of the strong Markov
property.
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Lemma 19.12. Let Xx
t , x ∈ R

d, be a strong Markov family of processes rel-
ative to a filtration Ft. Assume that Xx

t is right-continuous for every x ∈ R
d.

Let σ and τ be stopping times of Ft such that σ ≤ τ and τ is Fσ-measurable.
Then for any bounded measurable function g : R

d → R,

E(g(Xx
τ )|Fσ) = ψg(τ − σ,Xx

σ ) almost surely ,

where ψg(t, x) = Eg(Xx
t ).

Remark 19.13. The function ψg(t, x) is jointly measurable in (t, x) if Xx
t is

right-continuous. Indeed, if g is continuous, then ψg(t, x) is right-continuous
in t. This is sufficient to justify the joint measurability, since it is measurable in
x for each fixed t. Using arguments similar to those in the proof of Lemma 19.5,
one can show that ψg(t, x) is jointly measurable when g is an indicator function
of a measurable set. Approximating an arbitrary bounded measurable function
by finite linear combinations of indicator functions justifies the statement in
the case of an arbitrary bounded measurable g.

Proof of Lemma 19.12 First assume that g is a continuous function, and
that τ − σ takes a finite or countable number of values. Then we can write
Ω = A1 ∪A2 ∪ ..., where τ(ω)− σ(ω) = tk for ω ∈ Ak, and all tk are distinct.
Thus,

E(g(Xx
τ )|Fσ) = E(g(Xx

σ+tk
)|Fσ) almost surely on Ak,

since g(Xx
τ ) = g(Xx

σ+tk
) on Ak, and Ak ∈ Fσ. Therefore,

E(g(Xx
τ )|Fσ) = E(g(Xx

σ+tk
)|Fσ) = ψg(tk,Xx

σ ) = ψg(τ − σ,Xx
σ ) a.s. on Ak,

which implies

E(g(Xx
τ )|Fσ) = ψg(τ − σ,Xx

σ ) almost surely. (19.10)

If the distribution of τ −σ is not necessarily discrete, it is possible to find a se-
quence of stopping times τn such that τn−σ takes at most a countable number
of values for each n, τn ↓ τ , and each τn is Fσ-measurable. For example, we can
take τn(ω) = σ(ω)+k/2n for all ω such that (k−1)/2n ≤ τ(ω)−σ(ω) < k/2n,
where k ≥ 1. Thus,

E(g(Xx
τn

)|Fσ) = ψg(τn − σ,Xx
σ ) almost surely.

Clearly, ψg(τn − σ, x) is a Borel-measurable function of x. Since g is bounded
and continuous, and Xt is right-continuous,

lim
n→∞

ψg(τn − σ, x) = ψg(τ − σ, x).

Therefore, limn→∞ ψg(τn − σ,Xx
σ ) = ψg(τ − σ,Xx

σ ) almost surely. By the
Dominated Convergence Theorem for conditional expectations,
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lim
n→∞

E(g(Xx
τn

)|Fσ) = E(g(Xx
τ )|Fσ),

which implies that (19.10) holds for all σ and τ satisfying the assumptions of
the theorem.

As in the proof of Lemma 19.5, we can show that (19.10) holds if g is
an indicator function of a measurable set. Since a bounded measurable func-
tion can be uniformly approximated by finite linear combinations of indicator
functions, (19.10) holds for all bounded measurable g. �

19.6 Strong Markov Property of Brownian Motion

As before, let Wt be a d-dimensional Brownian motion relative to a filtration
Ft, and W x

t = x+Wt. In this section we show that W x
t is a time-homogeneous

strong Markov family relative to the filtration Ft.
Since the first two conditions of Definition 19.9 were verified in Sec-

tion 19.3, it remains to verify condition (3′) from Lemma 19.11. Let σ be
a stopping time of Ft, x ∈ R

d, and g : R
d → R be a bounded continuous

function. The case when t = 0 is trivial, therefore we can assume that t > 0.
In this case, ψg(t, x) = Eg(W x

t ) is a bounded continuous function of x.
First, assume that σ takes a finite or countable number of values. Then

we can write Ω = A1 ∪ A2 ∪ ..., where σ(ω) = sk for ω ∈ Ak, and all sk are
distinct. Since a set B ⊆ Ak belongs to Fσ if and only if it belongs to Fsk

,
and g(W x

σ+t) = g(W x
sk+t) on Ak,

E(g(W x
σ+t)|Fσ) = E(g(W x

sk+t)|Fsk
) almost surely on Ak.

Therefore,

E(g(W x
σ+t)|Fσ) = E(g(W x

sk+t)|Fsk
) = ψg(t,W x

sk
) = ψg(t,W x

σ ) a.s. on Ak,

which implies that

E(g(W x
σ+t)|Fσ) = ψg(t,W x

σ ) almost surely. (19.11)

If the distribution of σ is not necessarily discrete, we can find a sequence of
stopping times σn, each taking at most a countable number of values, such
that σn(ω) ↓ σ(ω) for all ω. We wish to derive (19.11) starting from

E(g(Wx
σn+t)|Fσn

) = ψg(t,W x
σn

) almost surely. (19.12)

Since the realizations of Brownian motion are continuous almost surely, and
ψg(t, x) is a continuous function of x,

lim
n→∞

ψg(t,W x
σn

) = ψg(t,W x
σ ) almost surely.
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Let F+ =
⋂∞

n=1 Fσn
. By the Doob Theorem (Theorem 16.11),

lim
n→∞

E(g(W x
σ+t)|Fσn

) = E(g(W x
σ+t)|F+).

We also need to estimate the difference E(g(W x
σn+t)|Fσn

)−E(g(W x
σ+t)|Fσn

).
Since the sequence g(W x

σn+t) − g(W x
σ+t) tends to zero almost surely, and

g(W x
σn+t) is uniformly bounded, it is easy to show that E(g(W x

σn+t)|Fσn
) −

E(g(W x
σ+t)|Fσn

) tends to zero in probability. (We leave this statement as an
exercise for the reader.) Therefore, upon taking the limit as n → ∞ in (19.12),

E(g(W x
σ+t)|F+) = ψg(t,W x

σ ) almost surely.

Since Fσ ⊆ F+, and W x
σ is Fσ-measurable, we can take conditional expecta-

tions with respect to Fσ on both sides of this equality to obtain (19.11). This
proves that W x

t is a strong Markov family.
Let us conclude this section with several examples illustrating the use of

the strong Markov property.

Example. Let us revisit the problem on the distribution of the maximum
of Brownian motion. We use the same notation as in Section 19.1. Since W x

t

is a strong Markov family, we can apply Lemma 19.12 with σ = τc, τ = T ,
and g = χ(c,∞). Since P(WT > c|Fτc

) = 0 on the event {τc ≥ T},

P(WT > c|Fτc
) = χ{τc<T}P(W c

t > c)|t=T−τc
.

Since P(W c
t > c) = 1/2 for all t,

P(WT > c|Fτc
) =

1
2
χ{τc<T},

and, after taking expectation on both sides,

P(WT > c) =
1
2
P(τc < T ). (19.13)

Since the event {WT > c} is contained in the event {τc < T}, (19.13) implies
P(τc < T,WT < c) = P(τc < T,WT > c), thus justifying the arguments of
Section 19.1.

Example. Let Wt be a Brownian motion relative to a filtration Ft, and σ be
a stopping time of Ft. Define the process W̃t = Wσ+t −Wσ. Let us show that
W̃t is a Brownian motion independent of Fσ.

Let Γ be a Borel subset of R
d, t ≥ 0, and let f : Ω̃ → R be the indicator

function of the set {ω̃ : ω̃(t) − ω̃(0) ∈ Γ}. By Lemma 19.10,

P(W̃t ∈ Γ |Fσ) = E(f(Wσ+·)|Fσ) = ϕf (Wσ) almost surely,

where ϕf (x) = Ef(W x
· ) = P(W x

t − W x
0 ∈ Γ ) = P(Wt ∈ Γ ), thus showing

that ϕf (x) does not depend on x. Therefore, P(W̃t ∈ Γ |Fσ) = P(W̃t ∈ Γ ).
Since Γ was an arbitrary Borel set, W̃t is independent of Fσ.
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Now let k ≥ 1, t1, ..., tk ∈ R
+, B be a Borel subset of R

dk, and f : Ω̃ → R

the indicator function of the set {ω̃ : (ω̃(t1) − ω̃(0), ..., ω̃(tk) − ω̃(0)) ∈ B}. By
Lemma 19.10,

P((W̃t1 , ..., W̃tk
) ∈ B|Fσ) = E(f(Wσ+·)|Fσ) = ϕf (Wσ) almost surely,

(19.14)
where

ϕf (x) = Ef(W x
· ) = P((W x

t1 − W x
0 , ...,W x

tk
− W x

0 ) ∈ B)

= P((Wt1 , ...,Wtk
) ∈ B),

which does not depend on x. Taking expectation on both sides of (19.14) gives

P((W̃t1 , ..., W̃tk
) ∈ B) = P((Wt1 , ...,Wtk

) ∈ B),

which shows that W̃t has the finite-dimensional distributions of a Brownian
motion. Clearly, the realizations of W̃t are continuous almost surely, that is
W̃t is a Brownian motion.

Example. Let Wt be a d-dimensional Brownian motion and W x
t = x + Wt.

Let D be a bounded open domain in R
d, and f a bounded measurable func-

tion defined on ∂D. For a point x ∈ D, we define τx to be the first time the
process W x

t reaches the boundary of D, that is

τx(ω) = inf{t ≥ 0 : W x
t (ω) ∈ ∂D}.

Since D is a bounded domain, the stopping time τx is finite almost surely.
Let us follow the process W x

t till it reaches ∂D and evaluate f at the
point W x

τx(ω)(ω). Let us define

u(x) = Ef(W x
τx) =

∫

∂D

f(y)dµx(y),

where µx(A) = P(W x
τx ∈ A) is the measure on ∂D induced by the random

variable W x
τx and A ∈ B(∂D). Let us show that u(x) is a harmonic function,

that is ∆u(x) = 0 for x ∈ D.
Let Bx be a ball in R

d centered at x and contained in D. Let σx be the
first time the process W x

t reaches the boundary of Bx, that is

σx(ω) = inf{t ≥ 0 : W x
t (ω) ∈ ∂Bx}.

For a continuous function ω̃ ∈ Ω̃, denote by τ(ω̃) the first time ω̃ reaches ∂D,
and put τ(ω̃) equal to infinity if ω̃ never reaches ∂D, that is

τ(ω̃) =
{

inf{t ≥ 0 : ω̃(t) ∈ ∂D} if ω̃(t) ∈ ∂D for some t ∈ R
+,

∞ otherwise.

Define the function f̃ on the space Ω̃ via
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f̃(ω̃) =
{

f(τ(ω̃)) if ω̃(t) ∈ ∂D for some t ∈ R
+,

0 otherwise.

Let us apply Lemma 19.10 to the family of processes W x
t , the function f̃ , and

the stopping time σx:

E(f̃(W x
σx+·)|Fσx) = ϕ �f (W x

σx) almost surely,

where ϕ�f (x) = Ef̃(W x
· ) = Ef(W x

τx) = u(x). The function u(x) is measurable

by Remark 19.4. Note that f̃(ω̃) = f̃(ω̃(s + ·)) if s < τ(ω̃), and therefore the
above equality can be rewritten as

E(f(W x
τx)|Fσx) = u(W x

σx) almost surely.

After taking expectation on both sides,

u(x) = Ef(W x
τx) = Eu(W x

σx) =
∫

∂Bx

u(y)dνx(y),

where νx is the measure on ∂Bx induced by the random variable W x
σx . Due to

the spherical symmetry of Brownian motion, the measure νx is the uniform
measure on the sphere ∂Bx. Thus u(x) is equal to the average value of u(y)
over the sphere ∂Bx. For a bounded measurable function u, this property,
when valid for all x and all the spheres centered at x and contained in the
domain D (which is the case here), is equivalent to u being harmonic (see
“Elliptic Partial Differential Equations of Second Order” by D. Gilbarg and
N. Trudinger, for example). We shall further discuss the properties of the
function u(x) in Section 21.2

19.7 Problems

1. Let Wt be a one-dimensional Brownian motion. For a positive constant c,
define the stopping time τc as the first time the Brownian motion reaches the
level c, that is

τc(ω) = inf{t ≥ 0 : Wt(ω) = c}.
Prove that τc < ∞ almost surely, and find the distribution function of τc.
Prove that Eτc = ∞.

2. Let Wt be a one-dimensional Brownian motion. Prove that one can find
positive constants c and λ such that

P( sup
1≤s≤2t

|Ws|√
s

≤ 1) ≤ ce−λt, t ≥ 1.
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3. Let Wt be a one-dimensional Brownian motion and Vt =
∫ t

0
Wsds. Prove

that the pair (Wt, Vt) is a two-dimensional Markov process.

4. Let Wt be a one-dimensional Brownian motion. Find P(sup0≤t≤1 |Wt| ≤ 1).

5. Let Wt = (W 1
t ,W 2

t ) be a standard two-dimensional Brownian motion.
Let τ1 be the first time when W 1

t = 1, that is

τ1(ω) = inf{t ≥ 0 : W 1
t (ω) = 1}.

Find the distribution of W 2
τ1

.

6. Let Wt be a one-dimensional Brownian motion. Prove that with proba-
bility one the set S = {t : Wt = 0} is unbounded.
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Stochastic Integral and the Ito Formula

20.1 Quadratic Variation of Square-Integrable
Martingales

In this section we shall apply the Doob-Meyer Decomposition to submartin-
gales of the form X2

t , where Xt is a square-integrable martingale with contin-
uous sample paths. This decomposition will be essential in the construction
of the stochastic integral in the next section.

We shall call two random processes equivalent if they are indistinguishable.
We shall often use the same notation for a process and the equivalence class
it represents.

Definition 20.1. Let Ft be a filtration on a probability space (Ω,F ,P). Let
Mc

2 denote the space of all equivalence classes of square-integrable martingales
which start at zero, and whose sample paths are continuous almost surely. That
is, Xt ∈ Mc

2 if (Xt,Ft) is a square-integrable martingale, X0 = 0 almost
surely, and Xt is continuous almost surely.

We shall always assume that the filtration Ft satisfies the usual conditions
(as is the case, for example, if Ft is the augmented filtration for a Brownian
motion).

Let us consider the process X2
t . Since it is equal to a convex function

(namely x2) applied to the martingale Xt, the process X2
t is a submartingale.

Let Sa be the set of all stopping times bounded by a. If τ ∈ Sa, by the
Optional Sampling Theorem

∫

{X2
τ >λ}

X2
τ dP ≤

∫

{X2
τ >λ}

X2
adP.

By the Chebyshev Inequality,

P(X2
τ > λ) ≤ EX2

τ

λ
≤ EX2

a

λ
→ 0 as λ → ∞.
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Since the integral is an absolutely continuous function of sets,

lim
λ→∞

sup
τ∈Sa

∫

{X2
τ >λ}

X2
τ dP = 0,

that is, the set of random variables {Xτ}τ∈Sa
is uniformly integrable.

Therefore, we can apply the Doob-Meyer Decomposition (Theorem 13.26)
to conclude that there are unique (up to indistinguishability) processes Mt

and At, whose paths are continuous almost surely, such that X2
t = Mt + At,

where (Mt,Ft) is a martingale, and At is an adapted non-decreasing process,
and M0 = A0 = 0 almost surely.

Definition 20.2. The process At in the above decomposition X2
t = Mt + At

of the square of the martingale Xt ∈ Mc
2 is called the quadratic variation of

Xt and is denoted by 〈X〉t.
Example. Let us prove that 〈W 〉t = t. Indeed for s ≤ t,

E(W 2
t |Fs) = E((Wt − Ws)2|Fs) + 2E(WtWs|Fs) − E(W 2

s |Fs) = W 2
s + t − s.

Therefore, W 2
t − t is a martingale, and 〈W 〉t = t due to the uniqueness of the

Doob-Meyer Decomposition.

Example. Let Xt ∈ Mc
2 and τ be a stopping time of the filtration Ft (here

τ is allowed to take the value ∞ with positive probability). Thus, the process
Yt = Xt∧τ also belongs to Mc

2. Indeed, it is a continuous martingale by
Lemma 13.29. It is square-integrable since Ytχ{t<τ} = Xtχ{t<τ}, while

Ytχ{τ≤t} = Xτχ{τ≤t} = E(Xtχ{τ≤t}|Fτ ) ∈ L2(Ω,F ,P).

Since X2
t −〈X〉t is a continuous martingale, the process X2

t∧τ −〈X〉t∧τ is also
a martingale by Lemma 13.29. Since 〈X〉t∧τ is an adapted non-decreasing
process, we conclude from the uniqueness of the Doob-Meyer Decomposition
that 〈Y 〉t = 〈X〉t∧τ .

Lemma 20.3. Let Xt ∈ Mc
2. Let τ be a stopping time such that 〈X〉τ = 0

almost surely. Then Xt = 0 for all 0 ≤ t ≤ τ almost surely.

Proof. Since 〈X〉t is non-decreasing, 〈X〉t∧τ = 0 almost surely for each t. By
Lemma 13.29, the process X2

t∧τ −〈X〉t∧τ is a martingale. Therefore, since the
expectation of a martingale is a constant,

EX2
t∧τ = E(X2

t∧τ − 〈X〉t∧τ ) = 0

for each t ≥ 0, that is Xt∧τ = 0 almost surely. Since Xt is continuous, Xt = 0
for all 0 ≤ t ≤ τ almost surely. �

Clearly, the linear combinations of elements of Mc
2 are also elements

of Mc
2.
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Definition 20.4. Let two processes Xt and Yt belong to Mc
2. We define their

cross-variation as

〈X,Y 〉t =
1
4
(〈X + Y 〉t − 〈X − Y 〉t). (20.1)

Clearly, XtYt − 〈X,Y 〉t is a continuous martingale, the cross-variation is bi-
linear and symmetric in X and Y , and |〈X,Y 〉t|2 ≤ 〈X〉t〈Y 〉t.

Let us introduce a metric which will turn Mc
2 into a complete metric space.

Definition 20.5. For X,Y ∈ Mc
2 and 0 ≤ t < ∞, we define

||X||t =
√

EX2
t , and dM(X,Y ) =

∞∑

n=1

1
2n

min(||X − Y ||n, 1).

In order to prove that dM is a metric, we need to show, in particular,
that dM(X,Y ) = 0 implies that Xt − Yt is indistinguishable from zero.
If dM(X,Y ) = 0, then Xn − Yn = 0 almost surely for every positive inte-
ger n. Since Xt − Yt is a martingale, Xt − Yt = E(Xn − Yn|Ft) = 0 almost
surely for every 0 ≤ t ≤ n. Therefore,

P({ω : Xt(ω) − Yt(ω) = 0 for all rational t}) = 1.

This implies that Xt −Yt is indistinguishable from zero, since it is continuous
almost surely. It is clear that dM has all the other properties required of a
metric. Let us show that the space Mc

2 is complete, which will be essential in
the construction of the stochastic integral.

Lemma 20.6. The space Mc
2 with the metric dM is complete.

Proof. Let Xm
t be a Cauchy sequence in Mc

2. Then Xm
n is a Cauchy sequence

in L2(Ω,Fn,P) for each n. If t ≤ n, then E|Xm1
t − Xm2

t |2 ≤ E|Xm1
n − Xm2

n |2
for all m1 and m2, since |Xm1

t − Xm2
t |2 is a submartingale. This proves that

Xm
t is a Cauchy sequence in L2(Ω,Ft,P) for each t. Let Xt be defined for

each t as the limit of Xm
t in L2(Ω,Ft,P). Let 0 ≤ s ≤ t, and A ∈ Fs. Then,

∫

A

XtdP = lim
m→∞

∫

A

Xm
t dP = lim

m→∞

∫

A

Xm
s dP =

∫

A

XsdP,

where the middle equality follows from Xm
t being a martingale, and the other

two are due to the L2 convergence. This shows that (Xt,Ft) is a martingale.
By Lemma 13.25, we can choose a right-continuous modification of Xt. We
can therefore apply the Doob Inequality (Theorem 13.30) to the submartingale
|Xm

t − Xt|2 to obtain

P( sup
0≤s≤t

|Xm
s − Xs| ≥ λ) ≤ 1

λ2
E|Xm

t − Xt|2 → 0 as m → ∞
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for any t. We can, therefore, extract a subsequence mk such that

P( sup
0≤s≤t

|Xmk
s − Xs| ≥

1
k

) ≤ 1
2k

for k ≥ 1.

The First Borel-Cantelli Lemma implies that Xmk
t converges to Xt uniformly

on [0, t] for almost all ω. Since t was arbitrary, this implies that Xt is contin-
uous almost surely, and thus Mc

2 is complete. �

Next we state a lemma which explains the relation between the quadratic
variation of a martingale (as in Definition 20.1) and the second variation of
the martingale over a partition (as in Section 3.2).

More precisely, let f be a function defined on an interval [a, b] of the real
line. Let σ = {t0, t1, ..., tn}, a = t0 ≤ t1 ≤ ... ≤ tn = b, be a partition of the
interval [a, b] into n subintervals. We denote the length of the largest interval
by δ(σ) = max1≤i≤n(ti − ti−1). Let V 2

[a,b](f, σ) =
∑n

i=1 |f(ti) − f(ti−1)|2 be
the second variation of the function f over the partition σ.

Lemma 20.7. Let Xt ∈ Mc
2 and t ≥ 0 be fixed. Then, for any ε > 0

lim
δ(σ)→0

P(|V 2
[0,t](Xs, σ) − 〈X〉t| > ε) = 0.

We omit the proof of this lemma, instead referring the reader to “Brownian
Motion and Stochastic Calculus” by I. Karatzas and S. Shreve. Note, however,
that Lemma 18.24 contains a stronger statement (convergence in L2 instead
of convergence in probability) when the martingale Xt is a Brownian motion.

Corollary 20.8. Assume that V 1
[0,t](Xs(ω)) < ∞ for almost all ω ∈ Ω, where

Xt ∈ Mc
2 and t ≥ 0 is fixed. Then Xs(ω) = 0, s ∈ [0, t], for almost all ω ∈ Ω.

Proof. Let us assume the contrary. Then, by Lemma 20.3, there is a positive
constant c1 and an event A′ ⊆ Ω with P(A′) > 0 such that 〈X〉t(ω) ≥ c1 for
almost all ω ∈ A′. Since V 1

[0,t](Xs(ω)) < ∞ for almost all ω ∈ A′, we can find a
constant c2 and a subset A′′ ⊆ A′ with P(A′′) > 0 such that V 1

[0,t](Xs(ω)) ≤ c2

for almost all ω ∈ A′′.
Let σn be a sequence of partitions of [0, t] into 2n intervals of equal

length. By Lemma 20.7, we can assume, without loss of generality, that
V 2

[0,t](Xs(ω), σn) �= 0 for large enough n almost surely on A′′. Since a con-
tinuous function is also uniformly continuous,

lim
n→∞

V 1
[0,t](Xs(ω), σn)

V 2
[0,t](Xs(ω), σn)

= ∞ almost surely on A′′.

This, however, contradicts V 2
[0,t](Xs(ω), σn) → 〈X〉t(ω) ≥ c1 (in probability),

while limn→∞ V 1
[0,t](Xs(ω), σn) = V 1

[0,t](Xs(ω)) ≤ c2 for almost all ω ∈ A′′. �
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Lemma 20.9. Let Xt, Yt ∈ Mc
2. There is a unique (up to indistinguishability)

adapted continuous process of bounded variation At such that A0 = 0 almost
surely and XtYt − At is a martingale. In fact, At = 〈X,Y 〉t.

Proof. The existence part was demonstrated above. Suppose there are two
processes A1

t and A2
t with the desired properties. Then Mt = A1

t − A2
t is a

continuous martingale with bounded variation. Define the sequence of stop-
ping times τn = inf{t ≥ 0 : |Mt| = n}, where the infimum of an empty set
is equal to +∞. This is a non-decreasing sequence, which tends to infinity
almost surely. Note that M

(n)
t = Mt∧τn

is a square-integrable martingale for
each n (by Lemma 13.29), and that M

(n)
t is also a process of bounded varia-

tion. By Corollary 20.8, M
(n)
t = 0 for all t almost surely. Since τn → ∞, A1

t

and A2
t are indistinguishable. �

An immediate consequence of this result is the following lemma.

Lemma 20.10. Let Xt, Yt ∈ Mc
2 with the filtration Ft, and let τ be a stop-

ping time for Ft. Then 〈X,Y 〉t∧τ is the cross-variation of the processes Xt∧τ

and Yt∧τ .

20.2 The Space of Integrands for the Stochastic Integral

Let (Mt,Ft)t∈R+ be a continuous square-integrable martingale on a probabil-
ity space (Ω,F ,P), and let Xt be an adapted process. In this chapter we shall
define the stochastic integral

∫ t

0
XsdMs, also denoted by It(X).

We shall carefully state additional assumptions on Xt in order to make
sense of the integral. Note that the above expression cannot be understood
as the Lebesgue-Stieltjes integral defined for each ω, unless 〈M〉t(ω) = 0.
Indeed, the function Ms(ω) has unbounded first variation on the interval [0, t]
if 〈M〉t(ω) �= 0, as discussed in the previous section.

While the stochastic integral could be defined for a general square inte-
grable martingale Mt (by imposing certain restrictions on the process Xt), we
shall stick to the assumption that Mt ∈ Mc

2. Our prime example is Mt = Wt.
Let us now discuss the assumptions on the integrand Xt. We introduce

a family of measures µt, 0 ≤ t < ∞, associated to the process Mt, on the
product space Ω × [0, t] with the σ-algebra F × B([0, t]).

Namely, let K be the collection of sets of the form A = B × [a, b], where
B ∈ F and [a, b] ⊆ [0, t]. Let G be the collection of measurable sets A ∈
F × B([0, t]) for which

∫ t

0
χA(ω, s)d〈M〉s(ω) exists for almost all ω and is a

measurable function of ω. Note that K ⊆ G, that K is a π-system, and that G
is closed under unions of non-intersecting sets and complements in Ω × [0, t].
Therefore, F × B([0, t]) = σ(K) = G, where the second equality is due to
Lemma 4.12.

We can now define
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µt(A) = E
∫ t

0

χA(ω, s)d〈M〉s(ω),

where A ∈ F ×B([0, t]). The expectation exists since the integral is a measur-
able function of ω bounded from above by 〈M〉t. The fact that µt is σ-additive
(that is a measure) follows from the Levi Convergence Theorem. If f is defined
on Ω × [0, t] and is measurable with respect to the σ-algebra F × B([0, t]),
then ∫

Ω×[0,t]

fdµt = E
∫ t

0

f(ω, s)d〈M〉s(ω).

(If the function f is non-negative, and the expression on one side of the equal-
ity is defined, then the expression on the other side is also defined. If the func-
tion f is not necessarily non-negative, and the expression on the left-hand
side is defined, then the expression on the right-hand side is also defined).
Indeed, this formula is true for indicator functions of measurable sets, and
therefore, for simple functions with a finite number of values. It also holds
for non-negative functions since they can be approximated by monotonic se-
quences of simple functions with a finite number of values. Furthermore, any
function can be represented as a difference of two non-negative functions, and
thus, if the expression on the left-hand side is defined, so is the one on the
right-hand side.

We can also consider the σ-finite measure µ on the product space Ω ×R
+

with the σ-algebra F ×B(R+) whose restriction to Ω× [0, t] coincides with µt

for each t. For example, if Mt = Wt, then d〈M〉t(ω) is the Lebesgue measure
for each ω, and µ is equal to the product of the measure P and the Lebesgue
measure on the half-line.

Let Ht = L2(Ω × [0, t],F × B([0, t]), µt), and || · ||Ht
be the L2 norm on

this space. We define H as the space of classes of functions on Ω ×R
+ whose

restrictions to Ω × [0, t] belong to Ht for every t ≥ 0. Two functions f and
g belong to the same class, and thus correspond to the same element of H,
if f = g almost surely with respect to the measure µ. We can define the metric
on H by

dH(f, g) =
∞∑

n=1

1
2n

min(||f − g||Hn
, 1).

It is easy to check that this turns H into a complete metric space.

Definition 20.11. A random process Xt is called progressively measurable
with respect to a filtration Ft if Xs(ω) is Ft×B([0, t])-measurable as a function
of (ω, s) ∈ Ω × [0, t] for each fixed t ≥ 0.

For example, any progressively measurable process is adapted, and any con-
tinuous adapted process is progressively measurable (see Problem 1). If Xt is
progressively measurable and τ is a stopping time, then Xt∧τ is also progres-
sively measurable, and Xτ is Fτ -measurable (see Problem 2).
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We shall define the stochastic integral It(X) for all progressively measur-
able processes Xt such that Xt ∈ H. We shall see that It(X) is indistinguish-
able from It(Y ) if Xt and Yt coincide as elements of H. The set of elements
of H which have a progressively measurable representative will be denoted
by L∗ or L∗(M), whenever it is necessary to stress the dependence on the
martingale Mt. It can be also viewed as a metric space with the metric dH,
and it can be shown that this space is also complete (although we will not use
this fact).

Lemma 20.12. Let Xt be a progressively measurable process and At a mea-
surable adapted processes such that At(ω) almost surely has bounded variation
on any finite interval and

Yt(ω) =
∫ t

0

Xs(ω)dAs(ω) < ∞ almost surely .

Then Yt is progressively measurable.

Proof. As before, Xt can be approximated by simple functions from below,
proving Ft-measurability of Yt for fixed t. The process Yt is progressively mea-
surable since it is continuous. �

20.3 Simple Processes

In this section we again assume that we have a probability space (Ω,F ,P)
and a continuous square-integrable martingale Mt ∈ Mc

2.

Definition 20.13. A process Xt is called simple if there are a strictly increas-
ing sequence of real numbers tn, n ≥ 0, such that t0 = 0, limn→∞ tn = ∞,
and a sequence of bounded random variables ξn, n ≥ 0, such that ξn is Ftn

-
measurable for every n and

Xt(ω) = ξ0(ω)χ{0}(t) +
∞∑

n=0

ξn(ω)χ(tn,tn+1](t) for ω ∈ Ω, t ≥ 0. (20.2)

The class of all simple processes will be denoted by L0.

It is clear that L0 ⊆ L∗. We shall first define the stochastic integral for simple
processes. Then we shall extend the definition to all the integrands from L∗

with the help of the following lemma.

Lemma 20.14. The space L0 is dense in L∗ in the metric dH of the space H.

The lemma states that, given a process Xt ∈ L∗, we can find a sequence of
simple processes Xn

t such that limn→∞ dH(Xn
t ,Xt) = 0. We shall only prove

this for Xt continuous for almost all ω, the general case being somewhat more
complicated.
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Proof. It is sufficient to show that for each integer m there is a sequence of
simple processes Xn

t such that

lim
n→∞

||Xn
t − Xt||Hm

= 0. (20.3)

Indeed, if this is the case, then for each m we can find a simple process X
(m)
t

such that ||X(m)
t − Xt||Hm

≤ 1/m. Then limm→∞ dH(X(m)
t ,Xt) = 0 as re-

quired. Let m be fixed, and

Xn
t (ω) = X0(ω)χ{0}(t) +

n−1∑

k=0

Xkm/n(ω)χ(km/n,(k+1)m/n](t).

This sequence converges to Xt almost surely uniformly in t ∈ [0,m], since
Xt is continuous almost surely. If Xt is bounded on the interval [0,m] (that
is, |Xt(ω)| ≤ c for all ω ∈ Ω, t ∈ [0,m]), then, by the Lebesgue Dominated
Convergence Theorem, limn→∞ ||Xn

t − Xt||Hm
= 0. If Xt is not necessarily

bounded, it can be first approximated by bounded processes as follows. Let

Y n
t (ω) =

⎧
⎨

⎩

−n if Xt(ω) < −n,
Xt(ω) if − n ≤ Xt(ω) ≤ n,
n if Xt(ω) > n.

Note that Y n
t are continuous progressively measurable processes, which are

bounded on [0,m]. Moreover, limn→∞ ||Y n
t −Xt||Hm

= 0. Each of the processes
Y n

t can, in turn, be approximated by a sequence of simple processes. There-
fore, (20.3) holds for some sequence of simple processes. Thus, we have shown
that for an almost surely continuous progressively measurable process Xt,
there is a sequence of simple processes Xn

t such that limn→∞ dH(Xn
t ,Xt) = 0.

�

20.4 Definition and Basic Properties of the Stochastic
Integral

We first define the stochastic (Ito) integral for a simple process,

Xt(ω) = ξ0(ω)χ{0}(t) +
∞∑

n=0

ξn(ω)χ(tn,tn+1](t) for ω ∈ Ω, t ≥ 0. (20.4)

Definition 20.15. The stochastic integral It(X) of the process Xt is defined
as

It(X) =
m(t)−1∑

n=0

ξn(Mtn+1 − Mtn
) + ξm(t)(Mt − Mtm(t)),

where m(t) is the unique integer such that tm(t) ≤ t < tm(t)+1.
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When it is important to stress the dependence of the integral on the martin-
gale, we shall denote it by IM

t (X). While the same process can be represented
in the form (20.4) with different ξn and tn, the definition of the integral does
not depend on the particular representation.

Let us study some properties stochastic integral. First, note that I0(X) = 0
almost surely. It is clear that the integral is linear in the integrand, that is,

It(aX + bY ) = aIt(X) + bIt(Y ) (20.5)

for any X,Y ∈ L0 and a, b ∈ R. Also, It(X) is continuous almost surely since
Mt is continuous. Let us show that It(X) is a martingale. If 0 ≤ s < t, then

E((It(X) − Is(X))|Fs)

= E(ξm(s)−1(Mtm(s) − Ms) +
m(t)−1∑

n=m(s)

ξn(Mtn+1 − Mtn
) + ξn(Mt − Mtm(t))|Fs).

Since ξn is Ftn
-measurable and Mt is a martingale, the conditional expectation

with respect to Fs of each of the terms on the right-hand side is equal to zero.
Therefore, E(It(X) − Is(X)|Fs) = 0, which proves that It is a martingale.

The process It(X) is square-integrable since Mt is square-integrable and
the random variables ξn are bounded. Let us find its quadratic variation. Let
0 ≤ s < t. Assume that tm(t) > s (the case when tm(t) ≤ s can be treated
similarly). Then,

E(I2
t (X) − I2

s (X)|Fs) = E((It(X) − Is(X))2|Fs)

= E((ξm(s)(Mtm(s)+1−Ms)+
m(t)−1∑

n=m(s)+1

ξn(Mtn+1−Mtn
)+ξm(t)(Mt−Mtm(t)))

2|Fs)

= E(ξ2
m(s)(Mtm(s)+1−Ms)2+

m(t)−1∑

n=m(s)+1

ξ2
n(Mtn+1−Mtn

)2+ξ2
m(t)(Mt−Mtm(t))

2|Fs)

= E(ξ2
m(s)(〈M〉tm(s)+1 − 〈M〉s) +

m(t)−1∑

n=m(s)+1

ξ2
n(〈M〉tn+1 − 〈M〉tn

)

+ ξ2
m(t)(〈M〉t − 〈M〉tm(t))|Fs) = E(

∫ t

s

X2
ud〈M〉u|Fs).

This implies that the process I2
t (X)−

∫ t

0
X2

ud〈M〉u is a martingale. Since the
process

∫ t

0
X2

ud〈M〉u is Ft-adapted (as follows from the definition of a simple
process), we conclude from the uniqueness of the Doob-Meyer Decomposition
that 〈I(X)〉t =

∫ t

0
X2

ud〈M〉u. Also, by setting s = 0 in the calculation above
and taking expectation on both sides,



300 20 Stochastic Integral and the Ito Formula

EI2
t (X) = E

∫ t

0

X2
ud〈M〉u. (20.6)

Recall that we have the metric dM given by the family of norms || · ||n on
the space Mc

2 of martingales, and the metric dH given by the family of norms
|| · ||Hn

on the space L∗ of integrands. So far, we have defined the stochastic
integral as a mapping from the subspace L0 into Mc

2,

I : L0 → Mc
2.

Equation (20.6) implies that I is an isometry between L0 and its image
I(L0) ⊆ Mc

2, with the norms || · ||Hn
and || · ||n respectively. Therefore, it

is an isometry with respect to the metrics dH and dM, that is

dM(It(X), It(Y )) = dH(X,Y )

for any X,Y ∈ L0. Since L0 is dense in L∗ in the metric dH (Lemma 20.14),
and the space Mc

2 is complete (Lemma 20.6), we can now extend the mapping
I to an isometry between L∗ (with the metric dH) and a subset of Mc

2 (with
the metric dM),

I : L∗ → Mc
2.

Definition 20.16. The stochastic integral of a process Xt ∈ L∗ is the unique
(up to indistinguishability) martingale It(X) ∈ Mc

2 such that

lim
Y →X,Y ∈L0

dM(It(X), It(Y )) = 0.

Given a pair of processes Xt, Yt ∈ L∗, we can find two sequences Xn
t , Y n

t ∈ L0

such that Xn
t → Xt and Y n

t → Yt in L∗. Then aXn
t + bY n

t → aXt + bYt in
L∗, which justifies (20.5) for any X,Y ∈ L∗.

For Xt ∈ L0, we proved that

E(I2
t (X) − I2

s (X)|Fs) = E(
∫ t

s

X2
ud〈M〉u|Fs). (20.7)

If Xt ∈ L∗, we can find a sequence Xn
t such that Xn

t → Xt in L∗. For
any A ∈ Fs,

∫

A

(I2
t (X) − I2

s (X))dP = lim
n→∞

∫

A

(I2
t (Xn) − I2

s (Xn))dP

= lim
n→∞

∫

A

∫ t

s

(Xn
u )2d〈M〉u =

∫

A

∫ t

s

X2
ud〈M〉u.

(20.8)

This proves that (20.7) holds for all Xt ∈ L∗. By Lemma 20.12, the process
∫ t

0
X2

ud〈M〉u is Ft-adapted. Thus, due to the uniqueness in the Doob-Meyer
Decomposition, for all X ∈ L∗,

〈I(X)〉t =
∫ t

0

X2
ud〈M〉u. (20.9)
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Remark 20.17. We shall also deal with stochastic integrals over a segment
[s, t], where 0 ≤ s ≤ t. Namely, let a process Xu be defined for u ∈ [s, t]. We
can consider the process X̃u which is equal to Xu for s ≤ u ≤ t and to zero
for u < s and u > t. If X̃u ∈ L∗, we can define

∫ t

s

XudMu =
∫ t

0

X̃udMu.

Clearly, for Xu ∈ L∗,
∫ t

s
XudMu = It(X) − Is(X).

20.5 Further Properties of the Stochastic Integral

We start this section with a formula similar to (20.9), but which applies to
the cross-variation of two stochastic integrals.

Lemma 20.18. Let M1
t ,M2

t ∈ Mc
2, X1

t ∈ L∗(M1), and X2
t ∈ L∗(M2). Then

〈IM1
(X1), IM2

(X2)〉t =
∫ t

0

X1
s X2

s d〈M1,M2〉s, t ≥ 0, almost surely .

(20.10)

We only sketch the proof of this lemma, referring the reader to “Brownian
Motion and Stochastic Calculus” by I. Karatzas and S. Shreve for a more
detailed exposition. We need the Kunita-Watanabe Inequality, which states
that under the assumptions of Lemma 20.18,

∫ t

0

|X1
s X2

s |dV 1
[0,s](〈M1,M2〉)

≤ (
∫ t

0

(X1
s )2d〈M1〉s)1/2(

∫ t

0

(X2
s )2d〈M2〉s)1/2, t ≥ 0, almost surely,

where V 1
[0,s](〈M1,M2〉) is the first total variation of the process 〈M1,M2〉t

over the interval [0, s]. In particular, the Kunita-Watanabe Inequality justifies
the existence of the integral on the right-hand side of (20.10).

As we did with (20.7), we can show that for 0 ≤ s ≤ t < ∞,

E((IM1

t (X1) − IM1

s (X1))(IM2

t (X2) − IM2

s (X2))|Fs)

= E(
∫ t

s

X1
uX2

ud〈M1M2〉u|Fs)

for simple processes X1
t ,X2

t ∈ L0. This implies that (20.10) holds for simple
processes X1

t and X2
t . If X1

t ∈ L∗(M1), X2
t ∈ L∗(M2), then they can be

approximated by simple processes as in the proof of (20.9). The transition
from the statement for simple processes to (20.10) can be justified using the
Kunita-Watanabe Inequality.

The following lemma will be used in the next section to define the stochas-
tic integral with respect to a local martingale.
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Lemma 20.19. Let M1
t ,M2

t ∈ Mc
2 (with the same filtration), X1

t ∈ L∗(M1),
and X2

t ∈ L∗(M2). Let τ be a stopping time such that

M1
t∧τ = M2

t∧τ , X1
t∧τ = X2

t∧τ for 0 ≤ t < ∞ almost surely .

Then IM1

t∧τ (X1) = IM2

t∧τ (X2) for 0 ≤ t < ∞ almost surely.

Proof. Let Yt = X1
t∧τ = X2

t∧τ and Nt = M1
t∧τ = M2

t∧τ . Take an arbi-
trary t ≥ 0. By the formula for cross-variation of two integrals,

〈IMi

(Xi), IMj

(Xj)〉t∧τ =
∫ t∧τ

0

Xi
sX

j
sd〈M i,M j〉s =

∫ t

0

Y 2
s d〈N〉s,

where 1 ≤ i, j ≤ 2. Therefore,

〈IM1
(X1) − IM2

(X2)〉t∧τ

= 〈IM1
(X1)〉t∧τ + 〈IM2

(X2)〉t∧τ − 2〈IM1
(X1), IM2

(X2)〉t∧τ = 0.

Lemma 20.3 now implies that IM1

s (X1) = IM2

s (X2) for all 0 ≤ s ≤ t ∧ τ al-
most surely. Since t was arbitrary, IM1

s (X1) = IM2

s (X2) for 0 ≤ s < τ almost
surely, which is equivalent to the desired result. �

The next lemma will be useful when applying the Ito formula (to be defined
later in this chapter) to stochastic integrals.

Lemma 20.20. Let Mt ∈ Mc
2, Yt ∈ L∗(M), and Xt ∈ L∗(IM (Y )). Then

XtYt ∈ L∗(M) and
∫ t

0

Xsd(
∫ s

0

YudMu) =
∫ t

0

XsYsdMs. (20.11)

Proof. Since 〈IM (Y )〉t =
∫ t

0
Y 2

s d〈M〉s, we have

E
∫ t

0

X2
s Y 2

s d〈M〉s = E
∫ t

0

X2
s d〈IM (Y )〉s < ∞,

which shows that XtYt ∈ L∗(M). Let us examine the quadratic variation of the
difference between the two sides of (20.11). By the formula for cross-variation
of two integrals,

〈IIM (Y )(X) − IM (XY )〉t
= 〈IIM (Y )(X)〉t + 〈IM (XY )〉t − 2〈IIM (Y )(X), IM (XY )〉t

=
∫ t

0

X2
s d〈IM (Y )〉s +

∫ t

0

X2
s Y 2

s d〈M〉s − 2
∫ t

0

X2
s Ysd〈IM (Y ),M〉s

=
∫ t

0

X2
s Y 2

s d〈M〉s +
∫ t

0

X2
s Y 2

s d〈M〉s − 2
∫ t

0

X2
s Y 2

s d〈M〉s = 0.

By Lemma 20.3, (20.11) holds. �
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20.6 Local Martingales

In this section we define the stochastic integral with respect to continuous
local martingales.

Definition 20.21. Let Xt, t ∈ R
+, be a process adapted to a filtration Ft.

Then (Xt,Ft) is called a local martingale if there is a non-decreasing sequence
of stopping times τn : Ω → [0,∞] such that limn→∞ τn = ∞ almost surely,
and the process (Xt∧τn

,Ft) is a martingale for each n.

This method of introducing a non-decreasing sequence of stopping times,
which convert a local martingale into a martingale, is called localization.

The space of equivalence classes of local martingales whose sample paths
are continuous almost surely and which satisfy X0 = 0 almost surely will be
denoted by Mc,loc. It is easy to see that Mc,loc is a vector space (see Prob-
lem 5). It is also important to note that a local martingale may be integrable
and yet fail to be a martingale (see Problem 6).

Now let us define the quadratic variation of a continuous local martingale
(Xt,Ft) ∈ Mc,loc. We introduce the notation X

(n)
t = Xt∧τn

. Then, for m ≤ n,
as in the example before Lemma 20.3,

〈X(m)〉t = 〈X(n)〉t∧τm
.

This shows that 〈X(m)〉t and 〈X(n)〉t agree on the interval 0 ≤ t ≤ τm(ω) for
almost all ω. Since τm → ∞ almost surely, we can define the limit 〈X〉t =
limm→∞〈X(m)〉t, which is a non-decreasing adapted process whose sample
paths are continuous almost surely. The process 〈X〉t is called the quadratic
variation of the local martingale Xt. This is justified by the fact that

(X2 − 〈X〉)t∧τn
= (X(n)

t )2 − 〈X(n)〉t ∈ Mc
2.

That is, X2
t − 〈X〉t is a local martingale. Let us show that the process 〈X〉t

does not depend on the choice of the sequence of stopping times τn.

Lemma 20.22. Let Xt ∈ Mc,loc. There exists a unique (up to indistinguisha-
bility) non-decreasing adapted continuous process Yt such that Y0 = 0 almost
surely and X2

t − Yt ∈ Mc,loc.

Proof. The existence part was demonstrated above. Let us suppose that there
are two processes Y 1

t and Y 2
t with the desired properties. Then Mt = Y 1

t −Y 2
t

belongs to Mc,loc (since Mc,loc is a vector space) and is a process of bounded
variation. Let τn be a non-decreasing sequence of stopping times which tend
to infinity, such that M

(n)
t = Mt∧τn

is a martingale for each n. Then M
(n)
t

is also a process of bounded variation. By Corollary 20.8, M
(n)
t = 0 for all t

almost surely. Since τn → ∞, this implies that Y 1
t and Y 2

t are indistinguish-
able. �
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The cross-variation of two local martingales can be defined by the same
formula (20.1) as in the square-integrable case. It is also not difficult to see
that 〈X,Y 〉t is the unique (up to indistinguishability) adapted continuous
process of bounded variation, such that 〈X,Y 〉0 = 0 almost surely, and XtYt−
〈X,Y 〉t ∈ Mc,loc.

Let us now define the stochastic integral with respect to a continuous local
martingale Mt ∈ Mc,loc. We can also extend the class of integrands. Namely,
we shall say that Xt ∈ P∗ if Xt is a progressively measurable process such
that for every 0 ≤ t < ∞,

∫ t

0

X2
s (ω)d〈M〉s(ω) < ∞ almost surely.

More precisely, we can view P∗ as the set of equivalence classes of such
processes, with two elements X1

t and X2
t representing the same class if and

only if
∫ t

0
(X1

t − X2
t )2d〈M〉s = 0 almost surely for every t.

Let us consider a sequence of stopping times τn : Ω → [0,∞] with the
following properties:

(1) The sequence τn is non-decreasing and limn→∞ τn = ∞ almost surely.
(2) For each n, the process M

(n)
t = Mt∧τn

is in Mc
2.

(3) For each n, the process X
(n)
t = Xt∧τn

is in L∗(M (n)).
For example, such a sequence can be constructed as follows. Let τ1

n be a non-
decreasing sequence such that limn→∞ τ1

n = ∞ almost surely and the process
(Xt∧τ1

n
,Ft) is a martingale for each n. Define

τ2
n(ω) = inf{t :

∫ t

0

X2
s (ω)d〈M〉s(ω) = n},

where the infimum of an empty set is equal to +∞. It is clear that the sequence
of stopping times τn = τ1

n ∧ τ2
n has the properties (1)-(3).

Given a sequence τn with the above properties, a continuous local martin-
gale Mt ∈ Mc,loc, and a process Xt ∈ P∗, we can define

IM
t (X) = lim

n→∞
IM(n)

t (X(n)).

For almost all ω, the limit exists for all t. Indeed, by Lemma 20.19, almost
surely,

IM(m)

t (X(m)) = IM(n)

t (X(n)), 0 ≤ t ≤ τm ∧ τn.

Let us show that the limit does not depend on the choice of the sequence of
stopping times, thus providing a correct definition of the integral with respect
to a local martingale. If τ̃n and τn are two sequences of stopping times with
properties (1)-(3), and M̃

(n)
t , X̃

(n)
t , M

(n)

t , and X
(n)

t are the corresponding
processes, then

I
�M(n)

t (X̃(n)) = IM
(n)

t (X
(n)

), 0 ≤ t ≤ τ̃n ∧ τn,
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again by Lemma 20.19. Therefore, the limit in the definition of the integral
IM
t (X) does not depend on the choice of the sequence of stopping times.

It is clear from the definition of the integral that IM
t (X) ∈ Mc,loc, and

that it is linear in the argument, that is, it satisfies (20.5) for any X,Y ∈ P∗

and a, b ∈ R. The formula for cross-variation of two integrals with respect to
local martingales is the same as in the square-integrable case, as can be seen
using localization. Namely, if Mt, Nt ∈ Mc,loc, Xt ∈ P∗(M), and Yt ∈ P∗(N),
then for almost all ω,

〈IM (X), IN (Y )〉t =
∫ t

0

XsYsd〈M,N〉s, 0 ≤ t < ∞.

Similarly, by using localization, it is easy to see that (20.11) remains true if
Mt ∈ Mc,loc, Yt ∈ P∗(M), and Xt ∈ P∗(IM (Y )).

Remark 20.23. Let Xu, s ≤ u ≤ t, be such that the process X̃u ∈ P∗, where
X̃u is equal to Xu for s ≤ u ≤ t, and to zero otherwise. In this case we can
define

∫ t

s
XudMu =

∫ t

0
X̃udMu as in the case of square-integrable martingales.

20.7 Ito Formula

In this section we shall prove a formula which may be viewed as the analogue
of the Fundamental Theorem of Calculus, but is now applied to martingale-
type processes with unbounded first variation.

Definition 20.24. Let Xt, t ∈ R
+, be a process adapted to a filtration Ft.

Then (Xt,Ft) is a continuous semimartingale if Xt can be represented as

Xt = X0 + Mt + At, (20.12)

where Mt ∈ Mc,loc, At is a continuous process adapted to the same filtration
such that the total variation of At on each finite interval is bounded almost
surely, and A0 = 0 almost surely.

Theorem 20.25. (Ito Formula) Let f ∈ C2(R) and let (Xt,Ft) be a con-
tinuous semimartingale as in (20.12). Then, for any t ≥ 0, the equality

f(Xt) = f(X0) +
∫ t

0

f ′(Xs)dMs +
∫ t

0

f ′(Xs)dAs +
1
2

∫ t

0

f ′′(Xs)d〈M〉s
(20.13)

holds almost surely.

Remark 20.26. The first integral on the right-hand side is a stochastic integral,
while the other two integrals must be understood in the Lebesgue-Stieltjes
sense. Since both sides are continuous functions of t for almost all ω, the
processes on the left- and right-hand sides are indistinguishable.
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Proof of Theorem 20.25. We shall prove the result under stronger assumptions.
Namely, we shall assume that Mt = Wt and that f is bounded together with
its first and second derivatives. The proof in the general case is similar, but
somewhat more technical. In particular, it requires the use of localization.
Thus we assume that

Xt = X0 + Wt + At,

and wish to prove that

f(Xt) = f(X0) +
∫ t

0

f ′(Xs)dWs +
∫ t

0

f ′(Xs)dAs +
1
2

∫ t

0

f ′′(Xs)ds. (20.14)

Let σ = {t0, t1, ..., tn}, 0 = t0 ≤ t1 ≤ ... ≤ tn = t, be a partition of the interval
[0, t] into n subintervals. By the Taylor formula,

f(Xt) = f(X0) +
n∑

i=1

(f(Xti
) − f(Xti−1))

= f(X0) +
n∑

i=1

f ′(Xti−1)(Xti
− Xti−1) +

1
2

n∑

i=1

f ′′(ξi)(Xti
− Xti−1)

2,

(20.15)

where min(Xti−1 ,Xti
) ≤ ξi ≤ max(Xti−1 ,Xti

) is such that

f(Xti
) − f(Xti−1) = f ′(Xti−1)(Xti

− Xti−1) +
1
2
f ′′(ξi)(Xti

− Xti−1)
2.

Note that we can take ξi = Xti−1 if Xti−1 = Xti
. If Xti−1 �= Xti

, we can solve
the above equation for f ′′(ξi), and therefore we may assume that f ′′(ξi) is
measurable.

Let Ys = f ′(Xs), 0 ≤ s ≤ t, and define the simple process Y σ
s by

Y σ
s = f ′(X0)χ{0}(s) +

n∑

i=1

f ′(Xti−1)χ(ti−1,ti](s) for 0 ≤ s ≤ t.

Note that limδ(σ)→0 Y σ
s (ω) = Ys(ω), where the convergence is uniform on [0, t]

for almost all ω since the process Ys is continuous almost surely.
Let us examine the first sum on the right-hand side of (20.15),

n∑

i=1

f ′(Xti−1)(Xti
− Xti−1)

=
n∑

i=1

f ′(Xti−1)(Wti
− Wti−1) +

n∑

i=1

f ′(Xti−1)(Ati
− Ati−1)

=
∫ t

0

Y σ
s dWs +

∫ t

0

Y σ
s dAs = Sσ

1 + Sσ
2 ,
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where Sσ
1 and Sσ

2 denote the stochastic and the ordinary integral, respectively.
Since

E(
∫ t

0

(Y σ
s − Ys)dWs)2 = E

∫ t

0

(Y σ
s − Ys)2ds → 0,

we obtain

lim
δ(σ)→0

Sσ
1 = lim

δ(σ)→0

∫ t

0

Y σ
s dWs =

∫ t

0

YsdWs in L2(Ω,F ,P).

We can apply the Lebesgue Dominated Convergence Theorem to the Lebesgue-
Stieltjes integral (which is just a difference of two Lebesgue integrals) to obtain

lim
δ(σ)→0

Sσ
2 = lim

δ(σ)→0

∫ t

0

Y σ
s dAs =

∫ t

0

YsdAs almost surely.

Now let us examine the second sum on the right-hand side of (20.15):

1
2

n∑

i=1

f ′′(ξi)(Xti
− Xti−1)

2 =
1
2

n∑

i=1

f ′′(ξi)(Wti
− Wti−1)

2

(20.16)

+
n∑

i=1

f ′′(ξi)(Wti
−Wti−1)(Ati

−Ati−1)+
1
2

n∑

i=1

f ′′(ξi)(Ati
−Ati−1)

2=Sσ
3 +Sσ

4 +Sσ
5 .

The last two sums on the right-hand side of this formula tend to zero almost
surely as δ(σ) → 0. Indeed,

|
n∑

i=1

f ′′(ξi)(Wti
− Wti−1)(Ati

− Ati−1) +
1
2

n∑

i=1

f ′′(ξi)(Ati
− Ati−1)

2|

≤ sup
x∈R

f ′′(x)( max
1≤i≤n

(|Wti
− Wti−1 |) +

1
2

max
1≤i≤n

(|Ati
− Ati−1 |))

n∑

i=1

|Ati
− Ati−1 |,

which tends to zero almost surely since Wt and At are continuous and At has
bounded variation.

It remains to deal with the first sum on the right-hand side of (20.16). Let
us compare it with the sum

S̃σ
3 =

1
2

n∑

i=1

f ′′(Xti−1)(Wti
− Wti−1)

2,

and show that the difference converges to zero in L1. Indeed,

E|
n∑

i=1

f ′′(ξi)(Wti
− Wti−1)

2 −
n∑

i=1

f ′′(Xti−1)(Wti
− Wti−1)

2|
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≤ (E( max
1≤i≤n

(f ′′(ξi) − f ′′(Xti−1))
2)1/2(E(

n∑

i=1

(Wti
− Wti−1)

2)2)1/2.

The first factor here tends to zero since f ′′ is continuous and bounded. The
second factor is bounded since

E(
n∑

i=1

(Wti
− Wti−1)

2)2 = 3
n∑

i=1

(ti − ti−1)2 +
∑

i�=j

(ti − ti−1)(tj − tj−1)

≤ 3(
n∑

i=1

(ti − ti−1))(
n∑

j=1

(tj − tj−1)) = 3t2,

which shows that (Sσ
3 − S̃σ

3 ) → 0 in L1(Ω,F ,P) as δ(σ) → 0. Let us compare
S̃σ

3 with the sum

S
σ

3 =
1
2

n∑

i=1

f ′′(Xti−1)(ti − ti−1),

and show that the difference converges to zero in L2. Indeed, similarly to the
proof of Lemma 18.24,

E[
n∑

i=1

f ′′(Xti−1)(Wti
− Wti−1)

2 −
n∑

i=1

f ′′(Xti−1)(ti − ti−1)]2

=
n∑

i=1

E([f ′′(Xti−1)
2][(Wti

− Wti−1)
2 − (ti − ti−1)]2)

≤ sup
x∈R

|f ′′(x)|2(
n∑

i=1

E(Wti
− Wti−1)

4 +
n∑

i=1

(ti − ti−1)2)

= 4 sup
x∈R

|f ′′(x)|2
n∑

i=1

(ti − ti−1)2 ≤ 4 sup
x∈R

|f ′′(x)|2 max
1≤i≤n

(ti − ti−1)
n∑

i=1

(ti − ti−1)

= 4 sup
x∈R

|f ′′(x)|2tδ(σ),

where the first equality is justified by

E[f ′′(Xti−1)((Wti
− Wti−1)

2 − (ti − ti−1))

f ′′(Xtj−1)((Wtj
− Wtj−1)

2 − (tj − tj−1))]

= E[f ′′(Xti−1)((Wti
− Wti−1)

2 − (ti − ti−1))

E(f ′′(Xtj−1)((Wtj
− Wtj−1)

2 − (tj − tj−1))|Fj−1)] = 0 if i < j.

Thus, we see that (S̃σ
3 − S

σ

3 ) → 0 in L2(Ω,F ,P) as δ(σ) → 0. It is also clear
that
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lim
δ(σ)→0

S
σ

3 =
1
2

∫ t

0

f ′′(Xs)ds almost surely.

Let us return to formula (20.15), which we can now write as

f(Xt) = f(X0) + Sσ
1 + Sσ

2 + (Sσ
3 − S̃σ

3 ) + (S̃σ
3 − S

σ

3 ) + S
σ

3 + Sσ
4 + Sσ

5 .

Take a sequence σ(n) with limn→∞ δ(σ(n)) = 0. We saw that

lim
n→∞

S
σ(n)
1 =

∫ t

0

f ′(Xs)dWs in L2(Ω,F ,P), (20.17)

lim
n→∞

S
σ(n)
2 =

∫ t

0

f ′(Xs)dAs almost surely, (20.18)

lim
n→∞

(Sσ(n)
3 − S̃

σ(n)
3 ) = 0 in L1(Ω,F ,P), (20.19)

lim
n→∞

(S̃σ(n)
3 − S

σ(n)

3 ) = 0 in L2(Ω,F ,P), (20.20)

lim
n→∞

S
σ(n)

3 =
1
2

∫ t

0

f ′′(Xs)ds almost surely, (20.21)

lim
n→∞

S
σ(n)
4 = lim

n→∞
S

σ(n)
5 = 0 almost surely. (20.22)

We can replace the sequence σ(n) by a subsequence for which all the equalities
(20.17)-(20.22) hold almost surely. This justifies (20.14). �

Remark 20.27. The stochastic integral on the right-hand side of (20.13) be-
longs to Mc,loc, while the Lebesgue-Stieltjes integrals are continuous adapted
processes with bounded variation. Therefore, the class of semimartingales is
invariant under the composition with twice continuously differentiable func-
tions.

Example. Let f ∈ C2(R), At and Bt be progressively measurable processes
such that

∫ t

0
A2

sds < ∞ and
∫ t

0
|Bs|ds < ∞ for all t almost surely, and Xt a

semimartingale of the form

Xt = X0 +
∫ t

0

AsdWs +
∫ t

0

Bsds.

Applying the Ito formula, we obtain

f(Xt) = f(X0) +
∫ t

0

f ′(Xs)AsdWs +
∫ t

0

f ′(Xs)Bsds +
1
2

∫ t

0

f ′′(Xs)B2
sds,

where the relation
∫ t

0
f ′(Xs)d(

∫ s

0
AudWu) =

∫ t

0
f ′(Xs)AsdWs is justified by

formula (20.11) applied to local martingales.
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This is one of the most common applications of the Ito formula, particu-
larly when the processes At and Bt can be represented as At = σ(t,Xt) and
Bt = v(t,Xt) for some smooth functions σ and v, in which case Xt is called a
diffusion process with time-dependent coefficients.

We state the following multi-dimensional version of the Ito formula, whose
proof is very similar to that of Theorem 20.25.

Theorem 20.28. Let Mt = (M1
t , ...,Md

t ) be a vector of continuous local mar-
tingales, that is (M i

t ,Ft)t∈R+ is a local martingale for each 1 ≤ i ≤ d. Let
At = (A1

t , ..., A
d
t ) be a vector of continuous processes adapted to the same fil-

tration such that the total variation of Ai
t on each finite interval is bounded

almost surely, and Ai
0 = 0 almost surely. Let Xt = (X1

t , ...,Xd
t ) be a vector of

adapted processes such that Xt = X0 + Mt + At, and let f ∈ C1,2(R+ × R
d).

Then, for any t ≥ 0, the equality

f(t,Xt) = f(0,X0) +
d∑

i=1

∫ t

0

∂

∂xi
f(s,Xs)dM i

s +
d∑

i=1

∫ t

0

∂

∂xi
f(s,Xs)dAi

s

+
1
2

d∑

i,j=1

∫ t

0

∂2

∂xi∂xj
f(s,Xs)d〈M i,M j〉s +

∫ t

0

∂

∂s
f(s,Xs)ds

holds almost surely.

Let us apply this theorem to a pair of processes Xi
t = Xi

0 + M i
t + Ai

t, i = 1, 2,
and the function f(x1, x2) = x1x2.

Corollary 20.29. If (X1
t ,Ft) and (X2

t ,Ft) are continuous semimartingales,
then

X1
t X2

t = X1
0X2

0 +
∫ t

0

X1
s dM2

s +
∫ t

0

X1
s dA2

s

+
∫ t

0

X2
s dM1

s +
∫ t

0

X2
s dA1

s + 〈M1,M2〉t.

Using the shorthand notation
∫ t

0
YsdXs =

∫ t

0
YsdMs +

∫ t

0
YsdAs for a process

Ys and a semimartingale Xs, we can rewrite the above formula as
∫ t

0

X1
s dX2

s = X1
t X2

t − X1
0X2

0 −
∫ t

0

X2
s dX1

s − 〈M1,M2〉s. (20.23)

This is the integration by parts formula for the Ito integral.

20.8 Problems

1. Prove that any right-continuous adapted process is progressively measur-
able. (Hint: see the proof of Lemma 12.3.)
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2. Prove that if a process Xt is progressively measurable with respect to
a filtration Ft, and τ is a stopping time of the same filtration, then Xt∧τ is
also progressively measurable and Xτ is Fτ -measurable.

3. Prove that if Xt is a continuous non-random function, then the stochastic
integral It(X) =

∫ t

0
XsdWs is a Gaussian process.

4. Let Wt be a one-dimensional Brownian motion defined on a probabil-
ity space (Ω,F ,P). Prove that there is a unique orthogonal random mea-
sure Z with values in L2(Ω,F ,P) defined on a ([0, 1],B([0, 1]) such that
Z([s, t]) = Wt − Ws for 0 ≤ s ≤ t ≤ 1. Prove that

∫ 1

0

ϕ(t)dZ(t) =
∫ 1

0

ϕ(t)dWt

for any function ϕ that is continuous on [0, 1].

5. Prove that if Xt, Yt ∈ Mc,loc, then aXt + bYt ∈ Mc,loc for any constants a
and b.

6. Give an example of a local martingale which is integrable, yet fails to
be a martingale.

7. Let Wt be a one-dimensional Brownian motion relative to a filtration Ft.
Let τ be a stopping time of Ft with Eτ < ∞. Prove the Wald Identities

EWτ = 0, EW 2
τ = Eτ.

(Note that the Optional Sampling Theorem can not be applied directly since
τ may be unbounded.)

8. Find the stochastic integral
∫ t

0
Wn

t dWt, where Wt is a one-dimensional
Brownian motion.
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Stochastic Differential Equations

21.1 Existence of Strong Solutions to Stochastic
Differential Equations

Stochastic differential equations arise when modeling prices of financial instru-
ments, a variety of physical systems, and in many other branches of science. As
we shall see in the next section, there is a deep relationship between stochas-
tic differential equations and linear elliptic and parabolic partial differential
equations.

As an example, let us try to model the motion of a small particle suspended
in a liquid. Let us denote the position of the particle at time t by Xt. The liquid
need not be at rest, and the velocity field will be denoted by v(t, x), where t
is time and x is a point in space. If we neglect the diffusion, the equation of
motion is simply dXt/dt = v(t,Xt), or, formally, dXt = v(t,Xt)dt.

On the other hand, if we assume that macroscopically the liquid is at rest,
then the position of the particle can change only due to the molecules of liquid
hitting the particle, and Xt would be modeled by the 3-dimensional Brownian
motion, Xt = Wt, or, formally, dXt = dWt. More generally, we could write
dXt = σ(t,Xt)dWt, where we allow σ to be non-constant, since the rate at
which the molecules hit the particle may depend on the temperature and
density of the liquid, which, in turn, are functions of space and time.

If both the effects of advection and diffusion are present, we can formally
write the stochastic differential equation

dXt = v(t,Xt)dt + σ(t,Xt)dWt. (21.1)

The vector v is called the drift vector, and σ, which may be a scalar or a
matrix, is called the dispersion coefficient (matrix).

Now we shall specify the assumptions on v and σ, in greater generality than
necessary for modeling the motion of a particle, and assign a strict meaning
to the stochastic differential equation above. The main idea is to write the
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formal expression (21.1) in the integral form, in which case the right-hand
side becomes a sum of an ordinary and a stochastic integral.

We assume that Xt takes values in the d-dimensional space, while Wt is an
r-dimensional Brownian motion relative to a filtration Ft. Let v be a Borel-
measurable function from R

+ ×R
d to R

d, and σ a Borel-measurable function
from R

+ × R
d to the space of d × r matrices. Thus, equation (21.1) can be

re-written as

dXi
t = vi(t,Xt)dt +

r∑

j=1

σij(t,Xt)dW j
t , 1 ≤ i ≤ d. (21.2)

Let us further assume that the underlying filtration Ft satisfies the usual
conditions and that we have a random d-dimensional vector ξ which is F0-
measurable (and consequently independent of the Brownian motion Wt). This
random vector is the initial condition for the stochastic differential equation
(21.1).

Definition 21.1. Suppose that the functions v and σ, the filtration, the
Brownian motion, and the random variable ξ satisfy the assumptions above.
A process Xt with continuous sample paths defined on the probability space
(Ω,F ,P) is called a strong solution to the stochastic differential equation
(21.1) with the initial condition ξ if:

(1) Xt is adapted to the filtration Ft.
(2) X0 = ξ almost surely.
(3) For every 0 ≤ t < ∞, 1 ≤ i ≤ d, and 1 ≤ j ≤ r,

∫ t

0

(|vi(s,Xs)| + |σij(s,Xs)|2)ds < ∞ almost surely

(which implies that σij(t,Xt) ∈ P∗(W j
t )).

(4) For every 0 ≤ t < ∞, the integral version of (21.2) holds almost surely:

Xi
t = Xi

0 +
∫ t

0

vi(s,Xs)ds +
r∑

j=1

∫ t

0

σij(s,Xs)dW j
s , 1 ≤ i ≤ d.

(Since the processes on both sides are continuous, they are indistinguishable.)

We shall refer to the solutions of stochastic differential equations as dif-
fusion processes. Customarily the term “diffusion” refers to a strong Markov
family of processes with continuous paths, with the generator being a second
order partial differential operator (see Section 21.4). As will be discussed later
in this chapter, under certain conditions on the coefficients, the solutions to
stochastic differential equations form strong Markov families.

As with ordinary differential equations (ODE’s), the first natural question
which arises is that of the existence and uniqueness of strong solutions. As
with ODE’s, we shall require the Lipschitz continuity of the coefficients in the
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space variable, and certain growth estimates at infinity. The local Lipschitz
continuity is sufficient to guarantee the local uniqueness of the solutions (as
in the case of ODE’s), while the uniform Lipschitz continuity and the growth
conditions are needed for the global existence of solutions.

Theorem 21.2. Suppose that the coefficients v and σ in equation (21.1) are
Borel-measurable functions on R

+×R
d and are uniformly Lipschitz continuous

in the space variable. That is, for some constant c1 and all t ∈ R
+, x, y ∈ R

d,

|vi(t, x) − vi(t, y)| ≤ c1||x − y||, 1 ≤ i ≤ d, (21.3)

|σij(t, x) − σij(t, y)| ≤ c1||x − y||, 1 ≤ i ≤ d, 1 ≤ j ≤ r. (21.4)

Assume also that the coefficients do not grow faster than linearly, that is,

|vi(t, x)| ≤ c2(1 + ||x||), |σij(t, x)| ≤ c2(1 + ||x||), 1 ≤ i ≤ d, 1 ≤ j ≤ r,
(21.5)

for some constant c2 and all t ∈ R
+, x ∈ R

d. Let Wt be a Brownian motion
relative to a filtration Ft, and ξ an F0-measurable R

d-valued random vector
that satisfies

E||ξ||2 < ∞.

Then there exists a strong solution to equation (21.1) with the initial condi-
tion ξ. The solution is unique in the sense that any two strong solutions are
indistinguishable processes.

Remark 21.3. If we assume that (21.3) and (21.4) hold, then (21.5) is equiva-
lent to the boundedness of

|vi(t, 0)|, |σij(t, 0)|, 1 ≤ i ≤ d, 1 ≤ j ≤ r,

as functions of t.

We shall prove the uniqueness part of Theorem 21.2 and indicate the main idea
for the proof of the existence part. To prove uniqueness we need the Gronwall
Inequality, which we formulate as a separate lemma (see Problem 1).

Lemma 21.4. If a function f(t) is continuous and non-negative on [0, t0],
and

f(t) ≤ K + L

∫ t

0

f(s)ds

holds for 0 ≤ t ≤ t0, with K and L positive constants, then

f(t) ≤ KeLt

for 0 ≤ t ≤ t0.
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Proof of Theorem 21.2 (uniqueness part). Assume that both Xt and Yt are
strong solutions relative to the same Brownian motion, and with the same
initial condition. We define the sequence of stopping times as follows:

τn = inf{t ≥ 0 : max(||Xt||, ||Yt||) ≥ n}.

For any t and t0 such that 0 ≤ t ≤ t0,

E||Xt∧τn
− Yt∧τn

||2 = E||
∫ t∧τn

0

(v(s,Xs) − v(s, Ys))ds

+
∫ t∧τn

0

(σ(s,Xs) − σ(s, Ys))dWs||2 ≤ 2E[
∫ t∧τn

0

||v(s,Xs) − v(s, Ys)||ds]2

+2E
d∑

i=1

[
r∑

j=1

∫ t∧τn

0

(σij(s,Xs) − σij(s, Ys))dW j
s ]2

≤ 2tE
∫ t∧τn

0

||v(s,Xs) − v(s, Ys)||2ds

+2E
d∑

i=1

r∑

j=1

∫ t∧τn

0

|σij(s,Xs) − σij(s, Ys)|2ds

≤ (2dt + 2rd)c2
1

∫ t∧τn

0

E||Xs∧τn
− Ys∧τn

||2ds

≤ (2dt0 + 2rd)c2
1

∫ t

0

E||Xs∧τn
− Ys∧τn

||2ds.

By Lemma 21.4 with K = 0 and L = (2dt0 + 2rd)c2
1,

E||Xt∧τn
− Yt∧τn

||2 = 0 for 0 ≤ t ≤ t0,

and, since t0 can be taken to be arbitrarily large, this equality holds for all
t ≥ 0. Thus, the processes Xt∧τn

and Yt∧τn
are modifications of one another,

and, since they are continuous almost surely, they are indistinguishable. Now
let n → ∞, and notice that limn→∞ τn = ∞ almost surely. Therefore, Xt and
Yt are indistinguishable. �

The existence of strong solutions can be proved using the Method of Picard
Iterations. Namely, we define a sequence of processes X

(n)
t by setting X

(0)
t ≡ ξ

and

X
(n+1)
t = ξ +

∫ t

0

v(s,X(n)
s )ds +

∫ t

9

σ(s,X(n)
s )dWs, t ≥ 0

for n ≥ 0. It is then possible to show that the integrals on the right-hand
side are correctly defined for all n, and that the sequence of processes X

(n)
t

converges to a process Xt for almost all ω uniformly on any interval [0, t0].
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The process Xt is then shown to be the strong solution of equation (21.1)
with the initial condition ξ.

Example (Black and Scholes formula). In this example we consider a
model for the behavior of the price of a financial instrument (a share of stock,
for example) and derive a formula for the price of an option. Let Xt be the
price of a stock at time t. We assume that the current price (at time t = 0) is
equal to P . One can distinguish two phenomena responsible for the change of
the price over time. One is that the stock prices grow on average at a certain
rate r, which, if we were to assume that r was constant, would lead to the
equation dXt = rXtdt, since the rate of change is proportional to the price of
the stock.

Let us, for a moment, assume that r = 0, and focus on the other phenom-
enon affecting the price change. One can argue that the randomness in Xt is
due to the fact that every time someone buys the stock, the price increases by
a small amount, and every time someone sells the stock, the price decreases
by a small amount. The intervals of time between one buyer or seller and the
next are also small, and whether the next person will be a buyer or a seller
is a random event. It is also reasonable to assume that the typical size of a
price move is proportional to the current price of the stock. We described in-
tuitively the model for the evolution of the price Xt as a random walk, which
will tend to the process defined by the equation dXt = σXtdWt if we make
the time step tend to zero. (This is a result similar to the Donsker Theorem,
which states that the measure induced by a properly scaled simple symmetric
random walk tends to the Wiener measure.) Here, σ is the volatility which we
assumed to be a constant.

When we superpose the above two effects, we obtain the equation

dXt = rXtdt + σXtdWt (21.6)

with the initial condition X0 = P . Let us emphasize that this is just a partic-
ular model for the stock price behavior, which may or may not be reasonable,
depending on the situation. For example, when we modeled Xt as a random
walk, we did not take into account that the presence of informed investors
may cause it to be non-symmetric, or that the transition from the random
walk to the diffusion process may be not justified if, with small probability,
there are exceptionally large price moves.

Using the Ito formula (Theorem 20.28), with the martingale Wt and the
function f(t, x) = P exp(σx + (r − 1

2σ2)t), we obtain

f(t,Wt) = P exp(σWt + (r − 1
2
σ2)t) =

P +
∫ t

0

rP exp(σWs + (r − 1
2
σ2)s)ds +

∫ t

0

σP exp(σWs + (r − 1
2
σ2)s)dWs.

This means that
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Xt = P exp(σWt + (r − 1
2
σ2)t)

is the solution of (21.6).
A European call option is the right to buy a share of the stock at an agreed

price S (strike price) at an agreed time t > 0 (expiration time). The value of
the option at time t is therefore equal to (Xt − S)+ = (Xt − S)χ{Xt≥S} (if
Xt ≤ S, then the option becomes worthless). Assume that the behavior of the
stock price is governed by (21.6), where r and σ were determined empirically
based on previous observations. Then the expected value of the option at
time t will be

Vt = E(P exp(σWt + (r − 1
2
σ2)t) − S)+

=
1√
2πt

∫ ∞

−∞
e−

x2
2t (Peσx+(r− 1

2 σ2)t − S)+dx.

The integral on the right-hand side of this formula can be simplified somewhat,
but we leave this as an exercise for the reader.

Finally, the current value of the option may be less than the expected value
at time t. This is due to the fact that the money spent on the option at the
present time could instead be invested in a no-risk security with an interest
rate γ, resulting in a larger buying power at time t. Therefore the expected
value Vt should be discounted by the factor e−γt to obtain the current value
of the option. We obtain the Black and Scholes formula for the value of the
option

V0 =
e−γt

√
2πt

∫ ∞

−∞
e−

x2
2t (Peσx+(r− 1

2 σ2)t − S)+dx.

Example (A Linear Equation). Let Wt be a Brownian motion on a prob-
ability space (Ω,F ,P) relative to a filtration Ft. Let ξ be a square-integrable
random variable measurable with respect to F0.

Consider the following one-dimensional stochastic differential equation
with time-dependent coefficients

dXt = (a(t)Xt + b(t))dt + σ(t)dWt. (21.7)

The initial data is X0 = ξ. If a(t), b(t), and σ(t) are bounded measurable
functions, by Theorem 21.2 this equation has a unique strong solution. In order
to find an explicit formula for the solution, let us first solve the homogeneous
ordinary differential equation

y′(t) = a(t)y(t)

with the initial data y(0) = 1. The solution to this equation is y(t) =
exp(

∫ t

0
a(s)ds), as can be verified by substitution. We claim that the solu-

tion of (21.7) is
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Xt = y(t)(ξ +
∫ t

0

b(s)
y(s)

ds +
∫ t

0

σ(s)
y(s)

dWs). (21.8)

Note that if σ ≡ 0, we recover the formula for the solution of a linear ODE,
which can be obtained by the method of variation of constants. If we formally
differentiate the right-hand side of (21.8), we obtain the expression on the
right-hand side of (21.7). In order to justify this formal differentiation, let us
apply Corollary 20.29 to the pair of semimartingales

X1
t = y(t) and X2

t = ξ +
∫ t

0

b(s)
y(s)

ds +
∫ t

0

σ(s)
y(s)

dWs.

Thus,

Xt = y(t)(ξ +
∫ t

0

b(s)
y(s)

ds +
∫ t

0

σ(s)
y(s)

dWs)

= ξ +
∫ t

0

y(s)d(
∫ s

0

b(u)
y(u)

du) +
∫ t

0

y(s)d(
∫ s

0

σ(u)
y(u)

dWu) +
∫ t

0

X2
s dy(s)

= ξ +
∫ t

0

b(s)ds +
∫ t

0

σ(s)dWs +
∫ t

0

a(s)Xsds,

where we used (20.11) to justify the last equality. We have thus demonstrated
that Xt is the solution to (21.7) with initial data X0 = ξ.

Example (the Ornstein-Uhlenbeck Process). Consider the stochastic
differential equation

dXt = −aXtdt + σdWt, X0 = ξ. (21.9)

This is a particular case of (21.7) with a(t) ≡ −a, b(t) ≡ 0, and σ(t) ≡ σ. By
(21.8), the solution is

Xt = e−atξ + σ

∫ t

0

e−a(t−s)dWs.

This process is called the Ornstein-Uhlenbeck Process with parameters (a, σ)
and initial condition ξ. Since the integrand e−a(t−s) is a deterministic function,
the integral is a Gaussian random process independent of ξ (see Problem 3,
Chapter 20). If ξ is Gaussian, then Xt is a Gaussian process. Its expectation
and covariance can be easily calculated:

m(t) = EXt = e−atEξ,

b(s, t) = E(XsXt) = e−ase−atEξ2 + σ2

∫ s∧t

0

e−a(s−u)−a(t−u)du

= e−a(s+t)(Eξ2 + σ2 e2as∧t − 1
2a

).
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In particular, if ξ is Gaussian with Eξ = 0 and Eξ2 = σ2

2a , then

b(s, t) =
σ2e−a|s−t|

2a
.

Since the covariance function of the process depends on the difference of the
arguments, the process is wide-sense stationary, and since it is Gaussian, it is
also strictly stationary.

21.2 Dirichlet Problem for the Laplace Equation

In this section we show that solutions to the Dirichlet problem for the Laplace
equation can be expressed as functionals of the Wiener process.

Let D be an open bounded domain in R
d, and let f : ∂D → R be a

continuous function defined on the boundary. We shall consider the following
partial differential equation

∆u(x) = 0 for x ∈ D (21.10)

with the boundary condition

u(x) = f(x) for x ∈ ∂D. (21.11)

This pair, equation (21.10) and the boundary condition (21.11), is referred to
as the Dirichlet problem for the Laplace equation with the boundary condi-
tion f(x).

By a solution of the Dirichlet problem we mean a function u which satisfies
(21.10),(21.11) and belongs to C2(D) ∩ C(D).

Let Wt be a d-dimensional Brownian motion relative to a filtration Ft.
Without loss of generality we may assume that Ft is the augmented filtration
constructed in Section 19.4. Let W x

t = x + Wt. For a point x ∈ D, let τx be
the first time the process W x

t reaches the boundary of D, that is

τx(ω) = inf{t ≥ 0 : W x
t (ω) /∈ D}.

In Section 19.6 we showed that the function

u(x) = Ef(W x
τx) (21.12)

defined in D is harmonic inside D, that is, it belongs to C2(D) and satis-
fies (21.10). From the definition of u(x) it is clear that it satisfies (21.11).
It remains to study the question of continuity of u(x) at the points of the
boundary of D.

Let
σx(ω) = inf{t > 0 : W x

t (ω) /∈ D}.
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Note that here t > 0 on the right-hand side, in contrast to the definition of
τx. Let us verify that σx is a stopping time. Define an auxiliary family of
stopping times

τx,s(ω) = inf{t ≥ s : W x
t (ω) /∈ D}

(see Lemma 13.15). Then, for t > 0,

{σx ≤ t} =
∞⋃

n=1

{τx, 1
n ≤ t} ∈ Ft.

In addition,

{σx = 0} =
∞⋂

m=1

∞⋃

n=1

{τ0, 1
n ≤ 1/m} ∈

∞⋂

m=1

F1/m = F0+ = F0,

where we have used the right-continuity of the augmented filtration. This
demonstrates that σx is a stopping time. Also note that since {σx = 0} ∈ F0,
the Blumenthal Zero-One Law implies that P(σx = 0) is either equal to one
or to zero.

Definition 21.5. A point x ∈ ∂D is called regular if P(σx = 0) = 1, and
irregular if P(σx = 0) = 0.

Regularity means that a typical Brownian path which starts at x ∈ ∂D does
not immediately enter D and stay there for an interval of time.

Example. Let D = {x ∈ R
d, 0 < ||x|| < 1}, where d ≥ 2, that is, D is a

punctured unit ball. The boundary of D consists of the unit sphere and the
origin. Since Brownian motion does not return to zero for d ≥ 2, the origin is
an irregular point for Brownian motion in D.

Similarly, let D = Bd \{x ∈ R
d : x2 = ... = xd = 0}. (D is the set of points

in the unit ball that do not belong to the x1-axis.) The boundary of D consists
of the unit sphere and the segment {x ∈ R

d : −1 < x1 < 1, x2 = ... = xd = 0}.
If d ≥ 3, the segment consists of irregular points.

Example. Let x ∈ ∂D, y ∈ R
d, ||y|| = 1, 0 < θ ≤ π, and r > 0. The

cone with vertex at x, direction y, opening θ, and radius r is the set

Cx(y, θ, r) = {z ∈ R
d : ||z − x|| ≤ r, (z − x, y) ≥ ||z − x|| cos θ}.

We shall say that a point x ∈ ∂D satisfies the exterior cone condition if there
is a cone Cx(y, θ, r) with y, θ, and r as above such that Cx(y, θ, r) ⊆ R

d \ D.
It is not difficult to show (see Problem 8) that if x satisfies the exterior cone
condition, then it is regular. In particular, if D is a domain with a smooth
boundary, then all the points of ∂D are regular.

The question of regularity of a point x ∈ ∂D is closely related to the
continuity of the function u given by (21.12) at x.
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Theorem 21.6. Let D be a bounded open domain in R
d, d ≥ 2, and x ∈ ∂D.

Then x is regular if and only if for any continuous function f : ∂D → R, the
function u defined by (21.12) is continuous at x, that is

lim
y→x,y∈D

Ef(W y
τy ) = f(x). (21.13)

Proof. Assume that x is regular. First, let us show that, with high probability,
a Brownian trajectory which starts near x exits D fast. Take ε and δ such
that 0 < ε < δ, and define an auxiliary function

gδ
ε(y) = P(W y

t ∈ D for ε ≤ t ≤ δ).

This is a continuous function of y ∈ D, since the indicator function of the set
{ω : W y

t (ω) ∈ D for ε ≤ t ≤ δ} tends to the indicator function of the set
{ω : W y0

t (ω) ∈ D for ε ≤ t ≤ δ} almost surely as y → y0. Note that

lim
ε↓0

gδ
ε(y) = P(W y

t ∈ D for 0 < t ≤ δ) = P(σy > δ),

which implies that the right-hand side is an upper semicontinuous function
of y, since it is a limit of a decreasing sequence of continuous functions. There-
fore,

lim sup
y→x,y∈D

P(τy > δ) ≤ lim sup
y→x,y∈D

P(σy > δ) ≤ P(σx > δ) = 0,

since x is a regular point. We have thus demonstrated that

lim
y→x,y∈D

P(τy > δ) = 0

for any δ > 0.
Next we show that, with high probability, a Brownian trajectory which

starts near x exits D through a point on the boundary which is also near x.
Namely, we wish to show that for r > 0,

lim
y→x,y∈D

P(||x − W y
τy || > r) = 0. (21.14)

Take an arbitrary ε > 0. We can then find δ > 0 such that

P( max
0≤t≤δ

||Wt|| > r/2) < ε/2.

We can also find a neighborhood U of x such that ||y − x|| < r/2 for y ∈ U ,
and

sup
y∈D∩U

P(τy > δ) < ε/2.

Combining the last two estimates, we obtain

sup
y∈D∩U

P(||x − W y
τy || > r) < ε,
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which justifies (21.14).
Now let f be a continuous function defined on the boundary, and let ε > 0.

Take r > 0 such that supz∈∂D,||z−x||≤r |f(x) − f(z)| < ε. Then

|Ef(W y
τy ) − f(x)| ≤

sup
z∈∂D,||z−x||≤r

|f(x) − f(z)| + 2P(||x − W y
τy || > r) sup

z∈∂D
|f(y)|.

The first term on the right-hand side here is less than ε, while the second one
tends to zero as y → x by (21.14). We have thus demonstrated that (21.13)
holds.

Now let us prove that x is regular if (21.13) holds for every continuous f .
Suppose that x is not regular. Since σx > 0 almost surely, and a Brownian
trajectory does not return to the origin almost surely for d ≥ 2, we conclude
that ||W x

σx − x|| > 0 almost surely. We can then find r > 0 such that

P(||W x
σx − x|| ≥ r) > 1/2.

Let Sn be the sphere centered at x with radius rn = 1/n. We claim that if
rn < r, there is a point yn ∈ Sn ∩ D such that

P(||W yn
τyn − x|| ≥ r) > 1/2. (21.15)

Indeed, let τx
n be the first time the process W x

t reaches Sn. Let µn be the
measure on Sn ∩ D defined by µn(A) = P(τx

n < σx;W x
τx

n
∈ A), where A is a

Borel subset of Sn∩D. Then, due to the Strong Markov Property of Brownian
motion,

1/2 < P(||W x
σx − x|| ≥ r) =

∫

Sn∩D

P(||W y
τy − x|| ≥ r)dµn(y)

≤ sup
y∈Sn∩D

P(||W y
τy − x|| ≥ r),

which justifies (21.15). Now we can take a continuous function f such that
0 ≤ f(y) ≤ 1 for y ∈ ∂D, f(x) = 1, and f(y) = 0 if ||y − x|| ≥ r. By (21.15),

lim sup
n→∞

Ef(W yn
τyn ) ≤ 1/2 < f(x),

which contradicts (21.13). �

Now we can state the existence and uniqueness result.

Theorem 21.7. Let D be a bounded open domain in R
d, d ≥ 2, and f a

continuous function on ∂D. Assume that all the points of ∂D are regular.
Then the Dirichlet problem for the Laplace equation (21.10)-(21.11) has a
unique solution. The solution is given by (21.12).
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Proof. The existence follows from Theorem 21.6. If u1 and u2 are two so-
lutions, then u = u1 − u2 is a solution to the Dirichlet problem with zero
boundary condition. A harmonic function which belongs to C2(D) ∩ C(D)
takes the maximal and the minimal values on the boundary of the domain.
This implies that u is identically zero, that is u1 = u2. �

Probabilistic techniques can also be used to justify the existence and
uniqueness of solutions to more general elliptic and parabolic partial differen-
tial equations. However, we shall now assume that the boundary of the domain
is smooth, and thus we can bypass the existence and uniqueness questions,
instead referring to the general theory of PDE’s. In the next section we shall
demonstrate that the solutions to PDE’s can be expressed as functionals of
the corresponding diffusion processes.

21.3 Stochastic Differential Equations and PDE’s

First we consider the case in which the drift and the dispersion matrix do not
depend on time. Let Xt be the strong solution of the stochastic differential
equation

dXi
t = vi(Xt)dt +

r∑

j=1

σij(Xt)dW j
t , 1 ≤ i ≤ d, (21.16)

with the initial condition X0 = x ∈ R
d, where the coefficients v and σ satisfy

the assumptions of Theorem 21.2. In fact, equation (21.16) defines a family of
processes Xt which depend on the initial point x and are defined on a common
probability space. When the dependence of the process on the initial point
needs to be emphasized, we shall denote the process by Xx

t . (The superscript x
is not to be confused with the superscript i used to denote the i-th component
of the process.)

Let aij(x) =
∑r

k=1 σik(x)σjk(x) = (σσ∗)ij(x). This is a square non-
negative definite symmetric matrix which will be called the diffusion matrix
corresponding to the family of processes Xx

t . Let us consider the differential
operator L which acts on functions f ∈ C2(Rd) according to the formula

Lf(x) =
1
2

d∑

i=1

d∑

j=1

aij(x)
∂2f(x)
∂xi∂xj

+
d∑

i=1

vi(x)
∂f(x)
∂xi

. (21.17)

This operator is called the infinitesimal generator of the family of diffusion
processes Xx

t . Let us show that for f ∈ C2(Rd) which is bounded together
with its first and second partial derivatives,

Lf(x) = lim
t↓0

E[f(Xx
t ) − f(x)]
t

. (21.18)
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In fact, the term “infinitesimal generator” of a Markov family of processes Xx
t

usually refers to the right-hand side of this formula. (The Markov property
of the solutions to SDE’s will be discussed below.) By the Ito Formula, the
expectation on the right-hand side of (21.18) is equal to

E[
∫ t

0

Lf(Xx
s )ds +

∫ t

0

d∑

i=1

r∑

j=1

∂f(Xx
s )

∂xi
σij(Xx

s )dW j
s ] = E[

∫ t

0

Lf(Xx
s )ds],

since the expectation of the stochastic integral is equal to zero. Since Lf is
bounded, the Dominated Convergence Theorem implies that

lim
t↓0

E[
∫ t

0
Lf(Xx

s )ds]
t

= Lf(x).

The coefficients of the operator L can be obtained directly from the law
of the process Xt instead of the representation of the process as a solution of
the stochastic differential equation. Namely,

vi(x) = lim
t↓0

E[(Xx
t )i − xi]
t

, aij(x) = lim
t↓0

E[((Xx
t )i − xi)((Xx

t )j − xj)]
t

.

We leave the proof of this statement to the reader.
Now let L be any differential operator given by (21.17). Let D be a bounded

open domain in R
d with a smooth boundary ∂D. We shall consider the fol-

lowing partial differential equation

Lu(x) + q(x)u(x) = g(x) for x ∈ D, (21.19)

with the boundary condition

u(x) = f(x) for x ∈ ∂D. (21.20)

This pair, equation (21.19) and the boundary condition (21.20), is referred
to as the Dirichlet problem for the operator L with the potential q(x), the
right-hand side g(x), and the boundary condition f(x). We assume that the
coefficients aij(x), vi(x) of the operator L, and the functions q(x) and g(x)
are continuous on the closure of D (denoted by D), while f(x) is assumed to
be continuous on ∂D.

Definition 21.8. An operator L of the form (21.17) is called uniformly ellip-
tic on D if there is a positive constant k such that

d∑

i=1

d∑

j=1

aij(x)yiyj ≥ k||y||2 (21.21)

for all x ∈ D and all vectors y ∈ R
d.
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We shall use the following fact from the theory of partial differential equa-
tions (see “Partial Differential Equations” by A. Friedman, for example).

Theorem 21.9. If aij, vi, q, and g are Lipschitz continuous on D, f is con-
tinuous on ∂D, the operator L is uniformly elliptic on D, and q(x) ≤ 0 for
x ∈ D, then there is a unique solution u(x) to (21.19)-(21.20) in the class of
functions which belong to C2(D) ∩ C(D).

Let σij(x) and vi(x), 1 ≤ i ≤ d, 1 ≤ j ≤ r, be Lipschitz continuous on D.
It is not difficult to see that we can then extend them to bounded Lipschitz
continuous functions on the entire space R

d and define the family of processes
Xx

t according to (21.16). Let τx
D be the stopping time equal to the time of the

first exit of the process Xx
t from the domain D, that is

τx
D = inf{t ≥ 0 : Xx

t /∈ D}.

By using Lemma 20.19, we can see that the stopped process Xx
t∧τx

D
and the

stopping time τx
D do not depend on the values of σij(x) and vi(x) outside

of D.
When L is the generator of the family of diffusion processes, we shall

express the solution u(x) to (21.19)-(21.20) as a functional of the process Xx
t .

First, we need a technical lemma.

Lemma 21.10. Suppose that σij(x) and vi(x), 1 ≤ i ≤ d, 1 ≤ j ≤ r, are
Lipschitz continuous on D, and the generator of the family of processes Xx

t is
uniformly elliptic in D. Then

sup
x∈D

Eτx
D < ∞.

Proof. Let B be an open ball so large that D ⊂ B. Since the boundary of D
is smooth and the coefficients σij(x) and vi(x) are Lipschitz continuous in D,
we can extend them to Lipschitz continuous functions on B in such a way that
L becomes uniformly elliptic on B. Let ϕ ∈ C2(B) ∩ C(B) be the solution of
the equation Lϕ(x) = 1 for x ∈ B with the boundary condition ϕ(x) = 0 for
x ∈ ∂B. The existence of the solution is guaranteed by Theorem 21.9. By the
Ito Formula,

Eϕ(Xx
t∧τx

D
) − ϕ(x) = E

∫ t∧τx
D

0

Lϕ(Xx
s )ds = Et ∧ τx

D.

(The use of the Ito Formula is justified by the fact that ϕ is twice continuously
differentiable in a neighborhood of D, and thus there is a function ψ ∈ C2

0 (R2),
which coincides with ϕ in a neighborhood of D. Theorem 20.28 can now be
applied to the function ψ.)

Thus,
sup
x∈D

E (t ∧ τx
D) ≤ 2 sup

x∈D

|ϕ(x)|,
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which implies the lemma if we let t → ∞. �

Theorem 21.11. Suppose that σij(x) and vi(x), 1 ≤ i ≤ d, 1 ≤ j ≤ r, are
Lipschitz continuous on D, and the generator L of the family of processes
Xx

t is uniformly elliptic on D. Assume that the potential q(x), the right-hand
side g(x), and the boundary condition f(x) of the Dirichlet problem (21.19)-
(21.20) satisfy the assumptions of Theorem 21.9. Then the solution to the
Dirichlet problem can be written as follows:

u(x) = E[f(Xx
τx

D
) exp(

∫ τx
D

0

q(Xx
s )ds) −

∫ τx
D

0

g(Xx
s ) exp(

∫ s

0

q(Xx
u)du)ds].

Proof. As before, we can extend σij(x) and vi(x) to Lipschitz continuous
bounded functions on R

d, and the potential q(x) to a continuous function on
R

d, satisfying q(x) ≤ 0 for all x. Assume at first that u(x) can be extended as a
C2 function to a neighborhood of D. Then it can be extended as a C2 function
with compact support to the entire space R

d. We can apply the integration
by parts (20.23) to the pair of semimartingales u(Xx

t ) and exp(
∫ t

0
q(Xx

s )ds).
In conjunction with (20.11) and the Ito formula,

u(Xx
t ) exp(

∫ t

0

q(Xx
s )ds) = u(x) +

∫ t

0

u(Xx
s ) exp(

∫ s

0

q(Xx
u)du)q(Xx

s )ds

+
∫ t

0

exp(
∫ s

0

q(Xx
u)du)Lu(Xx

s )ds

+
d∑

i=1

r∑

j=1

∫ t

0

exp(
∫ s

0

q(Xx
u)du)

∂u

∂xi
(Xx

s )σij(Xx
s )dW j

s .

Notice that, by (21.19), Lu(Xx
s ) = g(Xx

s )−q(Xx
s )u(Xx

s ) for s ≤ τx
D. Therefore,

after replacing t by t∧τx
D and taking the expectation on both sides, we obtain

E(u(Xx
t∧τx

D
) exp(

∫ t∧τx
D

0

q(Xx
s )ds)) = u(x)

+E
∫ t∧τx

D

0

g(Xx
s ) exp(

∫ s

0

q(Xx
u)du)ds.

By letting t → ∞, which is justified by the Dominated Convergence Theorem,
since Eτx

D is finite, we obtain

u(x) = E[u(Xx
τx

D
) exp(

∫ τx
D

0

q(Xx
s )ds) − E

∫ τx
D

0

g(Xx
s ) exp(

∫ s

0

q(Xx
u)du)ds].

(21.22)
Since Xx

τx
D

∈ ∂D and u(x) = f(x) for x ∈ ∂D, this is exactly the desired
expression for u(x).
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At the beginning of the proof, we assumed that u(x) can be extended as a
C2 function to a neighborhood of D. In order to remove this assumption, we
consider a sequence of domains D1 ⊆ D2 ⊆ ... with smooth boundaries, such
that Dn ⊂ D and

⋃∞
n=1 Dn = D. Let τx

Dn
be the stopping times corresponding

to the domains Dn. Then limn→∞ τx
Dn

= τx
D almost surely for all x ∈ D. Since

u is twice differentiable in D, which is an open neighborhood of Dn, we have

u(x) = E[u(Xx
τx

Dn
) exp(

∫ τx
Dn

0

q(Xx
s )ds) − E

∫ τx
Dn

0

g(Xx
s ) exp(

∫ s

0

q(Xx
u)du)ds]

for x ∈ Dn. By taking the limit as n → ∞ and using the dominated conver-
gence theorem, we obtain (21.22). �

Example. Let us consider the partial differential equation

Lu(x) = −1 for x ∈ D

with the boundary condition

u(x) = 0 for x ∈ ∂D.

By Theorem 21.11, the solution to this equation is simply the expectation of
the time it takes for the process to exit the domain, that is u(x) = Eτx

D.

Example. Let us consider the partial differential equation

Lu(x) = 0 for x ∈ D

with the boundary condition

u(x) = f for x ∈ ∂D.

By Theorem 21.11, the solution of this equation is

u(x) = Ef(Xx
τx

D
) =

∫

∂D

f(y)dµx(y),

where µx(A) = P(Xx
τx

D
∈ A), A ∈ B(∂D), is the measure on ∂D induced by

the random variable Xx
τx

D
.

Now let us explore the relationship between diffusion processes and par-
abolic partial differential equations. Let L be a differential operator with time-
dependent coefficients, which acts on functions f ∈ C2(Rd) according to the
formula

Lf(x) =
1
2

d∑

i=1

d∑

j=1

aij(t, x)
∂2f(x)
∂xi∂xj

+
d∑

i=1

vi(t, x)
∂f(x)
∂xi

.
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We shall say that L is uniformly elliptic on D ⊆ R
1+d (with t considered as a

parameter) if
d∑

i=1

d∑

j=1

aij(t, x)yiyj ≥ k||y||2

for some positive constant k, all (t, x) ∈ D, and all vectors y ∈ R
d. Without

loss of generality, we may assume that aij form a symmetric matrix, in which
case aij(t, x) = (σσ∗)ij(t, x) for some matrix σ(t, x).

Let T1 < T2 be two moments of time. We shall be interested in the solutions
to the backward parabolic equation

∂u(t, x)
∂t

+Lu(t, x)+q(t, x)u(t, x) = g(t, x) for (t, x) ∈ (T1, T2)×R
d (21.23)

with the terminal condition

u(T2, x) = f(x) for x ∈ R
d. (21.24)

The function u(t, x) is called the solution to the Cauchy problem (21.23)-
(21.24). Let us formulate an existence and uniqueness theorem for the so-
lutions to the Cauchy problem (see “Partial Differential Equations” by A.
Friedman, for example).

Theorem 21.12. Assume that q(t, x) and g(t, x) are bounded and uniformly
Lipschitz continuous (in the space variable) on (T1, T2]×R

d, and that σij(t, x)
and vi(t, x) are uniformly Lipschitz continuous on (T1, T2]×R

d. Assume that
they do not grow faster than linearly, and that f(x) is bounded and continuous
on R

d. Also assume that the operator L is uniformly elliptic on (T1, T2]×R
d.

Then there is a unique solution u(t, x) to the problem (21.23)-(21.24) in
the class of functions which belong to C1,2((T1, T2)×R

d)∩Cb((T1, T2]×R
d).

(These are the functions which are bounded and continuous in (T1, T2] × R
d,

and whose partial derivative in t and all second order partial derivatives in x
are continuous in (T1, T2) × R

d.)

Remark 21.13. In textbooks on PDE’s, this theorem is usually stated under
the assumption that σij and vi are bounded. As will be explained below, by
using the relationship between PDE’s and diffusion processes, it is sufficient
to assume that σij and vi do not grow faster than linearly.

Let us now express the solution to the Cauchy problem as a functional
of the corresponding diffusion process. Suppose that σij(t, x) and vi(t, x),
1 ≤ i ≤ d, 1 ≤ j ≤ r, are uniformly Lipschitz continuous on (T1, T2]×R

d, and
do not grow faster than linearly. As before, we can extend σij and vi to R×R

d

as uniformly Lipschitz continuous functions not growing faster than linearly,
and define Xt,x

s to be the solution to the stochastic differential equation

dXi
s = vi(t + s,Xs)ds +

r∑

j=1

σij(t + s,Xs)dW j
s , 1 ≤ i ≤ d, (21.25)
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with the initial condition Xt,x
0 = x. Let

aij(t, x) =
r∑

k=1

σik(t, x)σjk(t, x) = (σσ∗)ij(t, x).

Theorem 21.14. Suppose that the assumptions regarding the operator L and
the functions q(t, x), g(t, x), and f(x), formulated in Theorem 21.12, are sat-
isfied. Then the solution to the Cauchy problem can be written as follows:

u(t, x) = E[f(Xt,x
T2−t) exp(

∫ T2−t

0

q(t + s,Xt,x
s )ds)

−
∫ T2−t

0

g(t + s,Xt,x
s ) exp(

∫ s

0

q(t + u,Xt,x
u )du)ds].

This expression for u(t, x) is called the Feynman-Kac formula.
The proof of Theorem 21.14 is the same as that of Theorem 21.11, and

therefore is left to the reader.

Remark 21.15. Let us assume that we have Theorems 21.12 and 21.14 only
for the case in which the coefficients are bounded.

Given σij(t, x) and vi(t, x), which are uniformly Lipschitz continuous and
do not grow faster than linearly, we can find functions σn

ij(t, x) and vn
i (t, x)

which are uniformly Lipschitz continuous and bounded on (T1, T2] × R
d, and

which coincide with σij(t, x) and vi(t, x), respectively, for ||x|| ≤ n.
Let un(t, x) be the solution to the corresponding Cauchy problem. By

Theorem 21.14 for the case of bounded coefficients, it is possible to show that
un converge point-wise to some function u, which is a solution to the Cauchy
equation with the coefficients which do not grow faster than linearly, and that
this solution is unique. The details of this argument are left to the reader.

In order to emphasize the similarity between the elliptic and the parabolic
problems, consider the processes Y x,t0

t = (t+ t0,X
x
t ) with values in R

1+d and
initial conditions (t0, x). Then the operator ∂/∂t+L, which acts on functions
defined on R

1+d, is the infinitesimal generator for this family of processes.
Let us now discuss fundamental solutions to parabolic PDE’a and their

relation to the transition probability densities of the corresponding diffusion
processes.

Definition 21.16. A non-negative function G(t, r, x, y) defined for t < r and
x, y ∈ R

d is called a fundamental solution to the backward parabolic equation

∂u(t, x)
∂t

+ Lu(t, x) = 0, (21.26)

if for fixed t, r, and x, the function G(t, r, x, y) belongs to L1(Rd,B(Rd), λ),
where λ is the Lebesgue measure, and for any f ∈ Cb(Rd), the function
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u(t, x) =
∫

Rd

G(t, r, x, y)f(y)dy

belongs to C1,2((−∞, r)×R
d)∩Cb((−∞, r]×R

d) and is a solution to (21.26)
with the terminal condition u(r, x) = f(x).

Suppose that σij(t, x) and vi(t, x), 1 ≤ i ≤ d, 1 ≤ j ≤ r, (t, x) ∈ R
1+d,

are uniformly Lipschitz continuous and do not grow faster than linearly. It
is well-known that in this case the fundamental solution to (21.26) exists
and is unique (see “Partial Differential Equations of Parabolic Type” by A.
Friedman). Moreover, for fixed r and y, the function G(t, r, x, y) belongs to
C1,2((−∞, r) × R

d) and satisfies (21.26). Let us also consider the following
equation, which is formally adjoint to (21.26)

−∂ũ(r, y)
∂r

+
1
2

d∑

i=1

d∑

j=1

∂2

∂yi∂yj
[aij(r, y)ũ(r, y)] −

d∑

i=1

∂

∂yi
[vi(r, y)ũ(r, y)] = 0,

(21.27)
where ũ(r, y) is the unknown function. If the partial derivatives

∂aij(r, y)
∂yi

,
∂2aij(r, y)

∂yi∂yj
,
∂vi(r, y)

∂yi
, 1 ≤ i, j ≤ d, (21.28)

are uniformly Lipschitz continuous and do not grow faster than linearly, then
for fixed t and x the function G(t, r, x, y) belongs to C1,2((t,∞) × R

d) and
satisfies (21.27).

Let Xt,x
s be the solution to equation (21.25), and let µ(t, r, x, dy) be the

distribution of the process at time r > t. Let us show that under the above
conditions on σ and v, the measure µ(t, r, x, dy) has a density, that is

µ(t, r, x, dy) = ρ(t, r, x, y)dy, (21.29)

where ρ(t, r, x, y) = G(t, r, x, y). It is called the transition probability density
for the process Xt,x

s . (It is exactly the density of the Markov transition func-
tion, which is defined in the next section for the time-homogeneous case.) In
order to prove (21.29), take any f ∈ Cb(Rd) and observe that

∫

Rd

f(y)µ(t, r, x, dy) =
∫

Rd

f(y)G(t, r, x, y)dy,

since both sides are equal to the solution to the same backward parabolic
PDE evaluated at the point (t, x) due to Theorem 21.14 and Definition 21.16.
Therefore, the measures µ(t, r, x, dy) and G(t, r, x, y)dy coincide (see Prob-
lem 4, Chapter 8). We formalize the above discussion in the following lemma.

Lemma 21.17. Suppose that σij(t, x) and vi(t, x), 1 ≤ i ≤ d, 1 ≤ j ≤ r,
(t, x) ∈ R

1+d, are uniformly Lipschitz continuous and do not grow faster than
linearly.



332 21 Stochastic Differential Equations

Then, the family of processes Xt,x
s defined by (21.25) has transition prob-

ability density ρ(t, r, x, y), which for fixed r and y satisfies equation (21.26)
(backward Kolmogorov equation). If, in addition, the partial derivatives in
(21.28) are uniformly Lipschitz continuous and do not grow faster than lin-
early, then, for fixed t and x, the function ρ(t, r, x, y) satisfies equation (21.27)
(forward Kolmogorov equation).

Now consider a process whose initial distribution is not necessarily con-
centrated in a single point.

Lemma 21.18. Assume that the distribution of a square-integrable R
d-valued

random variable ξ is equal to µ, where µ is a measure with continuous den-
sity p0. Assume that the coefficients vi and σij and their partial derivatives
in (21.28) are uniformly Lipschitz continuous and do not grow faster than
linearly. Let Xµ

t be the solution to (21.16) with initial condition Xµ
0 = ξ.

Then the distribution of Xµ
t , for fixed t, has a density p(t, x) which belongs

to C1,2((0,∞) × R
d) ∩ Cb([0,∞) × R

d) and is the solution of the forward
Kolmogorov equation

(− ∂

∂t
+ L∗)p(t, x) = 0

with initial condition p(0, x) = p0(x).

Sketch of the Proof. Let µ̃t be the measure induced by the process at time t,
that is, µ̃t(A) = P(Xµ

t ∈ A) for A ∈ B(Rd). We can view µ̃ as a general-
ized function (element of S ′(R1+d)), which acts on functions f ∈ S(R1+d)
according to the formula

(µ̃, f) =
∫ ∞

0

∫

Rd

f(t, x)dµ̃t(x)dt.

Now let f ∈ S(R1+d), and apply Ito’s formula to f(t,Xµ
t ). After taking ex-

pectation on both sides,

Ef(t,Xµ
t ) = Ef(0,Xµ

0 ) +
∫ t

0

E(
∂f

∂s
+ Lf)(s,Xµ

s )ds.

If f is equal to zero for all sufficiently large t, we obtain

0 =
∫

Rd

f(0, x)dµ(x) + (µ̃,
∂f

∂t
+ Lf),

or, equivalently,

((− ∂

∂t
+ L∗)µ̃, f) +

∫

Rd

f(0, x)dµ(x) = 0. (21.30)

A generalized function µ̃, such that (21.30) is valid for any infinitely smooth
function with compact support, is called a generalized solution to the equation
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(− ∂

∂t
+ L∗)µ̃ = 0

with initial data µ. Since the partial derivatives in (21.28) are uniformly Lip-
schitz continuous and do not grow faster than linearly, and µ has a continuous
density p0(x), the equation

(− ∂

∂t
+ L∗)p(t, x) = 0

with initial condition p(0, x) = p0(x) has a unique solution in C1,2((0,∞) ×
R

d)∩Cb([0,∞)×R
d). Since µ̃t is a finite measure for each t, it can be shown

that the generalized solution µ̃ coincides with the classical solution p(t, x).
Then it can be shown that for t fixed, p(t, x) is the density of the distribution
of Xµ

t . �

21.4 Markov Property of Solutions to SDE’s

In this section we prove that solutions to stochastic differential equations form
Markov families.

Theorem 21.19. Let Xx
t be the family of strong solutions to the stochastic

differential equation (21.16) with the initial conditions Xx
0 = x. Let L be the

infinitesimal generator for this family of processes. If the coefficients vi and
σij are Lipschitz continuous and do not grow faster than linearly, and L is
uniformly elliptic in R

d, then Xx
t is a Markov family.

Proof. Let us show that p(t, x, Γ ) = P(Xx
t ∈ Γ ) is Borel-measurable as a

function of x ∈ R
d for any t ≥ 0 and any Borel set Γ ⊆ R

d. When t = 0,
P(Xx

0 ∈ Γ ) = χΓ (x), so it is sufficient to consider the case t > 0. First assume
that Γ is closed. In this case, we can find a sequence of bounded continuous
functions fn ∈ Cb(Rd) such that fn(y) converge to χΓ (y) monotonically from
above. By the Lebesgue Dominated Convergence Theorem,

lim
n→∞

∫

Rd

fn(y)p(t, x, dy) =
∫

Rd

χΓ (y)p(t, x, dy) = p(t, x, Γ ).

By Theorem 21.14, the integral
∫

Rd fn(y)p(t, x, dy) is equal to u(0, x), where u
is the solution of the equation

(
∂

∂t
+ L)u = 0 (21.31)

with the terminal condition u(t, x) = f(x). Since the solution is a smooth
(and therefore measurable) function of x, p(t, x, Γ ) is a limit of measurable
functions, and therefore measurable. Closed sets form a π-system, while the
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collection of sets Γ for which p(t, x, Γ ) is measurable is a Dynkin system.
Therefore, p(t, x, Γ ) is measurable for all Borel sets Γ by Lemma 4.13. The
second condition of Definition 19.2 is clear.

To verify the third condition of Definition 19.2, it suffices to show that

E(f(Xx
s+t)|Fs) =

∫

Rd

f(y)p(t,Xx
s , dy) (21.32)

for any f ∈ Cb(Rd). Indeed, we can approximate χΓ by a monotonically non-
increasing sequence of functions from Cb(Rd), and, if (21.32) is true, by the
Conditional Dominated Convergence Theorem,

P(Xx
s+t ∈ Γ |Fs) = p(t,Xx

s , Γ ) almost surely.

In order to prove (21.32), we can assume that s, t > 0, since otherwise the
statement is obviously true. Let u be the solution to (21.31) with the terminal
condition u(s+ t, x) = f(x). By Theorem 21.14, the right-hand side of (21.32)
is equal to u(s,Xx

s ) almost surely. By the Ito formula,

u(s + t,Xx
s+t) = u(0, x) +

d∑

i=1

r∑

j=1

∫ s+t

0

∂u

∂xi
(Xx

u)σij(Xx
u)dW j

u .

After taking conditional expectation on both sides,

E(f(Xx
s+t)|Fs) = u(0, x) +

d∑

i=1

r∑

j=1

∫ s

0

∂u

∂xi
(Xx

u)σij(Xx
u)dW j

u

= u(s,Xx
s ) =

∫

Rd

f(y)p(t,Xx
s , dy).

�

Remark 21.20. Since p(t,Xx
s , Γ ) is σ(Xx

s )-measurable, it follows from the third
property of Definition 19.2 that

P(Xx
s+t ∈ Γ |Fs) = P(Xx

s+t ∈ Γ |Xx
s ).

Thus, Theorem 21.19 implies that Xx
t is a Markov process for each fixed x.

We state the following theorem without a proof.

Theorem 21.21. Under the conditions of Theorem 21.19, the family of
processes Xx

t is a strong Markov family.

Given a Markov family of processes Xx
t , we can define two families of

Markov transition operators. The first family, denoted by Pt, acts on bounded
measurable functions. It is defined by
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(Ptf)(x) = Ef(Xx
t ) =

∫

Rd

f(y)p(t, x, dy),

where p is the Markov transition function. From the definition of the Markov
property, we see that Ptf is again a bounded measurable function.

The second family of operators, denoted by P ∗
t , acts on probability mea-

sures. It is defined by

(P ∗
t µ)(C) =

∫

Rd

P(Xx
t ∈ C)dµ(x) =

∫

Rd

p(t, x, C)dµ(x).

It is clear that the image of a probability measure µ under P ∗
t is again a

probability measure. The operators Pt and P ∗
t are adjoint. Namely, if f is a

bounded measurable function and µ is a probability measure, then
∫

Rd

(Ptf)(x)dµ(x) =
∫

Rd

f(x)d(P ∗
t µ)(x). (21.33)

Indeed, by the definitions of Pt and P ∗
t , this formula is true if f is an indicator

function of a measurable set. Therefore, it is true for finite linear combina-
tions of indicator functions. An arbitrary bounded measurable function can,
in turn, be uniformly approximated by finite linear combinations of indicator
functions, which justifies (21.33).

Definition 21.22. A measure µ is said to be invariant for a Markov family
Xx

t if P ∗
t µ = µ for all t ≥ 0.

Let us answer the following question: when is a measure µ invariant for
the family of diffusion processes Xx

t that solve (21.16) with initial condi-
tions Xx

0 = x? Let the coefficients of the generator L satisfy the conditions
stated in Lemma 21.19. Assume that µ is an invariant measure. Then the
right-hand side of (21.33) does not depend on t, and therefore neither does
the left hand side. In particular,

∫

Rd

(Ptf − f)(x)dµ(x) = 0.

Let f belong to the Schwartz space S(Rd). In this case,
∫

Rd

Lf(x)dµ(x) =
∫

Rd

lim
t↓0

(Ptf − f)(x)
t

dµ(x)

= lim
t↓0

∫

Rd

(Ptf − f)(x)
t

dµ(x) = 0,

where the first equality is due to (21.18) and the second one to the Dominated
Convergence Theorem. Note that we can apply the Dominated Convergence
Theorem, since (Ptf − f)/t is uniformly bounded for t > 0 if f ∈ S(Rd), as is
clear from the discussion following (21.18).
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We can rewrite the equality
∫

Rd Lf(x)dµ(x) = 0 as (L∗µ, f) = 0, where
L∗µ is the following generalized function

L∗µ =
1
2

d∑

i=1

d∑

j=1

∂2

∂xi∂xj
[aij(x)µ(x)] −

d∑

i=1

∂

∂xi
[vi(x)µ(x)].

Here, aij(x)µ(x) and vi(x)µ(x) are the generalized functions corresponding to
the signed measures whose densities with respect to µ are equal to aij(x) and
vi(x), respectively. The partial derivatives here are understood in the sense
of generalized functions. Since f ∈ S(Rd) was arbitrary, we conclude that
L∗µ = 0.

The converse is also true: if L∗µ = 0, then µ is an invariant measure for
the family of diffusion processes Xx

t . We leave this statement as an exercise
for the reader.

Example. Let Xx
t be the family of solutions to the stochastic differential

equation
dXx

t = dWt − Xx
t dt

with the initial data Xx
t = x. (See Section 21.1, in which we discussed the

Ornstein-Uhlenbeck process.) The generator for this family of processes and
the adjoint operator are given by

Lf(x) =
1
2
f ′′(x) − xf ′(x) and L∗µ(x) =

1
2
µ′′(x) + (xµ(x))′.

It is not difficult to see that the only probability measure that satisfies L∗µ =
0 is that whose density with respect to the Lebesgue measure is equal to
p(x) = 1√

π
exp(−x2). Thus, the invariant measure for the family of Ornstein-

Uhlenbeck processes is µ(dx) = 1√
π

exp(−x2)λ(dx), where λ is the Lebesgue
measure.

21.5 A Problem in Homogenization

Given a parabolic partial differential equation with variable (e.g. periodic)
coefficients, it is often possible to describe asymptotic properties of its solu-
tions (as t → ∞) in terms of solutions to a simpler equation with constant
coefficients. Similarly, for large t, solutions to a stochastic differential equation
with variable coefficients may exhibit similar properties to those for an SDE
with constant coefficients.

In order to state one such homogenization result, let us consider the R
d-

valued process Xt which satisfies the following stochastic differential equation

dXt = v(Xt)dt + dWt (21.34)



21.5 A Problem in Homogenization 337

with initial condition X0 = ξ, where ξ is a bounded random variable,
v(x) = (v1(x), ..., vd(x)) is a vector field on R

d, and Wt = (W 1
t , ...,W d

t ) is a
d-dimensional Brownian motion. We assume that the vector field v is smooth,
periodic (v(x + z) = v(x) for z ∈ Z

d) and incompressible (divv = 0). Let T d

be the unit cube in R
d,

T d = {x ∈ R
d : 0 ≤ xi < 1, i = 1..., d}

(we may glue the opposite sides to make it into a torus). Let us assume that∫
T d vi(x)dx = 0, 1 ≤ i ≤ d, that is the “net drift” of the vector field is equal

to zero. Notice that we can consider Xt as a process with values on the torus.
Although the solution to (21.34) cannot be written out explicitly, we can

describe the asymptotic behavior of Xt for large t. Namely, consider the R
d-

valued process Yt defined by

Y i
t =

∑

1≤j≤d

σijW
j
t , 1 ≤ i, j ≤ d,

with some coefficients σij . Due to the scaling property of Brownian motion, for
any positive ε, the distribution of the process Y ε

t =
√

εYt/ε is the same as that
of the original process Yt. Let us now apply the same scaling transformation
to the process Xt. Thus we define

Xε
t =

√
εXt/ε.

Let Pε
X be the measure on C([0,∞)) induced by the process Xε

t , and PY the
measure induced by the process Yt. It turns out that for an appropriate choice
of the coefficients σij , the measures Pε

X converge weakly to PY when ε → 0.
In particular, for t fixed, Xε

t converges in distribution to a Gaussian random
variable with covariance matrix aij = (σσ∗)ij .

We shall not prove this statement in full generality, but instead study
only the behavior of the covariance matrix of the process Xε

t as ε → 0 (or,
equivalently, of the process Xt as t → ∞). We shall show that E(Xi

tX
j
t )

grows linearly, and identify the limit of E(Xi
tX

j
t )/t as t → ∞. An additional

simplifying assumption will concern the distribution of ξ.
Let L be the generator of the process Xt which acts on functions u ∈ C2(T d)

(the class of smooth periodic functions) according to the formula

Lu(x) =
1
2
∆u(x) + (v,∇u)(x).

If u is periodic, then so is Lu, and therefore we can consider L as an operator
on C2(T d) with values in C(T d). Consider the following partial differential
equations for unknown periodic functions ui, 1 ≤ i ≤ d,

L(ui(x) + xi) = 0, (21.35)

where xi is the i-th coordinate of the vector x. These equations can be rewrit-
ten as
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Lui(x) = −vi(x).

Note that the right-hand side is a periodic function. It is well-known in the
general theory of elliptic PDE’s that this equation has a solution in C2(T d)
(which is then unique up to an additive constant) if and only if the right-hand
side is orthogonal to the kernel of the adjoint operator (see “Partial Differential
Equations” by A. Friedman). In other words, to establish the existence of a
solution we need to check that
∫

T d

−vi(x)g(x)dx = 0 if g ∈ C2(T d) and L∗g(x) =
1
2
∆g(x)−div(gv)(x) = 0.

It is easy to see that the only C2(T d) solutions to the equation L∗g = 0
are constants, and thus the existence of solutions to (21.35) follows from∫

T d vi(x)dx = 0. Since we can add an arbitrary constant to the solution,
we can define ui(x) to be the solution to (21.35) for which

∫
T d ui(x)dx = 0.

Now let us apply Ito’s formula to the function ui(x) + xi of the process
Xt:

ui(Xt) + Xi
t − ui(X0) − Xi

0 =
∫ t

0

d∑

k=1

∂(ui + xi)
∂xk

(Xs)dW k
s

+
∫ t

0

L(ui + xi)(Xs)ds =
∫ t

0

d∑

k=1

∂(ui + xi)
∂xk

(Xs)dW k
s ,

since the ordinary integral vanishes due to (21.35). Let gi
t = ui(Xt)−ui(X0)−

Xi
0. Thus,

Xi
t + gi

t =
∫ t

0

d∑

k=1

∂(ui + xi)
∂xk

(Xs)dW k
s .

Similarly, using the index j instead of i, we can write

Xj
t + gj

t =
∫ t

0

d∑

k=1

∂(uj + xj)
∂xk

(Xs)dW k
s .

Let us multiply the right-hand sides of these equalities, and take expectations.
With the help of Lemma 20.18 we obtain

E(
∫ t

0

d∑

k=1

∂(ui + xi)
∂xk

(Xs)dW k
s

∫ t

0

d∑

k=1

∂(uj + xj)
∂xk

(Xs)dW k
s )

=
∫ t

0

E((∇ui,∇uj)(Xs) + δij)ds,

where δij = 1 if i = j, and δij = 0 if i �= j.
Notice that, since v is periodic, we can consider (21.34) as an equation for

a process on the torus T d. Let us assume that X0 = ξ is uniformly distributed
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on the unit cube (and, consequently, when we consider Xt as a process on
the torus, X0 is uniformly distributed on the unit torus). Let p0(x) ≡ 1 be
the density of this distribution. Since L∗p0(x) = 0, the density of Xs on the
torus is also equal to p0. (Here we used Lemma 21.18, modified to allow for
processes to take values on the torus.) Consequently,

∫ t

0

E((∇ui,∇uj)(Xs) + δij)ds =
∫ t

0

∫

T d

((∇ui,∇uj)(x) + δij)dxds

= t

∫

T d

((∇ui,∇uj)(x) + δij)dx.

Thus,

E((Xi
t + gi

t)(X
j
t + gj

t ))/t =
∫

T d

((∇ui,∇uj)(x) + δij)dx. (21.36)

Lemma 21.23. Under the above assumptions,

E(Xi
tX

j
t )/t →

∫

T d

((∇ui,∇uj)(x) + δij)dx as t → ∞. (21.37)

Proof. The difference between (21.37) and (21.36) is the presence of the
bounded processes gi

t and gj
t in expectation on the left-hand side of (21.36).

The desired result follows from the following simple lemma.
Lemma 21.24. Let f i

t and hi
t, 1 ≤ i ≤ d, be two families of random processes.

Suppose
E
(
(f i

t + hi
t)(f

j
t + hj

t )
)

= φij . (21.38)

Also suppose there is a constant c such that

tE(hi
t)

2 ≤ c. (21.39)

Then,
lim

t→∞
E(f i

tf
j
t ) = φij .

Proof. By (21.38) with i = j,

E(f i
t )

2 = φii − E(hi
t)

2 − 2E(f i
th

i
t) . (21.40)

By (21.40) and (21.39), we conclude that there exists a constant c′ such that

E(f i
t )

2 < c′ for all t > 1 . (21.41)

By (21.38),

E(f i
tf

j
t ) − φij = −E(hi

th
j
t ) − E(f i

th
j
t ) − E(f j

t hi
t) . (21.42)

By the Schwartz Inequality, (21.39) and (21.41), the right-hand side of (21.42)
tends to zero as t → ∞. �

To complete the proof of Lemma 21.23 it suffices to take f i
t = Xi

t/
√

t,
hi

t = gi
t/
√

t, and apply Lemma 21.24. �
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21.6 Problems

1. Prove the Gronwall Inequality (Lemma 21.4).

2. Let Wt be a one-dimensional Brownian motion. Prove that the process

Xt = (1 − t)
∫ t

0

dWs

1 − s
, 0 ≤ t < 1,

is the solution of the stochastic differential equation

dXt =
Xt

t − 1
dt + dWt, 0 ≤ t < 1, X0 = 0.

3. For the process Xt defined in Problem 2, prove that there is the almost
sure limit

lim
t→1−

Xt = 0.

Define X1 = 0. Prove that the process Xt, 0 ≤ t ≤ 1 is Gaussian, and find
its correlation function. Prove that Xt is a Brownian Bridge (see Problem 7,
Chapter 18).

4. Consider two European call options with the same strike price for the
same stock (i.e., r, σ, P and S are the same for the two options). Assume
that the risk-free interest rate γ is equal to zero. Is it true that the option
with longer time till expiration is more valuable?

5. Let Wt be a one-dimensional Brownian motion, and Yt = e−t/2W (et).
Find a, σ and ξ such that Yt has the same finite-dimensional distributions as
the solution of (21.9).

6. Let Wt be a two-dimensional Brownian motion, and τ the first time when
Wt hits the unit circle, τ = inf(t : ||Wt|| = 1). Find Eτ .

7. Prove that if a point satisfies the exterior cone condition, then it is regular.

8. Prove that regularity is a local condition. Namely, let D1 and D1 be two
domains, and let x ∈ ∂D1∩∂D2. Suppose that there is an open neighborhood
U of x such that U

⋂
∂D1 = U

⋂
∂D1. Then x is a regular boundary point

for D1 if and only if it is a regular boundary point for D2.

9. Let Wt be a two-dimensional Brownian motion. Prove that for any x ∈ R
2,

||x|| > 0, we have

P(there is t ≥ 0 such that Wt = x) = 0.

Prove that for any δ > 0
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P(there is t ≥ 0 such that ||Wt − x|| ≤ δ) = 1.

10. Let Wt be a d-dimensional Brownian motion, where d ≥ 3. Prove that

lim
t→∞

||Wt|| = ∞

almost surely.

11. Let Wt = (W 1
t ,W 2

t ) be a two-dimensional Brownian motion, and τ the
first time when Wt hits the unit square centered at the origin, τ = inf(t :
min(|W 1

t |, |W 2
t |) = 1/2). Find Eτ .

12. Let D be the open unit disk in R
2 and uε ∈ C2(D) ∩ C(D) the solu-

tion of the following Dirichlet problem

ε∆uε +
∂uε

∂x1
= 0,

u(x) = f(x) for x ∈ ∂D,

where f is a continuous function on ∂D. Find the limit limε↓0 uε(x1, x2) for
(x1, x2) ∈ D.

13. Let Xt be the strong solution to the stochastic differential equation

dXt = v(Xt)dt + σ(Xt)dWt

with the initial condition X0 = 1, where v and σ are Lipschitz continuous
functions on R. Assume that σ(x) ≥ c > 0 for some constant c and all x ∈ R.
Find a non-constant function f such that f(Xt) is a local martingale.

14. Let Xt, v and σ be the same as in the previous problem. For which
functions v and σ do we have

P(there is t ∈ [0,∞) such that Xt = 0) = 1?
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Gibbs Random Fields

22.1 Definition of a Gibbs Random Field

The notion of Gibbs random fields was formalized by mathematicians rela-
tively recently. Before that, these fields were known in physics, particularly
in statistical physics and quantum field theory. Later, it was understood that
Gibbs fields play an important role in many applications of probability theory.
In this section we define the Gibbs fields and discuss some of their properties.

We shall deal with random fields with a finite state space X defined over
Z

d. The realizations of the field will be denoted by ω = (ωk, k ∈ Z
d), where

ωk is the value of the field at the site k.
Let V and W be two finite subsets of Z

d such that V ⊂ W and
dist(V, Zd\W ) > R for a given positive constant R. We can consider the
following conditional probabilities:

P(ωk = ik, k ∈ V |ωk = ik, k ∈ W\V ), where ik ∈ X for k ∈ W.

Definition 22.1. A random field is called a Gibbs field with memory R
if, for any finite sets V and W as above, these conditional probabilities
(whenever they are defined) depend only on those of the values ik for which
dist(k, V ) ≤ R.

Note that the Gibbs fields can be viewed as generalizations of Markov chains.
Indeed, consider a Markov chain on a finite state space. The realizations of
the Markov chain will be denoted by ω = (ωk, k ∈ Z). Let k1, k2, l1 and l2 be
integers such that k1 < l1 ≤ l2 < k2. Consider the conditional probabilities

f(ik1 , ..., il1−1, il2+1, ..., ik2) =

P(ωl1 = il1 , ..., ωl2 = il2 |ωk1 = ik1 , ..., ωl1−1 = il1−1, ωl2+1 = il2+1, ..., ωk2 = ik2)

with il1 ,...,il2 fixed. It is easy to check that whenever f is defined, it depends
only on il1−1 and il2+1 (see Problem 12, Chapter 5). Thus, a Markov chain is
a Gibbs field with d = 1 and R = 1.
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Let us introduce the notion of the interaction energy. Let Nd,R be the
number of points of Z

d that belong to the closed ball of radius R centered at
the origin. Let U be a real-valued function defined on XNd,R . As arguments of
U we shall always take the values of the field in a ball of radius R centered at
one of the points of Z

d. We shall use the notation U(ωk;ωk′ , 0 < |k′−k| ≤ R)
for the value of U on a realization ω in the ball centered at k and call U the
interaction energy with radius R.

For a finite set V ⊂ Z
d, its R-neighborhood will be denoted by V R,

V R = {k : dist(V, k) ≤ R}.

Definition 22.2. A Gibbs field with memory 2R is said to correspond to the
interaction energy U if

P(ωk = ik, k ∈ V |ωk = ik, k ∈ V 2R\V )

=
exp(−

∑
k∈V RU(ik; ik′ , 0 < |k′ − k| ≤ R))

Z(ik, k ∈ V 2R\V )
, (22.1)

where Z = Z(ik, k ∈ V 2R\V ) is the normalization constant, which is called
the partition function,

Z(ik, k ∈ V 2R\V ) =
∑

{ik,k∈V }
exp(−

∑

k∈V R

U(ik; ik′ , 0 < |k′ − k| ≤ R)).

The equality (22.1) for the conditional probabilities is sometimes called the
Dobrushin-Lanford-Ruelle or, simply, DLR equation after three mathemati-
cians who introduced the general notion of a Gibbs random field. The minus
sign is adopted from statistical physics.

Let Ω(V ) be the set of configurations (ωk, k ∈ V ). The sum
∑

k∈V R

U(ωk;ωk′ , 0 < |k′ − k| ≤ R)

is called the energy of the configuration ω ∈ Ω(V ). It is defined as soon as we
have the boundary conditions ωk, k ∈ V 2R\V .

Theorem 22.3. For any interaction energy U with finite radius, there exists
at least one Gibbs field corresponding to U .

Proof. Take a sequence of cubes Vi centered at the origin with sides of length
2i. Fix arbitrary boundary conditions {ωk, k ∈ V 2R

i \Vi}, for example ωk =
x for all k ∈ V 2R

i \Vi, where x is a fixed element of X, and consider the
probability distribution PVi

(·|ωk, k ∈ V 2R
i \Vi) on the finite set Ω(Vi) given

by (22.1) (with Vi instead of V ).
Fix Vj . For i > j, the probability distribution PVi

(·|ωk, k ∈ V 2R
i \Vi) in-

duces a probability distribution on the set Ω(Vj). The space of such prob-
ability distributions is tight. (The set Ω(Vj) is finite, and we can consider
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an arbitrary metric on it. The property of tightness does not depend on the
particular metric.)

Take a subsequence {j(1)
s } such that the induced probability distributions

on Ω(V1) converge to a limit Q(1). Then find a subsequence {j(2)
s } ⊆ {j(1)

s }
such that the induced probability distributions on the space Ω(V2) converge
to a limit Q(2). Since {j(2)

s } ⊂ {j(1)
s }, the probability distribution induced

by Q(2) on the space Ω(V1) coincides with Q(1). Arguing in the same way,
we can find a subsequence {j(m)

s } ⊆ {j(m−1)
s }, for any m ≥ 1, such that

the probability distributions induced by PVj(m)(·|ωk, k /∈ Vj(m)) on Ω(Vm)

converge to a limit, which we denote by Q(m). Since {j(m)
s } ⊆ {j(m−1)

s }, the
probability distribution on Ω(Vm−1) induced by Q(m) coincides with Q(m−1).

Then, for the sequence of probability distributions

PV
j
(m)
m

(·|ωk, k ∈ V 2R

j
(m)
m

\V
j
(m)
m

)

corresponding to the diagonal subsequence {j(m)
m }, we have the following prop-

erty:
For each m, the restrictions of the probability distributions to the set

Ω(Vm) converge to a limit Q(m), and the probability distribution induced by
Q(m) on Ω(Vm−1) coincides with Q(m−1). The last property is a version of the
Consistency Conditions, and by the Kolmogorov Consistency Theorem, there
exists a probability distribution Q defined on the natural σ-algebra of subsets
of the space Ω of all possible configurations {ωk, k ∈ Z

d} whose restriction to
each Ω(Vm) coincides with Q(m) for any m ≥ 1.

It remains to prove that Q is generated by a Gibbs random field corre-
sponding to U . Let V be a finite subset of Z

d, W a finite subset of Z
d such

that V 2R ⊆ W , and let the values ωk = ik be fixed for k ∈ W\V . We need to
consider the conditional probabilities

q = Q{ωk = ik, k ∈ V |ωk = ik, k ∈ W\V }.

In fact, it is more convenient to deal with the ratio of the conditional prob-
abilities corresponding to two different configurations, ωk = īk and ωk = ¯̄ik,
k ∈ V , which is equal to

q1 =
Q{ωk = īk, k ∈ V |ωk = ik, k ∈ W\V }
Q{ωk = ¯̄ik, k ∈ V |ωk = ik, k ∈ W\V }

=
Q{ωk = īk, k ∈ V, ωk = ik, k ∈ W\V }
Q{ωk = ¯̄ik, k ∈ V, ωk = ik, k ∈ W\V }

.

(22.2)

It follows from our construction that the probabilities Q in this ratio are
the limits found with the help of probability distributions PV

j
(m)
m

(·|ωk, k ∈
V 2R

j
(m)
m

\V
j
(m)
m

). We can express the numerator in (22.2) as follows:
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Q{ωk = īk, k ∈ V, ωk = ik, k ∈ W\V }

= lim
m→∞

PV
j
(m)
m

(ωk = īk, k ∈ V, ωk = ik, k ∈ W\V |ωk = ik, k ∈ V 2R

j
(m)
m

\V
j
(m)
m

)

= lim
m→∞

∑

{ik,k∈V
j
(m)
m

\W}
exp(−

∑
k∈V R

j
(m)
m

U(ik; ik′ , 0 < |k′ − k| ≤ R))

Z(ik, k ∈ V 2R

j
(m)
m

\V
j
(m)
m

)
.

A similar expression for the denominator in (22.2) is also valid. The difference
between the expressions for the numerator and the denominator is that, in
the first case, ik = īk for k ∈ V , while in the second, ik = ¯̄ik for k ∈ V .

Therefore, the corresponding expressions U(ik; ik′ , |k′−k| ≤ R) for k such
that dist (k, V ) > R coincide in both cases, and

q1 =
r1

r2
,

where

r1 = exp(−
∑

k∈V R

U(ik; ik′ , 0 < |k′ − k| ≤ R)), ik = īk for k ∈ V,

while

r2 = exp(−
∑

k∈V R

U(ik; ik′ , 0 < |k′ − k| ≤ R)), ik = ¯̄ik for k ∈ V.

This is the required expression for q1, which implies that Q is a Gibbs field. �

22.2 An Example of a Phase Transition

Theorem 22.3 is an analogue of the theorem on the existence of stationary
distributions for finite Markov chains. In the ergodic case, this distribution
is unique. In the case of multi-dimensional time, however, under very general
conditions there can be different random fields corresponding to the same
function U . The related theory is connected to the theory of phase transitions
in statistical physics.

If X = {−1, 1}, R = 1 and U(i0; ik, |k| = 1) = ±β
∑

|k|=1(i0 − ik)2, the
corresponding Gibbs field is called the Ising model with inverse temperature β
(and zero magnetic field). The plus sign corresponds to the so-called ferromag-
netic model; the minus sign corresponds to the so-called anti-ferromagnetic
model. Again, the terminology comes from statistical mechanics. We shall
consider here only the case of the ferromagnetic Ising model and prove the
following theorem.
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Theorem 22.4. Consider the following interaction energy over Z
2:

U(ω0;ωk, |k| = 1) = β
∑

|k|=1

(ω0 − ωk)2.

If β is sufficiently large, there exist at least two different Gibbs fields corre-
sponding to U .

Proof. As before, we consider the increasing sequence of squares Vi and plus-
minus boundary conditions, i.e., either ωk ≡ +1, k /∈ Vi, or ωk ≡ −1, k /∈ Vi.
The corresponding probability distributions on Ω(Vi) will be denoted by P+

Vi

and P−
Vi

respectively. We shall show that P+
Vi

(ω0 = +1) ≥ 1− ε(β), P−
Vi

(ω0 =
−1) ≥ 1− ε(β), ε(β) → 0 as β → ∞. In other words, the Ising model displays
strong memory of the boundary conditions for arbitrarily large i. Sometimes
this kind of memory is called the long-range order. It is clear that the limiting
distributions constructed with the help of the sequences P+

Vi
and P−

Vi
are

different, which constitutes the statement of the theorem.
We shall consider only P+

Vi
, since the case of P−

Vi
is similar. We shall show

that a typical configuration with respect to P+
Vi

looks like a “sea” of +1’s sur-
rounding small “islands” of −1’s, and the probability that the origin belongs
to this “sea” tends to 1 as β → ∞ uniformly in i.

Take an arbitrary configuration ω ∈ Ω(Vi). For each k ∈ Vi such that
ωk = −1 we construct a unit square centered at k with sides parallel to the
coordinate axes, and then we slightly round off the corners of the square.

The union of these squares with rounded corners is denoted by I(ω). The
boundary of I(ω) is denoted by B(ω). It consists of those edges of the squares
where ω takes different values on different sides of the edge. A connected
component of B(ω) is called a contour.

It is clear that each contour is a closed non-self-intersecting curve. If B(ω)
does not have a contour containing the origin inside the domain it bounds,
then ω0 = +1.

Given a contour Γ , we shall denote the domain it bounds by int(Γ ). Let a
contour Γ be such that the origin is contained inside int(Γ ). The number of
such contours of length n does not exceed n3n−1.

Indeed, since the origin is inside int(Γ ), the contour Γ intersects the semi-
axis {z1 = 0} ∩ {z2 < 0}. Of all the points belonging to Γ ∩ {z1 = 0}, let us
select that with the smallest z2 coordinate and call it the starting point of
the contour. Since the contour has length n, there are no more than n choices
for its starting point. Once the starting point of the contour is fixed, the edge
of Γ containing it is also fixed. It is the horizontal segment centered at the
starting point of the contour. Counting from the segment connected to the
right end-point of this edge, there are no more than three choices for each
next edge, since the contour is not self-intersecting. Therefore, there are no
more than n3n−1 contours in total.

Lemma 22.5. (Peierls Inequality) Let Γ be a closed curve of length n.
Then,



348 22 Gibbs Random Fields

P+
Vi

({ω ∈ Ω(Vi) : Γ ⊆ B(ω)}) ≤ e−8βn.

We shall prove the Peierls Inequality after completing the proof of Theorem
22.4.

Due to the Peierls Inequality, the probability P+
Vi

that there is at least one
contour Γ with the origin inside int(Γ ), is estimated from above by

∞∑

n=4

n3n−1e−8βn,

which tends to zero as β → ∞. Therefore, the probability of ω0 = −1 tends
to zero as β → ∞. Note that this convergence is uniform in i. �

Proof of the Peierls Inequality. For each configuration ω ∈ Ω(Vi), we can
construct a new configuration ω′ ∈ Ω(Vi), where

ω′
k = −ωk if k ∈ int(Γ ),

ω′
k = ωk if k /∈ int(Γ ).

For a given Γ , the correspondence ω ↔ ω′ is one-to-one.
Let ω ∈ Ω(Vi) be such that Γ ⊆ B(ω). Consider the ratio

P+
Vi

(ω)

P+
Vi

(ω′)
=

exp(−β
∑

k:dist(k,Vi)≤1

∑
k′:|k′−k|=1(ωk − ωk′)2)

exp(−β
∑

k:dist(k,Vi)≤1

∑
k′:|k′−k|=1(ω

′
k − ω′

k′)2)
.

Note that all the terms in the above ratio cancel out, except those in which k
and k′ are adjacent and lie on the opposite sides of the contour Γ . For those
terms, |ωk −ωk′ | = 2, while |ω′

k −ω′
k′ | = 0. The number of such terms is equal

to 2n (one term for each side of each of the edges of Γ ). Therefore,

P+
Vi

(ω) = e−8βnP+
Vi

(ω′).

By taking the sum over all ω ∈ Ω(Vi) such that Γ ⊆ B(ω), we obtain the
statement of the lemma. �

One can show that the Gibbs field is unique if β is sufficiently small. The
proof of this statement will not be discussed here.

The most difficult problem is to analyze Gibbs fields in neighborhoods of
those values βcr where the number of Gibbs fields changes. This problem is
related to the so-called critical percolation problem and to conformal quantum
field theory.
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